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PrefaCe

PREFACE

This book, viz. Cryogenic Engineering: Software solutions – Part-II, is the second in 
the series on Cryogenic Engineering: Software Solutions.

This part is being published in two volumes, viz. Cryogenic Engineering: Software 
solutions – Part-II A and Part-II B. Part-II A contains the background theory, definitions 
and formulas and the problems solved with Engineering Equation Solver (EES). Part-II B 
contains problems solved with Mathcad. So, it is advisable that one refers to both the 
parts II A and II B.

As with the Part-I of the series, which dealt with: Introduction and properties of cryogenic 
fluids and properties of materials at low temperatures, the focus is on the solutions of 
problems in cryogenic engineering using software such as Mathcad and Engineering Equation 
Solver (EES). Only the essential theory and summary of equations required for calculations 
are given at the beginning of the chapter.

Advantages of using computer software to solve problems are reiterated:

i) It helps in solving the problems fast and accurately
ii) Parametric analysis (what-if analysis) and graphical visualization is done very 

easily. This helps in an in-depth analysis of the problem.
iii) Once a particular type of problem is solved, it can be used as a template and 

solving similar problems later becomes extremely easy.
iv) In addition, one can plot the data, curve fit, write functions for various 

properties or calculations and re-use them.
v) These possibilities create interest, curiosity and wonder in the minds of students 

and enthuse them to know more and work more.

This book, viz. Cryogenic Engineering: Software solutions – Part-II deals with the 
liquefaction of gases.

In this book: first, a thermodynamic background for cryogenic liquefaction is given; isenthalpic 
and isentropic expansion, pay-off functions for a liquefier and thermodynamically ideal 
liquefaction system are explained.
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Next, various cycles for liquefaction of gases are explained and the calculation formulas for 
the pay-off functions are given. The cycles dealt with are: simple Linde-Hampson (L-H)
system, pre-cooled L-H system, Linde dual pressure system, Claude system, Kapitza system, 
Heylandt system, cycles for liquefaction of Neon, Hydrogen and Helium, Collin’s Helium 
liquefier etc.

Finally, various types of heat exchangers, hear transfer correlations, calculation formulas and 
graphs for analysis by LMTD and NTU methods are given. And, Second Law analysis of 
the cryogenic systems is explained briefly.

Some catalogue data on commercial liquefiers for Air, Hydrogen and Helium are also given.

Many numerical problems are solved to illustrate the ease of computer calculations using 
Engineering Equation Solver (EES) and Mathcad software.

Useful data for Nitrogen, Hydrogen, Helium, Argon, Methane, Fluorine and Oxygen 
are generated from NIST website, i.e. http://webbook.nist.gov/chemistry/fluid/.

EES has built-in functions for properties of several gases, refrigerants and fluids (including 
cryogenic fluids). Therefore, it is very convenient to use EES in these calculations.

However, Mathcad does not have built-in functions for properties of gases, refrigerants 
and fluids.

So, Mathcad Functions were written for both saturation properties and single phase 
gas properties of above mentioned important cryogenic fluids, viz. Nitrogen, Hydrogen, 
Helium, Argon, Methane, Fluorine and Oxygen. These Functions were used in solving 
problems, illustrating the ease of using Mathcad in calculations and graphing.

Several Procedures/Functions are written in EES and Mathcad to simplify the standard 
and most required calculations, which, the students, teachers and researchers may find 
very useful.

S.I. Units are used throughout this book. Wide variety of worked examples presented in the 
book should be useful for those appearing for University, AMIE and Engineering Services 
examinations.

Acknowledgements: Firstly, I would like to thank all my students, who have been an 
inspiration to me in all my academic efforts.
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ABOUT THE SOFTWARE USED

Following three software are used while solving problems in this book series:

1. Mathcad 7 and Mathcad 15 (Ref: www.ptc.com)
2. Engineering Equation Solver (EES) (Ref: www.fchart.com), and
3. EXCEL

For a brief introduction to Mathcad, EES and EXCEL see the chapter 1 of the following 
free ebook by the author:

“Software Solutions to Problems on Heat Transfer – CONDUCTION Part-I”:  
http://bookboon.com/en/software-solutions-to-problems-on-heat-transfer-ebook
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3.4 PROBLEMS SOLVED WITH MATHCAD:

Unlike Engineering Equation Solver (EES), Mathcad does not have built-in functions for 
properties of cryogenic fluids.
So, we have written Mathcad Functions for properties that are essential for problem solving, 
for important cryogenic fluids, viz. Helium, Hydrogen,Nitrogen, Argon, Methane, Fluorine 
and Oxygen.
Cryogenic properties for fluids are taken from NIST [28], i.e. 

http://webbook.nist.gov/chemistry/fluid/

Procedure to use the above NIST website to get both the saturation properties and 
superheat gas properties for different fluids is explained in detail in the earlier free ebook 
by this author (See pp: 40 to 48 and pp: 60 to 66 of that book), published by Bookboon. 
Following is the link:

Cryogenic Engineering: Software Solutions: Part-I

http://bookboon.com/en/cryogenic-engineering-software-solutions-part-i-ebook

 CRYOGENIC LIQUEFACTION 
SYSTEMS
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Note: Cryogenic Engineering: Software solutions Part-II A contains the theory of gas 
liquefaction and problems solved with Engineering Equation Solver (EES). So, it is suggested 
that while using this book (i.e. Part-II B) which has problems solved with Mathcad, the 
student may find it useful to have the Part-II A too readily available, so that he/she may 
refer to the theoretical aspects if required.

========================================================================

Prob. 3.3.1 Write Mathcad Functions to determine properties of Helium.

From NIST website, we get properties of Helium and then write the Mathcad Functions.

We have:

For Helium:

Saturation Properties:

Sat. Liquid:
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Sat. vapor:
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Isobaric data is collected for pressures, P = 1, 5…220 bar.

Sample data for P = 20 bar for temps from 5 K to 366 K is shown below:
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Now, to write Mathcad Functions, first write the data as Mathcad Matrix/vectors:

Now, separate the data vectors:
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And, now write the Functions for sat. properties of Helium:
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Some more Functions for two-phase properties:
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Now, properties at 1, 5, 10…220 bar for single phase helium gas are written as Mathcad 
matrices.

Example for P = 1 bar and 220 bar only are shown, to conserve space:
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Data vectors are created from the above matrix, and Functions are written for enthalpy 
and entropy:
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Now, using the above Data Matrices, write a Function to find enthalpy and entropy of 
superheated helium as a function of P and T:

First, create a vector of all pressure values for which we have collected data Matrices:

Explanation of the Function:

In the Function below, P and T are the Inputs, and h and s are the outputs.

If the input P value exactly matches with one of the values in the Pressures_He data vector, 
that particular Matrix is accessed and the h and s are found out by linear interpolation.

However, if the input P does not exactly match with any of the values in the Pressures_He 
data vector, then the pressures PL and PH which bracket P are found out, and the h and s 
are first calculated for pressures corresponding to PL and PH, and then the h and s values 
at the required P are found out by linear interpolation:
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Now, write the function:
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Now, write Functions for enthalpy and entropy in terms of P and T:

Remember: For He: Pc =2.2746 bar, Tc = 5.1953 K, NBP = 4.23 K

Ex:

Ex:

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

31

CryogeniC liquefaCtion systems

Function to find T when P and h are known:
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Prob. 3.3.2 Write Mathcad Functions to determine properties of Nitrogen.

From NIST website, we get properties of Nitrogen and then write the Mathcad Functions.

First, saturation properties are generated from the NIST website, just as we did for Helium.

Relevant properties are shown in the following Mathcad Matrix:

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

34

CryogeniC liquefaCtion systems

Now, write Mathcad Functions for saturated properties:

First, for Sat. properties:

Separate the data vectors from the above matrix:

Now, write the Functions for sat. properties of N2:
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Superheated N2 properties:

Isobaric data is collected for pressures, P = 1, 5…240 bar.

And, properties at these pressures are written as Mathcad matrices.
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Example for P = 1 bar only is shown below, to conserve space:
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Now, using the above data Matrices, write a Function to find enthalpy and entropy of 
superheated nitrogen when P and T are given.

Procedure is exactly as we did in the case of Helium, earlier:

First, create a vector of all pressure values for which we have collected data Matrices:

Now, write the required Function:

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

43

CryogeniC liquefaCtion systems

Now, write Functions for enthalpy and entropy in terms of P and T:

Remember: For N2: Pc =33.958 bar, Tc = 126.192 K, NBP = 77.355 K
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Prob. 3.3.3 Write Mathcad Functions to determine properties of Hydrogen

From NIST website, we get properties of Hydrogen and then write the Mathcad Functions.

We have: For Hydrogen, summary of relevant Saturation Properties:
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Now, write Mathcad Functions for saturation properties:

First, separate the data vectors from the Matrix:
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Now, write the Functions for sat. properties of H2:
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Properties of superheated H2:

Isobaric data is collected for pressures, P = 1, 5…240 bar.
Now, properties at these pressures are written as Mathcad matrices.
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Example for P = 1 bar only is shown below, to conserve space:
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Now, using the above Data Matrices, write a Function to find enthalpy and entropy of 
superheated hydrogen as a function of P and T:

First, create a vector of all pressure values for which we have collected data Matrices:

Now, write the Function just as we did for He and N2:
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Now, write Functions for enthalpy and entropy in terms of P and T:

Remember: For H2: Pc =12.964 bar, Tc = 33.14 K, NBP = 20.369 K
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Now, write the required Mathcad Function:

Note: Along similar lines, Mathcad Functions are written for properties of Argon, 
Methane, Fluorine and Oxygen, based on NIST data.

Use of these Functions is illustrated in Prob. 3.3.10.

Prob. 3.3.4 Write Mathcad Functions to determine temperature drop on isentropic expansion 
for various gases.
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For isentropic expansion from initial pressure P_i and initial temp T_i to a final pressure 
of P_f, we have:

where k is the ratio of sp. heats for the gas concerned, i.e. k = cp/cv

T_f is the final temp.

DT = (T_i – T_f ) is the temp drop.

Now, for various gases, the ratios of sp. heats are given:

Ref: http://www.engineeringtoolbox.com/specific-heat-capacity-gases-d_159.html
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Of course, k varies with temp. For example, see below:

Ref: http://en.citizendium.org/wiki/Specific_heat_ratio

 

Now, the Mathcad Function is written:
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Then, from the Mathcad Function written, we get:
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Plot DELTAT for N2, H2 and He as P_i varies from 10 bar to 100 bar final pressure 
being 1.013 bar:
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Prob. 3.3.5 Write Mathcad Functions to determine temperature drop on isentropic expansion 
for helium using the NIST data.

Recollect: we have the Mathcad Function:
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Prob. 3.3.6  Write Mathcad Functions to determine temperature drop on isentropic expansion 
for Nitrogen and Hydrogen using the NIST data.

Again, recollect that we have Mathcad Functions for N2 and H2:

And,
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Now, plot the temp drops for isentropic expansion fron various starting pressures to a 
final pressure P_f = 1.013 bar:

We get:

And, now plot the results:
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Prob. 3.3.7 Write Mathcad Function to determine temperature drop on isenthalpic expansion 
for Nitrogen using the NIST data.
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Now, plot the temp drops for various starting pressures, final pressure being P_f = 
1.013 bar:

 ....define a range variable 

 bar  K 

P_i 10 20 200

P_f 1 T_i 300

We get:
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And, now plot the results:

Prob. 3.3.8 Write Mathcad Functions to determine temperature drops on isenthalpic 
expansion for Helium and Hydrogen using the NIST data. For helium starting temp is 
20 K and for hydrogen starting temp is 80 K. Final pressure for each case is 1.013 bar.

Note: For H2 and He the Max. inversion temps are 202 K and 40 K respectively, and, the 
temp before isenthalpic expansion should be below these value for each gas.

Again, recollect that we have Mathcad Functions for He and H2:
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Now, plot the temp drop for various initial pressures:

We get:
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Now, plot the results:

Mathcad Function for isenthalpic temp drop for helium:

Now, plot temp drop for various starting pressures:
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We get:

And, now plot the results:

Prob. 3.3.9 Write Mathcad Functions to determine Ideal work of liquefaction for Nitrogen, 
Hydrogen and Helium, starting from initial pressure and temp of 1.013 bar ( = 1 atm) 
and 300 K respectively.

Write a Mathcad Function to determine Ideal (or minimum) work of liquefaction for N2:
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Write a Mathcad Function to determine Ideal (or minimum) work of liquefaction for H2:

 

Write a Mathcad Function to determine Ideal (or minimum) work of liquefaction for He:
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Prob. 3.3.10 Write Mathcad Functions to determine liquefaction fraction, y, work required 
per kg of gas compressed, work required per kg liquefied, Figure of Merit (FOM = Wideal / 
Work per kg liqid) for simple Linde-Hampson cycle for Nitrogen. Take the initial pressure 
and temp of 1.013 bar ( = 1 atm) and 300 K respectively and the final pressure is 200 bar. 
Plot y, Wperkgliq and FOM as final pressure varies from 50 bar to 200 bar.

Compare these parameters for N2, Ar, CH4, F2 and O2 as P2 varies from 50 bar to 200 
bar, with P1 = 1.013 bar, T1 = 300 K.
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First, Mathcad program:

Output of the program gives: P1, T1, P2, y, Wperkggas, Wperkhliq, Wideal and FOM.
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To plot y as the pressure P2 varies from 50 to 200 bar:
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To plot Wperkgliq vs P2:
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To plot FOM vs P2:
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Now, compare the results for y, Wperkgiq and FOM for N2, Ar, CH4, F2 and O2 as 
P2 varies from 50 bar to 200 bar, with P1 = 1.013 bar, T1 = 300 K:

Similar Mathcad programs are written for these fluids, and the results are  
summarized below:
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Variation of Liq. Fraction, y:
Variation of Liq. Fraction, y:

 

And, the plot:
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Variation of Wperkgliq.:
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And, the plot:

Variation of FOM:
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And, the plot:

Prob. 3.3.11 In the above problem, let the HX be not 100% efficient, i.e. the warm end 
temp difference ΔT = 5 deg (i.e. low pressure gas exits the HX at 295 K), heat losses to the 
system, qleak = 6 kJ/kg, and the isothermal efficiency of compressor is eta_iso = 0.6. Then, 
find the liquefaction fraction, y, work required per kg of gas compressed, work required 
per kg liquefied, Figure of Merit (FOM = Wideal / Work per kg liqid) for simple Linde-
Hampson cycle for Nitrogen. Take the initial pressure and temp as 1.013 bar ( = 1 atm) 
and 300 K respectively and the final pressure is 200 bar. Plot y, Wperkgliq and FOM as 
final pressure varies from 50 bar to 200 bar.

Solution:
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Plot y_realLH, W_per_kg_liq and FOM_realLH against P_2, assuming that all other 
parameters remain the same:

To plot the results, first write the required parameters as functions of P_2:
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Now, we can plot the results as P_2 varies from 50 bar to 200 bar:

y_realLH vs P_2:

Note that at pressures P2 less than 50 bar, the fraction liquefied, y is -ve. i.e. At pressures 
P2 < 50 bar, there is no liquefaction.
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Now, plot the result:
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W_per_kg_liq vs P_2:
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FOM vs P_2:
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Prob. 3.3.12 If in a Linde-Hampson system, nitrogen gas is compressed from 1.013 bar 
to 200 bar with an overall effcy of compressor = 0.75, and the gas leaves the compressor at 
300 K, find the efficiency of HX to get a liquid yield of 0.04. Also find the work required 
per unit mass liquefied [1].

Also, plot Liq. yield, y and FOM against eta_HX.

First, write a Mathcad Function to find the desired quantities:
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We get:

i.e.

Now, find the value of eta_HX required to get a yield of 0.04, use the ‘Solve block’ 
of Mathcad:

We have:

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

96

CryogeniC liquefaCtion systems

i.e. eta_HX = 0.934 = 93.4% to get a value of y = 0.04…Ans.

Plot y and FOM against eta_HX, other factors remaining the same:

Note that at values of eta_HX < 0.86, the liquid yield is zero.
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And,

Prob. 3.3.13 Write Mathcad Functions to determine liquefaction fraction, y, work required 
per kg of gas compressed, work required per kg liquefied, Figure of Merit (FOM = Wideal / 
Work per kg liqid) for pre-cooled Linde-Hampson cycle for Nitrogen, including the adiabatic 
work of the refrigeration system. Take the initial pressure and temp of 1.013 bar ( = 1 atm) 
and 300 K respectively and the final pressure is 200 bar. For the refrigerant circuit using 
F_12, we have:

refrigerant flow rate ratio = r ( = m_r / m):

h_a = 204.5 kJ/kg, h_b = 242.1 kJ/kg and h_c = 55.9 kJ/kg.

Also, plot y, Wperkgliq and FOM as final pressure varies from 50 bar to 200 bar.
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First, write the Mathcad Function:

Now, solve the problem:
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Now, to calculate for Refrigratio_r = 0 to 0.15, for P2 = 50, 100, 150, 200 1nd 220 bar:
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And, the results:

Now, plot the results:
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Similarly,
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And,

 

Prob. 3.3.14 Write Mathcad Function to determine liquefaction fraction, y, work required 
per kg of gas compressed, work required per kg liquefied, Figure of Merit (FOM = Wideal / 
Work per kg liqid) for pre-cooled Linde-Hampson cycle for Hydrogen, including the adiabatic 
work of the pre-cooling refrigeration system. Take the initial pressure and temp of 1.013 
bar ( = 1 atm) and 300 K respectively and the final pressure is 200 bar. Pre-cooling is with 
LN2 at a temp of 70K, and we have: 
At 70 K, for LN2: hfg = 208 kJ/kg, WperkgliqN2 = 4500 kJ/kgliqN2
Find: LN2flow rate ratio = r ( = mf / mH2)
Also, plot y, Wperkgliq and FOM as final pressure varies from 50 bar to 200 bar.
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Mathcad Function for the ideal system, when efficiencies of compressor and heat 
exchangers are 100%, and only the latent heat of boiling LN2 is used in pre-cooling:
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We get:

Thus:

Liq. Fraction = y = 0.222; Wperkgliq = 1.183 * 10^5 kJ/kg; FOM = 0.102, and

LN2 required for pre-cooling = 4.493 kg per kg of H2 compressed.
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Also, we have:

Now, to plot y, Wperkgliq and FOM against P2:

We get:
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Now, plot the results:
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Effect of changing T3 on y:

Values of y at various pressures for different values of T3:

Now, plot the results:

Note: Liquid fraction y is a maximum at about 140 bar, i.e. approximately the inversion 
pressure. Also, the pre-cooling temp strongly affects the liquid fraction y.
=======================================================================
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Prob. 3.3.15 Now, consider a practical LN2 pre-cooled, Linde_Hampson liquefaction cycle 
for Hydrogen: Let the HX1 and HX2 have less than 100% effectiveness, i.e. warm end 
temp difference for HX1 = Δ T1 = 15 deg. And warm end temp difference for HX2 = Δ 
T2 = 3 deg. Let the external heat leaks be q_leak1 = 6 kJ/kg and q_leak2 = 6 kJ/kg.
Take the initial pressure and temp of 1.013 bar ( = 1 atm) and 300 K respectively and the 
final pressure is 200 bar. Isoth. effcy of compressor = eta_iso = 0.6
Pre-cooling is with LN2 at a temp of 70K, and we have: 
At 70 K, for LN2: hfg = 208 kJ/kg, WperkgliqN2 = 4500 kJ/kgliqN2
Find: LN2flow rate ratio = G0 ( = mLN2 / mH2gas)
Also, plot y, Wperkgliq, COP and FOM as final pressure varies from 50 bar to 200 bar.

Schematic diagram and the T-s diagram for liquefaction of H2 with LN2 pre-cooling is 
shown below [29]:

Note: In the above fig. x is the liquid fraction of H2 compressed.
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Here, LN2 at 70 K (i.e. at a low pressure Psat of 0.38545 bar) is used for pre-cooling; the 
Nitrogen vapor passes through the first HX so that the sensible heat of vapor is also utilized.

Thus, the total cooling provided by Nitrogen stream is: (h8 – h7) kJ/kg of N2. Enthalpy 
h8 is at P = 0.38545 bar and T = 300 K, and h7 = hf = enthalpy at Tsat = 70 K and 
quality = 0.

See the Tables below (from NIST data):

For Nitrogen (NIST data):
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Thus, for Nitrogen, h8 = 311.33 kJ/kg at T = 300 K, P = 0.38545 bar; and, h7 = hf at 
70 K = 

-137.97 kJ/kg.

We have, by data:
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Then:

For liq. fraction, x: Applying I Law to the (HX2 + JT valve + liquid reservoir) taken 
together:
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For LN2 fraction G0: Applying I Law to (HX1 + LN2 cooler):

Therefore, LN2 requirement per kg of liquid H2, adding 25% extra to account for losses:
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Work requirement per kg of H2 compressed, with isoth effcy = 0.6:

Work requirement per kg of H2 liquefied, with isoth effcy = 0.6:

Coeff of Performance, COP:

Ideal or min. work of liquefaction:

Figure of Merit, FOM:
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Plot LiqFraction_x, Wperkgliq, COP and FOM against P2:

First, write the relevant quantities as Functions of P2:
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Figure of Merit, FOM:

Now, plot the various quantities:
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LiqFraction vs P2:
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Wperkgliq vs P2:
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COP vs P2:
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FOM vs P2:
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Also plot the effect of pre-cooling temp (T6) on Liq. fraction:
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Prob. 3.3.16 In a LN2 pre-cooled Linde-Hampson system for H2, the lower heat exchanger 
(between the LN2 bath and the LH2 receiver) has an effectiveness of 0.9. The high pressure 
stream enters the HX at 60.8 bar and 70 K, and the low pressure stream enters the HX 
at 1.013 bar and sat. vapor conditions. Determine the liquid yield ‘y’ for this system [1].
Also, plot y as final pressure varies from 50 bar to 200 bar.

Now, we have:
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We have, for liquid yield, y:

To plot y against P2, assuming that effectiveness of HX remains the constant at ε = 0.9:

First, write the relevant quantities as functions of P2:
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Find the pressure at which liquid yield will be 0.15:

Use the ‘Solve block’ of Mathcad:

Note: Observe the ease with which Mathcad performs this ‘trial and error’ calculation.

=====================================================================

Prob. 3.3.17 Write a Mathcad Function to determine liquefaction fraction, y, work required 
per kg of gas compressed, work required per kg liquefied, Figure of Merit (FOM = Wideal / 
Work per kg liqid) for Linde dual pressure system, for Nitrogen. Take the initial pressure 
and temp of 1.013 bar ( = 1 atm) and 300 K respectively and the final pressure is 200 bar. 
Intermediate pressure is 50 bar, and intermediate pressure flow ratio is = m_i / m = 0.8. 
Plot y, Wperkgliq and FOM as final pressure varies from 50 bar to 200 bar. Also, plot the 
Wperkgliq against P2 for intermediate flow ratio I = 0.5, 0.6, 0.7 and 0.8.
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Mathcad Function:
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Now, apply this Function for the problem:

Thus, we have:
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To plot LiqFraction_y against P2:
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Plot Wperkgliq against P2 for Ratio_i = 0.5, 0.6, 0.7 and 0.8:
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Now, plot the results:
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Prob. 3.3.18 In a Linde dual pressure system, for Nitrogen, the gas is compressed from 
an initial pressure and temp of 1.013 bar and 300 K respectively to a final pressure is 200 
bar. Find out the intermediate pressure P2, if the intermediate pressure flow ratio is = m_i 
/ m = 0.7 and the liquefied fraction, y = 0.065 [1].

Solution:

We find the intermediate pressure very easily by using the ‘Solve block’ of Mathcad and 
the Mathcad Function for Linde dual pressure system written above:

Note that LiqFraction_y is given as:

Start with a trial value for P2:

i.e. Intermediate pressure, P2 = 27.147 bar…Ans.

Prob. 3.3.19 (a). Write a Mathcad Function to calculate liquid yield and FOM of an Ideal 
Claude system.

(b). Then, determine the liquid yield, work output of expander per unit mass compressed, 
net work requirement of the system per unit mass liquefied, and the FOM assuming that the 
expander work is utilized to aid in the compression. Data for the Claude system is given below:
Nitrogen is the working fluid, the system operates from 1.013 bar (1 atm) and 295 K to 
50 bar. At 50 bar and 270 K, 60% of the main flow is diverted to the reversible adiabatic 
expander. The remainder flows through the heat exchangers and expands through the 
expansion valve to 1.013 bar [1].
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Also plot the liq. Fraction y and net work required per unit mass liquefied against expander 
flow rate ratio from P2 = 30 bar to 70bar, other parameters remaining the same.

Following figures show the schematic diagram and the T-s diagram for Claude system:
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Solution:

First, write the Mathcad Function for Ideal Claude system for N2:
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Now, solve the problem:

Data:

And, we get:

i.e.
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Work of expander per kg gas compressed in compressor =

To plot LiqFraction-y and Wnet_perkgliq for various P2:
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Prob. 3.3.20 In an Ideal Claude system for Nitrogen, the system operates from 101.3 kPa 
(1 atm) and 293 K to 4.05 MPa. At 4.05 MPa and 240 K, fraction ‘x’ of the main flow is 
diverted to the reversible adiabatic expander. Remainder flows through the heat exchangers 
and expands through the expansion valve to 101.3 kPa. Determine the expander flow rate 
ratio (x) for a liquid yield of 0.2.[1].

FlowRatio_x is to be found out:

Use the ‘Solve Block’ of Mathcad, along with the Function written above:

i.e. Flow ratio through the expander is = 0.499…Ans.
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Prob. 3.3.21 In an Ideal Claude system for hydrogen, the system operates from 101.3 kPa 
(1 atm) and 293 K to 4.05 MPa. At 4.05 MPa and 180 K, fraction ‘x’ = 50% of the 
main flow is diverted to the reversible adiabatic expander. Remainder flows through the 
heat exchangers and expands through the expansion valve to 101.3 kPa. Determine the 
liquid yield, work per unit mass liquefied (assuming that the expander work is utilized in 
compression), and the FOM of the system. [1].
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First, write the Mathcad Function:
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Now, solve the problem:

Then, from the Function written above:

i.e.

Work of expander per kg gas compressed in compressor =

Plot y, Wperkgliq and FOM for P2 = 20 to 80 bar:
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We get:

And, plot the results:
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Prob. 3.3.22 Data for a Claude system is given below:
Nitrogen is the working fluid, the system operates from 101.3 kPa (1 atm) and 293 K to 
70 bar. At 70 bar and 270 K, 40% of the main flow is diverted to the reversible adiabatic 
expander. Remainder flows through the heat exchangers and expands through the expansion 
valve to 101.3 kPa. Assume that the expander has an adiabatic effcy of 80% and a mech. effcy 
of 90%. Compressor has an overall effcy of 75% and all heat exchangers are 100% effective. 
After compression, air is after-cooled to 293 K. Determine the liquid yield, work output of 
expander per unit mass compressed and the net work requirement of the system per unit 
mass liquefied, assuming that the expander work is utilized to aid in the compression. [1].

When the efficiencies of compressor and expander are less than 100%, with the 
effectiveness of heat exchangers remaining 100%:
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Temp-entropy diagram for this case is:

And, summary of formulas applicable is given below:
Compressor work per unit mass of gas liquefied:

Actual enthalpy change across the expander:

Liquid yield:

Net work requirement per unit mass compressed, when expander work is utilized:

Or,
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Mathcad Function:

Now, solve the problem:
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And, we get:

i.e.

Liq. Fraction, y = 0.173…Ans.

Wnet_perkg of gas compressed = 436.477 kJ/kg…Ans.

Wnet_perkg of liquid = 2522 kJ/kg…Ans.

ideal = 743.005 kJ/kg of liq.…Ans.

Figure of Merit = FOM = Wideal / Wnet_perkg of liquid = 0.295…Ans.

Plot liq. yield and FOM against adiab. effcy of expander:
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We have:

And,

We get:

Now, plot the results:
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“Prob. 3.3.23 Write a Mathcad Function to calculate various parameters of interest for an 
Ideal Collins liquefier with two expanders, with the expander works being (and not being) 
utilized in compression.

(b) An Ideal two – expander Collins helium liquefaction system has expander flow rate ratios 
of x1 = 0.25 and x2 = 0.5. Helium gas enters the compressor at 101.3 kPa and 300 K and 
is compressed to 1.42 MPa. The condition of the gas at the inlet to the first expander is 
1.42 MPa and 60 K and the condition of the gas at the inlet to the second expander is 
15 K and 1.42 MPa. Both expanders are reversible and adiabatic. Determine the liquid yield, 
work per unit mass liquefied, and the Figure of Merit, assuming that: (a) expander work 
is not utilized in compression, (b) expander work is utilized in compressing the gas. [1].”
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First, write the Mathcad Function:

Now, solve the problem:

Data:

And, using the Function written above:
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i.e. we have:

Thus:

a) When Expander work is utilized in compression:
Liquid yield = y = 0.044 = 4.4%…Ans.
Work per unit mass liquefied = 36010 kJ/kg…Ans.
Figure of Merit = 0.19…Ans.
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b) When Expander work is not utilized in compression:
Liquid yield = y = 0.044 = 4.4%…Ans.
Work per unit mass liquefied = 37670 kJ/kg…Ans.
Figure of Merit = 0.182…Ans.

Now, plot y, Wperkgliq and FOM for P2 = 6 bar to 15 bar:
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Work per kg liquid:
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FOM:
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Prob. 3.3.24 Write a Mathcad Function to find the liquid yield for Linde Hampson system 
when the temperatures at the top of the J_T heat exchanger, effectiveness of J-T HX are known.
Then, plot Liquid yield, y vs P1 (i.e. the high pressure) for temperatures at the top of the 
J_T HX, T1 = 6, 10, 15 and 20 K, with eta_HX = 0.9, 0.95 and 1.
Fig. below shows the final stage of a Helium liquefier, i.e. the J_T Heat exchanger, J-T 
valve, and the liquid reservoir.
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We write the Mathcad Function for liquid yield, y, with the notations used in the above fig:

Mathcad Function:

To plot LiqYield, y vs P1 for T1 = 6, 10 and 15 K, at eta_HX = 0.9, 0.95 and 1.0:
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T1 = 6 K:
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T1 = 10 K:
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T1 = 15 K:
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Prob. 3.3.25 Determine the inside heat transfer coeff (hc) and friction factor (f ) for flow 
of nitrogen gas at 150 K and 101.3 kPa inside a 12 mm inside dia smooth tube that is 
coiled in a 600 mm dia helix. The tube wall has a temp of 160 K and the mass flow rate 
of nitrogen gas is 30 g/s. 
Also, plot the variation of hc and f as m_dot varies from 10 g/s to 70 g/s [1].

First, write Mathcad Functions to determine the properties of Nitrogen gas at 1 atm (i.e. 
1.013 bar), using the data from NIST [28]:

For Gaseous N2 at 1.013 bar (1 atm.)…data from NIST:
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Now, write individual properties in separate vectors:

Now, write Mathcad Functions, using simple linear interpolation:
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For Gaseous N2 at 200 bar:
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Now, write individual properties in separate vectors:

And, now write the Functions:
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Now, write the required Function for turb. Flow through a tube:

And, using the Function written above, we get:
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Thus:

Heat transfer coeff. h_c = 676 W/m^2.K…Ans.

Friction factor, f = 0.014…Ans.

Now, plot the variation of hc and f as m_dot varies from 10 g/s to 70 g/s, other factors 
remaining the same:
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And, plot the variation of hc and f as T_bulk varies from 100 K to 155 K, other factors 
remaining the same:
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“Prob. 3.3.26 A circular tube is constructed of copper (kt = 50 W/m.K), has circular pin 
fins protruding from its outer surface. The circular tube has an outer dia of 25 mm. The 
pin fins are 1.25 mm in dia and 12.5 mm long. There are 2000 fins/m length of tube, and 
the fins are also of copper. The outside heat transfer coeff is 35 W/m^2.K and the tube 
temp is 100 K. Determine the fin effectiveness and the overall surface effectiveness.[1].”

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

173

CryogeniC liquefaCtion systems

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

174

CryogeniC liquefaCtion systems

174

Thus:

Fin effectiveness = 0.898 … Ans.

Overall surface area effectiveness = 0.942…Ans.

Prob. 3.3.27 Determine the overall heat transfer coeff in the previous problem if the inside 
dia of the tube is 22mm and is plain. Base the overall heat transfer coeff on the total outside 
surface area (i.e. fin area plus the prime area). Determine the total heat transfer rate if the 
tube is 15m long. The inside fluid temp is 140 K and the outside fluid temp is 106 K. The 
inside convective heat transfer coeff is 225 W/m^2.K. [1].
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Prob. 3.3.28 A plate – fin heat exchanger is constructed using straight fins, 7.87mm (0.31 in) 
high, 0.15mm (0.006 in) thick, with 492 fins/m (12.5 fins/in) width. The equivalent dia 
for the flow passage is 3mm (0.1181 in), the free-flow area for the exchanger is 0.07 m^2 
(0.7535 ft^2), and the exchanger length is 3 m (9.84 ft). The fluid flowing is helium gas, 
which enters at 300 K and 3.0 MPa and leaves at 100 K. The mass flow rate of helium 
gas is 0.35 kg/s. The heat exchanger is constructed of aluminium (k_t = 150 W/m.K). 
Determine the convective heat transfer coeff. for this surface and the fin effectiveness. [1].
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First, write Mathcad Functions to determine the properties of Helium gas at 30 bar, using 
the data from NIST [28]:
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For Gaeous Helium at 30 bar:

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

179

CryogeniC liquefaCtion systems

Now, extract the separate data vectors:

And, now write the Functions:

Now, solve the problem:
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Plot hc and fin effectiveness as mass flow rate of helium varies from 0.2 kg/s to 0.8 kg/s, 
other quantities remaining unchanged:

Write the relevant quantities as functions of mdot:

Fin parameter, M, and effectiveness, η f:

Now, plot hc and ηf against mdot:

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

183

CryogeniC liquefaCtion systems

183

Download free eBooks at bookboon.com Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

Corporate eLibrary
See our Business Solutions for employee learning

Click here

Management

CoachingMotivationGoal setting

Problem solving

Time Management

Project Management

http://s.bookboon.com/bbg-elibrary-2015


CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

184

CryogeniC liquefaCtion systems

Prob. 3.3.29 Write a Mathcad Function to calculate the NTU, effectiveness, heat transferred 
etc for a Counter-flow heat exchanger.
Gaseous nitrogen enters the warm end of a counter-flow HX at 20.27 MPa and 295 K at 
a mass flow rate of 1.25 kg/s. Gaseous nitrogen enters at the cold end of the HX at 80 K. 
For the warm stream, the sp. heat is 1.296 J/g.K and the sp. heat for the cold stream is 
1.08 J/g.K. The mass flow rate of cold stream is 1.125 kg/s. The overall heat transfer coeff 
is 150 W/m^2.K and the heat transfer area on which U is based is 72.9 m^2. Determine 
the heat exchanger effectiveness, exit temp of cold stream and the heat transfer rate. [1]. 

Mathcad Function:
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Now, solve the problem:
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And, apply the Function written above:
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Plot the exit temps of hot and cold fluids, and effectiveness of HX as the overall heat 
transfer coeff. U varies from 20 to 150 W/m^2.K:

Prob. 3.3.30 (a) Write a Mathcad Function to calculate the NTU, effectiveness, heat 
transferred etc for a Parallel flow heat exchanger.

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

188

CryogeniC liquefaCtion systems

(b) Determine the heat exchanger effectiveness, exit temp of cold stream and the heat 
transfer rate for the Problem 3.3.29 if the HX is parallel flow type. [1]. 

Mathcad Function for Parallel flow HX:
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Now, solve the problem:
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And, using the Function written above:

i.e.

Plot the exit temps of hot and cold fluids, and effectiveness as the overall heat transfer 
coeff varies from 20 to 150 W/m^2.K:
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Note: Effectiveness and heat transfer are more for a Counter-flow HX.

Prob. 3.3.31 Oil at 100 C (cp = 3.6 kJ/kg.K) flows at a rate of 8.3 kg/s and enters in to 
a parallel flow HX. Cooling water (cp = 4.2 kJ/kg.K) enters the HX at 10 C at a rate of 
13.9 kg/s. The HX has an effectiveness of 0.26. If the overall heat transfer coeff is 1000 
W/m^2.K, find the area required for the HX. Also, find the outlet temperatures of both 
the fluids.
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192

Use the Mathcad Function for Parallel flow HX, already written above, with the ‘Solve 
block’ of Mathcad to easily determine the Area required:

Solve Block:
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Now, with this Area entered, apply the Mathcad Function for parallel flow HX, to get 
exit temps of fluids etc.:

Plot the exit temps of hot and cold fluids, and effectiveness as the overall heat transfer 
coeff varies from 500 to 1500 W/m^2.K:
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=======================================================================

Prob. 3.3.32. A Linde concentric tube HX is to be constructed from a 25 mm ID tube 
having a 2.5 mm wall thickness concentric to a 62.5 mm inside dia tube. Nitrogen at 
10.13 MPa and 300 K enters the smaller tube, and air at 101.3 kPa and 85 K enters the 
larger tube and leaves at 289 K. The mass flow rate of high pressure stream is 0.25 kg/s, and 
the mass flow rate of low pressure stream is 0.233 kg/s. The mean sp. heat of high pressure 
stream is 1.747 kJ/kg.K, and the mean sp. heat of low pressure stream is 1.044 kJ/kg.K. If 
the concentric tube is wound in a 450 mm dia helix and heavily insulated, determine the 
length of concentric tubing required for this heat exchanger.
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Mathcad Solution:
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Now, use the ‘Solve block’:
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Thus:

Overall heat transfer coeff. = U = 260.424 W/m^2.K…Ans.

Length of tube in HX = L = 59.7 m…Ans.

Heat transfer in HX = Q = 49632 W…Ans.

Prob. 3.3.33. Write an EES Function to find the effectiveness of a Cross-flow HX, with 
both the fluids un-mixed, as a function of NTU and Capacity Ratio, C_R. Then, plot the 
Effectiveness vs NTU graphs for different values of Capacity ratios. 

Mathcad Function:

To plot the epsilon – NTU graphs:

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

199

CryogeniC liquefaCtion systems

Prob. 3.3.34. Hot exhaust gases which enter a finned tube, cross flow HX at 300 C and 
leave at 100 C, are used to heat pressurized water at a flow rate of 1 kg/s from 35 C to 
125 C. The exhaust gas sp. heat is approx. 100 J/kg.K and the overall heat transfer coeff 
based on the gas side surface area is U = 100 W/m^2.K. Determine the required gas side 
surface area A using the NTU method. (Ref: Incropera)

Solution:

Use the Mathcad Function for a cross flow HX with both fluids un-mixed, written above:
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Therefore, hot fluid is the ‘minimum’ fluid.

Since hot fluid is minimum fluid, we can find the effectiveness as:

Now, to find the area required for HX:

First, find the NTU by using the Mathcad Function for cross flow HX with both fluids 
un-mixed, along with the ‘Solve block’. Then, find the area from: NTU = U * A / C_min

To plot Tc2 vs Th1 for given U values, other quantities remaining the same:

First, write Tc2 as a function of U and Th1:
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Now, tabulate the results:

And, plot the results:

Prob. 3.3.35. Write a Mathcad Function to find the effectiveness of a Cross-flow HX, with 
one fluid mixed, and the other un-mixed, as a function of NTU and Capacity Ratio, C_R. 
Then, plot the Effectiveness vs NTU graphs for different values of Capacity ratios. 
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Mathcad Function:

“======================================================================”

To plot the Effectiveness-NTU graphs:

First, compute the Parametric Table:
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Note that for (C_mixed/C_unmixed) values greater than 10, the effectiveness values 
remain the same.

Now, plot the results:

=======================================================================
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Prob. 3.3.36. Write Mathcad Functions to find the Exergy of mass flow for N2, He and H2. 

Mathcad Function for N2:

This function returns the specific availability of N2 in kJ/kg as a function of

T [K], P [bar], V [m/sec], Z [m], and ‘dead state’ P0 (bar), T0 (K)

Mathcad Function for He:

This function returns the specific availability of He in kJ/kg as a function of

T [K], P [bar], V [m/sec], Z [m], and ‘dead state’ P0 (bar), T0 (K)
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Mathcad Function for H2:

This function returns the specific availability of H2 in kJ/kg as a function of

T [K], P [bar], V [m/sec], Z [m], and ‘dead state’ P0 (bar), T0 (K)

Prob.3.3.37. Make an exergy analysis for a simple Linde-Hampson system using Nitrogen 
as the working fluid. The system operates between 101.3 kPa and 300 K at point 1 and 
20 MPa at point 2. The system may be assumed reversible, except for the expansion through 
the expansion valve.

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING: 
SOFTWARE SOLUTIONS VOL II B

206

CryogeniC liquefaCtion systems

Solution:

To determine the liquid yield, the work per unit mass compressed, the work per unit mass 
liquefied, and the figure of merit for a simple Linde-Hampson system. Then, determine the 
exergetic effcy of the cycle. Also, determine the exergy losses in the compressor (assuming 
the isothermal effcy of compressor as 70%), expansion valve and the heat exchanger.

Mathcad Function:
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Applying the above written Function, we get:
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i.e.

Note: Exergetic effcy = eta_II = 0.121…Ans.

Exergy losses in components:

Exergy loss in compressor (of isoth. effcy. = 70%):

Exergy loss in Heat Exchanger:
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Exergy loss in Expansion valve:

Thus:

Liquid yield, y = 0.074 kg liq. / kg gas compressed…Ans.

Work per kg gas compressed = Wperkggas = 472.26 kJ/kg…Ans.

Work per kg liquid = Wperkgliq = 6377 kJ/kg…Ans.

Exergetic effcy (or, second law effcy) of cycle = ηII = 0.121 ( = FOM)…Ans. 

Exergy losses in compressor (assuming its isoth. effcy is 70%) = Δecomp = 202.34 kJ/
kg…Ans.

Exergy losses in Heat Exchanger = ΔeHX = 101.36 kJ/kg…Ans.

Exergy losses in Expansion Valve = ΔeEV = 313.8 kJ/kg…Ans.

Plot y, Wperkgliq, and ηII against P2, other parameters remaining constant:

First, compute the Parametric Tables:
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Now, plot the results:
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Prob. 3.3.38 In an Ideal Kapitza liquefaction system for Nitrogen, the system operates 
from 101.3 kPa (1 atm) and 300 K to 5.0 MPa. At 5.0 MPa and 250 K, 50% of the main 
flow is diverted to the reversible adiabatic expander. Remainder flows through the heat 
exchanger and expands through the expansion valve to 101.3 kPa. Determine the liquid 
yield and the work per unit mass liquefied, assuming that the expander work is utilized in 
the compression process. Make an exergy analysis.
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Note: Calculation formulas for y, Wperkggas, Wperkgliq, Fom etc. are the same as for 
Ideal Claude cycle.

Then, using the Function for Ideal Claude cycle, written above:

i.e.
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Further:
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By heat balance on HX-2:

By heat balance on HX-1:

Exergies:
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Exergy losses in components:

Exergy loss in compressor (of isoth. effcy. = 70%):

Writing an exergy balance for the compressor:

Exergy loss in Heat Exchanger, HX-1:

Writing an exergy balance for the HX-1:

Exergy loss in Heat Exchanger, HX-2:

Writing an exergy balance for the HX-2:
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Exergy loss in Expander:

Writing an exergy balance for the Expander:

Exergy loss in Expansion valve:

Writing an exergy balance for the Expansion valve:

Note: Exergy losses in compressor, expander and expansion valve are the major ones.

Plot y, Wperkgliq, eta_II against P2:

Write the required quantities as functions of P2:
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We get:

Now, plot the results:
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Note: FOM is also equal to eta_II

=======================================================================
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