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1 INTRODUCTION

The focus of this textbook is to discuss both catalytic and non-catalytic chemical reactions
that take place in a porous pellet. The target audience are advanced undergraduate or
graduate students in the chemical engineering or in related areas. This textbook has been

written to fulfill three major goals:

1. To introduce the mathematical models describing the chemical reactions
accompanied by heat and mass transfer in the pellets.
2. To explain the numerical or analytical methods for solving the model equations.

3. To discuss the numerical results.

The features of this book can be summarized as follows: (a) model equations are fully derived,
(b) all chapters and all figures are illustrated with computer programs and (c) programs
are explained in the text. Computer programs are available to download on Bookboon’s

companion website.

The programs are written in Python and implemented as IPython notebooks. SciPy,
NumPy and Matplotlib libraries are used to numerically solve the model equations and
to visualize simulated results. All of these tools are easy to use, well supported by a large
online community, and available for free. The installation of IPython system is explained
in Appendix Al and the brief overview of python computer language is given in Appendix
A2. Using the developed tools, readers will be able to solve problems that appear in their

study or research in the future.

We begin this book by reviewing the mechanism of mass and heat transfer in a porous media.
Then we derive the mass balance equation and solve it analytically for the first-order reaction
in isothermal spherical pellet. The following chapter describes the second-order reaction in
isothermal pellet and an orthogonal collocation method is introduced as a numerical method
for solving model equations. Then we discuss the chemical reaction in the non-isothermal
pellet. We derive the heat balance equation and show how to solve numerically the system
of mass and heat balance equations using a finite-difference method. Next we discuss the
enzymatic reaction taking place in the pellet. We close the book with the chapter describing
the non-catalytic reaction in an agglomerate of submicron particles. In this example we take
into account the change in the agglomerate porous structure with reaction progress. We use

a method of lines to solve the unsteady-state mass and heat balances.
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Finally, the author wish to acknowledge and thank his wife, Nadezda, and his sons, Mikhail

and Iakov, for their patient support and assistance during the preparation of this book.

1.1 GENERAL CONSIDERATION ON CATALYTIC REACTION IN
POROUS PELLETS

Before we can derive the differential equation describing the chemical reaction, mass and
heat transfer in a porous pellet, we need to consider the general steps through which the

reaction proceeds and discuss the mechanisms of mass and heat transfer in porous media.

Here, we assume that the catalyst pellets are manufactured by agglomeration of primary
fine particles. The catalytic material is dispersed in the micropores of primary particles.
The void spaces among particles form macropores bounded by the outer particle surfaces,
as shown in Fig. 1.1. The heterogeneously catalyzed reaction 4 — B takes place on active
sites in the micropores of primary particles. The reaction proceeds through the following

sequential steps:

 Diffusion of the gaseous reactant A from the bulk phase to the external pellet
surface through a boundary layer located at the external surface of the pellet.

* Diffusion of the reactant A in the macropore spaces to the outer surface of
primary particles. Then, the reactant A diffuses in the micropore from the pore
mouth to the point where adsorption and reaction take place.

* Adsorption of the reactant A on the active catalytic site.

* Surface reaction of the adsorbed species A to produce the product B adsorbed on
active site.

* Desorption of the product B.

* Diffusion of B through the micropore and macropore porous spaces to the
external pellet surface.

* Diffusion of the product B from the external pellet surface into the bulk gas
phase through the boundary layer.
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Figure 1.1: lllustration of sequential steps in reaction process in porous catalyst pellet.

An overall rate of reaction can be limited by the intrinsic rate of surface catalytic reaction,
rate of mass transfer of reactant or product inside the catalyst pellet, rate of mass transfer
through the boundary layer outside the pellet or by any combination of these processes.
At the low temperature and for slow reactions, the intrinsic rate of surface reaction is slow,
resulting in the absence of the concentration gradient inside and outside catalyst pellet.
If the intrinsic rate of surface reaction has similar magnitude or faster rate than the mass
transfer rates, the concentration gradient will developed in the pellet or in the boundary

layer around catalyst pellet.

To characterize the ratio of intrinsic reaction rate to the rate of mass transfer, we introduce
a catalytic effectiveness factor 77, which is defined as the ratio of observed rate of reaction
to the rate of reaction at the surface concentration, C 4~ It accounts for the extent of
reduction in the overall reaction rate due to the lower concentration of reactant inside the
catalyst pellet as compared to the surface concentration. If the effectiveness factor is close to
one, the all internal surface of catalyst pellet are utilized and the reaction rate at the pellet
center is the same as the rate at the outer surface. In the case when effectiveness factor is
approaching zero, only the outer surface of catalyst pellet is used, and the intrapellet diffusion
will reduce the overall reaction rate. This usually occurs for active catalyst or when using

the large pellet of low porosity.
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1.2 MECHANISM OF MASS TRANSFER IN POROUS MEDIA

Depending on the pellet pore size, different mechanisms of mass transfer can be observed,
such as ordinary bulk diffusion, Knudsen diffusion and surface diffusion (Froment et al.
2011, p. 172). For very large pores, the bulk flow should be taken into account. When
the pore diameter is much larger than the mean free path of the diffusing molecule, the
molecules are transported by ordinary bulk diffusion. The Knudsen diffusion is responsible
for the mass transfer when the molecule mean free path is larger than the pore diameter.
The surface diffusion is a dominant mechanism of mass transfer in the microporous pellet

with pore diameter close to the size of diffusing molecule.

We can estimate the diffusion coeflicient for a binary gas system at given temperature 7°
using the Chapman-Enskog formula (Bird et al. 2002, p. 526):

T2 [(M, +M,)/ MM, ]
Po’.Q

mi= “mi

, (1.1)

D,, =1.8583x107
where M, and M, are the molecular weights of 7 species and carrier gas m, respectively, P
is the total pressure of gas mixture, o, is the characteristic diameter of the binary mixture

and Q_; is the dimensionless collision integral.

The following empirical approximation is used for estimation of Q_;:

O - A N C N E N G -
mi (T*)B eDT* eF-T* eHT‘ ( : )
Values of constants 4, B, C, D, E, F, G and H are given in Reid et al. (1987) as:
A = 1.06036, B = 0.1561, C = 0.193, D = 0.47635, E = 1.053587, F = 1.52996, G =
1.76474,
H = 3.89411.

The dimensionless temperature is given by
T =k[T/¢, (1.3)

where £, is the Boltzman’s constant and &, is the characteristic energy of the binary mixture.

The following combining rules are used to determine ¢, and o,,:

b = (8160 ) 100 =(0, + 0 ) /2 (1.4)

i mm >~ mi mm

where ¢, and o__ are the characteristic energy and the diameter for like pairs ii and mm,

respectively.
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We can calculate the Knudsen diffusivity using the correlation resulting from the kinetic
theory of gases for a cylindrical capillary of a mean radius @ at normal pressure (Froment
et al. 2011, p. 173):

_ ’ T

The mean radius of capillary is estimated as
a==—, (1.6)
where ¢ is the voidage and § is the specific surface area.

The combined diffusivity to describe the transition from ordinary molecular diffusion to
Knudsen diffusion is given as
1
D,=————"7"—,
1 l-a-y, (1.7)

—+
DKi Dmi

where y, is the mole fraction of species 7 in the gas phase. Here, & is defined as

N,
a=1+—,

i

where N, and N are the molar fluxes of species 7 and m relative to the fixed coordinate

system. In the case of equimolar counter-diffusion, N =-N, and Eq. (1.7) becomes

PO
I (1.8)
DKi Dmi

We describe the mass and heat transport with chemical reaction in a porous catalyst pellet
using a concept of effective properties. The corresponding fluxes and reaction rates are
averaged over a volume which is small relative to the pellet volume, but large enough with

respect to primary particles and pore sizes.

The effective diffusivity of the 7 species, D

> is frequently evaluated using the following

correlation:

D, ff,i

€

'Dci > (19)

AN
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where ¢ is the tortuosity factor that accounts for increasing length of diffusional path and
varying pore cross section (Butt 2000, p. 495). Using a random pore model, Wakao and
Smith (1962) postulated that the tortuosity factor is in inverse proportion to the void fraction:

;=1 (1.10)

&

Thus, the effective diffusivity can be estimated as

2, Dy, D,
DKi +Dmi

et = €

(1.11)

1.3 MECHANISM OF HEAT TRANSFER IN POROUS MEDIA

The effective thermal conductivity of a porous pellet depends in a complex manner on
the geometry of porous space, and thermal conductivities of solid and fluid phases. The
two limiting cases could be considered when the heat conduction in both phases occurs in
parallel or in series. If the conduction in the solid and fluid phases takes place in parallel, the
maximum value of effective conductivity could be achieved, because the effective conductivity

is given as the weighted arithmetic mean of the phase conductivities:
kg =(1—&)-k +e-k,, (1.12)
where k and k, are the thermal conductivities of solid and fluid phases.

If the conduction proceeds in such a way that all heat passes through the solid phase and
then through the fluid phase in series, the minimum value of effective conductivity is

obtained. £, is given as the harmonic mean of k and &, :

keff ks kf ( . )
Assuming that the solid and fluid phases are distributed randomly, Woodside and Messmer
(1961) derived the following expression:

l-¢

k,
Kegr =kf'(zj (1.14)
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2 FIRST-ORDER REACTION IN
ISOTHERMAL CATALYST PELLET

In this chapter, you will learn to:

1. Derive a mass balance equation for the reactant that accounts for the diffusion and
first-order catalytic reaction in the isothermal spherical pellet.

2. Solve analytically the model equation.

3. Plot the reactant concentration profiles in the pellet and calculate the effectiveness
factors for various values of process parameters using the elaborated IPython

notebooks.
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2.1 DERIVATION OF MASS BALANCE EQUATION

We first consider a first-order reaction 4 — B in an isothermal catalyst pellet of spherical
shape. We use Fick’s law to relate the diffusive flux of reactant A to the concentration

gradient in the radial direction of the pellet under the assumption of dilute gas mixture:

dc,

o (2.1)

N

Ar

= _Deff,A

b

where N, is the diffusive flux based on the total area of the spherical shell, z7*, including

voids and solid, and C, is the concentration of the gas species A within the pores.

We can perform a steady-state mass balance for species A over a spherical shell of thickness

Ar located at radius 7 within a catalyst pellet as (Fogler 2008)

Rate of input Rate of output Rate of generation

of species 4 B of species 4 N of species 4 3
by diffusion at » by diffusion at » + Ar by reaction within Ar

(moles/time) (moles/time) (moles/time)

The molar rate of production of component A by the first-order reaction within the differential

volume element, 477°Ar, is

v -Anr’Ar = —kC, - 4xr’Ar (2.2)
Thus, we can write the mass balance as

(NArx47rr2)|, - (NA,><47ﬂ’2)|,+A, + 1 4xr’Ar = 0 (2.3)

Dividing by 47Ar, we find:

— (r2 .NAr) r+Ar _(,,-2 'NAr) r + V2 _rA — O
Ar
Taking the limit as Ar goes to zero and using the definition of the first derivative gives
2
LG ) S (2.4)
dr

Substituting the flux by Eq. (2.1) and the reaction rate by Eq. (2.2) into Eq. (2.4), we have:

i(—rzDeffA-dCAJ +rkC, =0 (2.5)
dr odr

Download free eBooks at bookboon.com



Changing the sign in Eq. (2.5) gives

d dcC
E(VZDeff’A‘d_rAJ - Fz'kCA =0

Assuming a constant effective diffusivity D, ,, we rearrange the above equation as

Pas 4 46,

pE—y — j —kC, =0 (2.6)

Using the chain rule of differentiation, we write the term with the second derivative as

2 2 2
d (rz-ﬁ) _ @ dC, + rzd Ci_ ZrdCA + rzd < (2.7)

; dr dr dr dr* dr dr?

Introducing Eq. (2.6) into Eq. (2.7), we derive the mass balance equation for the first-order

reaction in catalyst pellet as

&°C, 240\ K, -
ar* r dr D )

eff, 4

The boundary conditions are

e At the center of catalyst pellet:

There is no diffusive flux through the pellet center since this is a point of symmetry.

dc,

- =0 at r=0 (2.9)

* At the external surface of catalyst pellet:
o0 Fixed reactant concentration at the external surface.
We assume that the concentration of reactant species A at the external pellet surface,

C,,, is equal to the bulk phase concentration, C,,.
c,=C,=C, at r=R, (2.10)
where R is the pellet radius.

0 Mass transfer across the boundary at the pellet external surface.

We derive the steady state mass balance at the pellet external surface as

(N, x4mr?)|_p = 4mr® ko (C, |, = C,p) = 0,

where k,, is the mass transfer coefficient.
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Simplifying the above equation and using the flux definition by Eq. (2.1), we find:

‘dCA
dr

kgA(CA,b —CAI,:R) = Dy 4 (2.11)

r=R

. . . . r C . . . ..
Introducing dimensionless variables, p = = and ¢=—%,and using the chain rule of differentiation,

. . . . Ab . ..
we can write the first derivative of concentration with respect to radial position as

dC, _dC, dp _ dC, dc dp

dr dp dr dec dp dr

. .. . . . . dC d
Using definitions of dimensionless variables, the first derivatives —4 and d_p are expressed as

de r

dc, d(c-C,) de

dc dc ' de 4

ap _4R) _1a 1

dr dr R dr R
Therefore, we can rewrite 4 as

r
dC, de 1 c, dc
=Chp——7= PN
dr dp R R dp
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2
4 in dimensionless form as

Similarly, we can express the second derivative =
"

4(4C) 4Gy dedp _d(Cy de)l_ Gy
dr\_ dr dp\ R dp R dp

dr  dp R R dp

Substituting the first and second derivatives into Eq. (2.8), we get:

Cy d’c L2 Cpde Kk
R*dp*  p-R R dp D,

c.C, =0 (2.12)

Dividing by %, we have:

d*c N 2 dc k-RZ‘

i c=0 (2.13)

p dp Dy,
Then, we will introduce the dimensionless Thiele modulus, ¢, defined by

_ kR’
D

eff , 4

¢’ (2.14)

The Thiele modulus relates the reaction rate to the diffusion rate in the pellet.

Finely, we write the dimensionless mass balance equation describing the first-order reaction

in the spherical pellet as

c=0 (2.15)
The dimensionless boundary conditions are

* At the center of catalyst particle:

dc

— =0 at =0
dp at p (2.106)

* At the external surface of catalyst particle:

o Fixed reactant concentration at the external surface of the catalyst pellet.
C = l (2.17)

0 Mass transfer across the boundary at the pellet external surface.

|—e o L de (2.18)
Bi, dp|,, '
-k
where Bi, =—* is the Biot number for mass transfer. This dimensionless group

eff, 4
compares the relative external and internal mass transport resistances.
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2.2 ANALYTICAL SOLUTION OF MASS BALANCE EQUATION
Multiplying each term in Eq. (2.15) by p, we have:

2
dcz 2% g0 (2.19)
dp dp

P

We introduce a new variable u=c-p. The first derivative of # with respect to p is

du dc P
=p-—+c. The second derivative is

% dp

d’u d dc d dc dc d’c dc dc d’c dc
S=—| pr——tc|=——|p—|t——=\p 5t t——=p 5 +2—

dp~ dp dp dp dp) dp dp~ dp| dp dp dp

Substituting the second derivative into Eq. (2.19) results in

d’u

i & u=0 (2.20)

This is a linear second-order differential equation with constant coefhicients.

We can write the boundary condition given by Eq. (2.16) in terms of variable # as

ﬁ_ldu u
dp pdp p

Multiplying by p* results in

Py
el
Finely, we get:

u=0 a p=0 (2.21)
Similarly, we rewrite the boundary condition by Eq. (2.17) as

u=1 a p=I (2.22)
The general solution of Eq. (2.20) is

u=C-e" +C-e?, (2.23)

where C, and C, are the integration constants. We will find these constants using the

boundary conditions. From the boundary condition at p=0 by Eq. (2.21)follows

¢ +C, =0
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Thus,

C, =-C (2.24)

X —X

e —

Using the definition of a hyperbolic sine function, sinh(x)= , and substituting

Eq. (2.24) into Eq. (2.23), we obtain:
u = Cl(e“"p —e ) = C, - 2sinh(¢- p) (2.25)

2.2.1 FIXED REACTANT CONCENTRATION AT PELLET EXTERNAL SURFACE

We will derive the constant C, from the boundary condition at p=1 by Eq. (2.22) using
Eq. (2.25) as

1 = C,-2sinh(¢)

Thus, the constant C, is

1
' 2sinh(g)

(2.20)
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Substituting Eq. (2.26) into Eq. (2.25) gives

_ sinh(g- p)
u = sinh(g) (2.27)

Finally, back substituting u=c-p into Eq. (2.27), we can calculate the dimensionless

concentration profile of reactant A in the spherical catalyst pellet as

_ 1 sinh(¢-p)
c = > sinh(9) (2.28)

The first derivative of C, with respect to 7 is

r

inh| ¢-—

dC, _d ooy d|Cuk ™ %)
dr dr 7 dr| sinh(g) r

C, R .r-;ﬁ{sinh(qﬁ-;j}—sinh(%;j

sinh(¢) r

(2.29)

sinh(;;srj
_ CAbR 1 ¢ COSh(¢Lj _ CAbR_ R
R

~ sinh(¢) r R r*  sinh(g)
— CAb¢ . COSh(¢;J _ CAbR . Sinh(¢;]
Ty sinh(g) r sinh(¢)

Therefore, we can write the derivative of C, with respect to 7 at the pellet surface »=R as

ac,| _Cu¢ 1 @_cm(l 1)

dr

tanh(g) ¢

« R tanh(§) R R

(2.30)

At steady-state, the overall process rate should be equal to the rate of mass transfer into

the pellet:
Rate = 4nRZDCff,A(dCAj (2.31)
r r=R
Combining Egs. (2.30) and (2.31), we get:
c.o( 1 1
Rate = 47R’D,, , - —2"| ——— —— 2.32
ate 4 e’ p [tanh(qﬁ) ¢] (2.32)
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We can calculate the intrinsic reaction rate in the absence of internal mass transfer limitation

by assuming that C, =C,, throughout the pellet.

. 4
Reaction Rate|. . = 5ﬂR3leAb (2.33)

We define the effectiveness factor 77 as the ratio of the consumption rate of reactant within
the pellet to the intrinsic reaction rate (Kandiyoti 2009,p80). Thus, the effectiveness factor
is given by the ratio of Eq. (2.32) to Eq. (2.33) as

L
T TR, Lanh(m A 234

Using the definition of Thiele modulus by Eq. (2.14), we rewrite Eq. (2.34) as

3 1 1 3
7" E[tanh@) ) 5} = Lot 1] 23

2.2.2 MASS TRANSFER AT PELLET EXTERNAL SURFACE

In the case of significant mass transfer limitations, we use the boundary conditions at the
outer surface of the pellet by Eq. (2.18). We can express this boundary condition in terms

of variable # as

u 1 |ldu u
1—; = E{————z} (2.36)

Substituting p=1 in above equation, we get:

1 | du
lmu = — | &
u Bim{dp u} (2.37)

We calculate the derivative of # with respect to p by differentiation of Eq. (2.25) as

du
% =2C,-¢-cosh(¢- p) (2.38)

Substituting # by Eq. (2.25) and Z—u by Eq. (2.38) at p=1 into Eq. (2.37), we get:
p

1-2C, sinh(g) = §~[¢cosh(¢)—sinh(¢)]
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Thus, we obtain the constant C, as

- s Tl . (2.39)
2(¢-cosh(¢) +sinh(g)(Bi,, 1))  2(Bi, -sinh(¢) + ¢ - cosh(¢) —sinh(g))

Substituting C, into Eq. (2.25) results in

y = Bi  -sinh(¢- p) (2.40)
Bi -sinh(g) + ¢ - cosh(¢) — sinh(g)

Finally, we derive the dimensionless concentration profiles in the pellet as

o= 1 Bi  -sinh(¢- p)
p Bi -sinh(g)+ ¢ - cosh(¢) —sinh(g)
1 sinh(¢- p) (2.41)
P

. @ - cosh(¢) — sinh(¢)
sinh(¢) + i

m

[ ]
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The derivative of C, with respect to 7 is

.. r
c, d|c, R Bi, ‘s1nh(¢-E)
dr dr r Bi, -sinh(¢) + ¢ - cosh(g) — sinh(¢)

Bi  -sinh(¢) + ¢ - cosh(¢) — sinh(¢) dr r

:[ C,-R-Bi ] d Sinh(¢'Rj

FE— J"Z(Smh(%)hnh(%;)

Bi -sinh(¢) + ¢ - cosh(¢) — sinh(¢)

r . r
_ C,R-Bi, ¢'C°Sh(¢'Rj Smh(‘ﬁ'RJ
| Bi, -sinh(g) + ¢ - cosh() — sinh(gh)

The derivative of C, with respect to 7 at the pellet surface » = R is

dC,
dr

B C, R-Bi ¢-cosh(p) sinh(g)
R - Bi, -sinh(@) + ¢ - cosh(¢) —sinh(¢) R® R?

_| _Cu-R-Bi, {i. 1 _L}
Bi + ¢ .|| R® tanh(p) R’
" tanh(¢)

Finally, we can derive the effectiveness factor in the case of external mass transfer limitations as

dcC
4zR’D,, -2
, 72 eff, A dr o 3 Dcff,A Bi. [ y 1] (242)
= == —
L A
3 tanh(¢)
1 1
_ 3. tanh(¢) ¢

¢ 1+¢.( ! -IJ
Bi | tanh(¢) ¢
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2.3 COMPUTER PROGRAMS AND SIMULATION RESULTS

Notebook FirstOrder_Isothermal_Concentration.ipynb

The IPython notebook FirstOrder_Isothermal_Concentration.ipynb is a Python code to calculate
the dimensionless reactant concentration profiles in the radial direction of isothermal spherical
pellet for the first-order reaction. The reactant concentration is fixed at the external surface

of the catalyst pellet.

0 Import packages.
We will use the Python library NumPy for vector manipulations and calculation of sink
function. To plot the results of numerical simulations, we will use the pyplor module from
matplotlib library. The IPython.html module is called to display widgets for interactive
input of Thiele moduli.

%matplotlib inline

import numpy as np

from matplotlib.pylab import *

from IPython.display import clear_output, display, HTML

from IPython.html.widgets import interact, FloatSlider, HTML, Latex

0 Define the main function fmain:

#
# Main function
#
def fmain (¢1, ¢2, ¢3, **kwargs):
#
# 01, ¢2, ¢3 are Thiele moduli
#
# calculate and plot dimensionless reactant concentration
# profiles in the radial direction of a spherical pellet
# for various Thiele moduli.
o Specify the array of radial points and allocate the array of reactant concentrations.
#

# specify the array of equally distributed radial positions
p = np.linspace(1l.e-5, 1, 501)

# allocate array of concentrations
¢ = np.zeros(len(p))
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o Calculate and plot the reactant concentration profiles for various values of

Thiele modulus.

# calculate and plot profile for ¢1
c = (1/p)*np.sinh(¢1*p)/np.sinh (1)
plot(p, ¢, '-', linewidth=1.5, color='b")
hold('on")

# calculate and plot profile for ¢2
¢ = (1/p)*np.sinh($2*p)/np.sinh($2)
plot(p, ¢, '-', linewidth=1.5, color='r")

# calculate and plot profile for ¢3
¢ = (1/p)*np.sinh($3*p)/np.sinh($3)
plot(p, ¢, '-', linewidth=1.5, color="k")

# specify plot axes, title and legend
matplotlib.rcParams.update({ 'font.size': 12})
xlabel(r'Dimensionless radius, $\rho $ [-]")
ylabel('Dimensionless concentration, $c $ [-]")
titlel = 'First-order reaction in isothermal spherical pellet \n'
title (titlel)
legend([('$\phi_1 "+str(01)+'$"), ("$\phi_2 = "+str($p2)+'$"),

("$\phi_3 = "+str(¢3)+'$"')],loc="1lower right")
axis([@.,1.,0.0,1.0])
show()
return
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0 Define widgets.

#

# specify widgets

h1=HTML(value="<h4> <b> Diffusion and First-

Order Reaction in Isothermal Spherical Pellet</b>",color="brown")
h2=Latex(value="$$\mbox{Specify three values of Thiele modulus } \phi \mbox { to compare
concentration profiles:}$$",)

h3=HTML(value = "<br> ")

display(h1l)

display(h3)

display(h2)

# Use slider to input values of Thiele moduli

phil_slider = FloatSlider(min=0.5, max=10, step=0.5, value=1)

phil_slider.description = "$$\phi_1$$"

phi2_slider = FloatSlider(min=0.5, max=10, step=0.5, value=2)

phi2_slider.description = "$$\phi_2$$"

phi3_slider = FloatSlider(min=0.5, max=10, step=0.5, value=5)

phi3_slider.description = "$$\phi_ 3$$"

w = interact(fmain, ¢1 = phil_slider, ¢2 = phi2_slider, ¢3 = phi3_slider)

The screenshot in Fig. 2.1 shows the widgets to specify Thiele moduli and the plot obtained

by simulating the concentration profiles in the pellet.

Diffusion and First-Order Reaction in Isothermal Spherical Pellet

Specify three values of Thiele modulus ¢ to compare concentration profiles:

o 1
e 2
®3 5

First-order reaction in isothermal spherical pellet
10

08f

06

04t

=

02} — ¢ =20|]
— ¢y =00
0.0

0.0 0.2 0.4 0.6 0.8 10
Dimensionless radius, s [-]

Dimensionless concentration, « [-]

Figure 2.1: The screenshot of widgets to specify Thiele moduli for the first-order reaction
in isothermal pellet.
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Notebook FirstOrder_Isothermal_Effectiveness.ipynb
This notebook is used to calculate the effectiveness factor for the first-order reaction in the
isothermal spherical pellet assuming a fixed reactant concentration at the external pellet

surface.
0 Import packages.

%matplotlib inline

import numpy as np

import matplotlib.pylab as plt

from IPython.display import clear_output, display, HTML

from IPython.html.widgets import interact, FloatSlider, HTML, Latex

0 Define the main function fmain:

#
#  Main program
#
def fmain(h, **kwargs):
#
# calculate the effectiveness factor for first-order reaction
# 1in isothermal spherical pellet
#
# parameter h is used to make a blank line in a widget
o Specify the array of Thiele moduli and allocate the array of effectiveness
factors.
#

# specify the array of Thiele modulus
¢ = np.linspace(0.01, 100., 1001)

# allocate array of effectiveness factor
n = np.zeros(len(¢))

o Calculate and plot the effectiveness factor as a function of Thiele modulus.

# calculte and plot effectiveness factor
n = (3./¢)*(1./np.tanh(¢) - 1./(¢) )
plt.rcParams.update({ 'font.size': 12})
plt.loglog(¢, m, 'k-', basex=10, linewidth=1.5, color='b")
# specify plot axes, title and legend
plt.xlabel('Thiele modulus, $\phi$ [-]1")
plt.ylabel('Effectiveness factor, $\eta$ [-]")
plt.axis([@.01, 100., 0.0, 1.2])
plt.title('First-order reaction in a spherical pellet \n')
plt.grid(True,which="both",1s="-")
plt.grid(True, 'major',linewidth=1.0)
plt.grid(True, 'minor',linewidth=0.5)
plt.show()
return
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0 Define a widget.

#

# specify widgets

h1=HTML (value="<h4> <b> Diffusion and First-

Order Reaction in Isothermal Spherical Pellet</b>",color="brown")
h2=HTML (value="<br>")

display(h1l)

w = interact(fmain, h = h2)

The screenshot of the widget and resulting plot is shown in Fig. 2.2.
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Diffusion and First-Order Reaction in Isothermal S$pherical Pellet

First-order reaction in a spherical pellet

10°

10t

Effectiveness factor, » [-]

107 10! 10° 10! 10°
Thiele madulus, & [-]

Figure 2.2: The widget to plot the effectiveness factor for the first-order reaction in

isothermal pellet.

Notebook FirstOrder_Isothermal_ExternalMass Transfer_Concentration.ipynb
This notebook is utilized to calculate the reactant concentration profiles in the radial
direction of isothermal spherical pellet for the first-order reaction taking into account the

mass transfer resistance at the external pellet surface.
0 Import packages.

%matplotlib inline

import numpy as np

from matplotlib.pylab import *

from IPython.display import clear_output, display, HTML

from IPython.html.widgets import interact, FloatSlider, HTML, Latex

0 Define the main function fmain:

#

# Main function

#

def fmain (¢, h, Bil, Bi2, Bi3, **kwargs):

¢ is the Thiele modulus, Bil, Bi2 and Bi3 are Biot numbers
calculate and plot dimensionless reactant concentration

profiles in the radial direction of a spherical pellet
for various Biot numbers

FrET T T T
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o Specify the array of radial points and allocate the array of reactant concentrations.

# specify the array of equally distributed radial positions
p= np.linspace(l.e-5, 1, 501)

# allocate array of concentrations
c = np.zeros(len(p))

o Calculate and plot the reactant concentration profiles for various values of Biot number.

# calculate and plot profile for Bil
c = (1./p)*np.sinh(¢*p)/(np.sinh(9) + (d*np.cosh(d)- np.sinh(¢))/Bil)
matplotlib.rcParams.update({ 'font.size': 12})
plot(p, c, '-', linewidth=1.5, color='b")
hold('on")
# calculate and plot profile for Bi2
c = (1./p)*np.sinh(¢*p)/(np.sinh(9) + (dp*np.cosh(d)- np.sinh(¢))/Bi2)
plot(p, ¢, '-', linewidth=1.5, color='r")
# calculate and plot profile for Bi3
c = (1./p)*np.sinh(¢*p)/(np.sinh(9) + (¢p*np.cosh(dp)- np.sinh(¢))/Bi3)
plot(p, ¢, '-', linewidth=1.5, color="k")
# specify plot axes, title and legend
xlabel(r'Dimensionless radius, $\rho$ [-]1")
ylabel('Dimensionless concentration, $c $ [-]")
titlel = 'First-
order reaction in isothermal spherical pellet\n with external mass transfer limitations, $
\phi=%s$"'
title (titlel % (¢))
legend([(r'${Bi} = "+str(Bil)+'$"),(r'${Bi} = "+str(Bi2)+'$"),
(r'${Bi} = "+str(Bi3)+'$')],loc="lower right")
axis([0.,1.,0.0,1.0])
show()
return
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0 Define widgets.

#

# specify widgets

h1=HTML (value="<h4><b> Diffusion and First-

Order Reaction in Isothermal Spherical Pellet <br> with External Mass Transfer Limitations
</b>",color="brown")

h2=HTML (value = "<br> ")

h3=Latex(value="$$\mbox{Specify Thiele modulus } \phi \mbox { :}$$",)
h4=Latex(value="$$\mbox{Specify three values of Biot number } Bi \mbox { to compare conc
entration profiles:}$$",)

display(h1l)

display(h2)

display(h3)

# Use slider to input the value of Thiele modulus

phi_slider = FloatSlider(min=0.5, max=10, step=0.5, value=2)

phi_slider.description = "$$\phi$$"

# Use slider to input values of Biot number

Bil_slider = FloatSlider(min=0.5, max=10, step=0.5, value=1)

Bil_slider.description = "$$Bi_1$$"

Bi2_slider = FloatSlider(min=0.5, max=10, step=0.5, value=3)

Bi2_slider.description = "$$Bi_2$$"

Bi3_slider = FloatSlider(min=0.5, max=10, step=0.5, value=10)

Bi3_slider.description = "$$Bi_3%$$"

w = interact(fmain, ¢= phi_slider, h = h4, Bil = Bil_slider, Bi2 = Bi2_slider, Bi3 = Bi3_s
lider)
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The screenshot of widgets to specify the Thiele modulus and Biot numbers and the resulting

plot is shown in Fig. 2.3.

Diffusion and First-Order Reaction in Isothermal Spherical Pellet
with External Mass Transfer Limitations

Specify Thiele modulus ¢ :

@ 2
Specify three values of Biot number Bi to compare concentration profiles:
Biy 1
Bi, 3
Bi, 10

First-order reaction in isothermal spherical pellet

T with external mass transfer limitations, »=2.0

[-1

=]
w®

=
=]

Dimensicnless concentration, «
[=]
=

— Bi=10
0.2 — EBi=30
— Bi=10.0
0.0 " ‘ . n
0.0 02 0.4 0.6 0.8 10

Dimensionless radius, o [-]

Figure 2.3: The widget to specify the values of Thiele modulus and Biot numbers for

the first-order reaction with external mass transfer limitations in isothermal pellet.

Notebook FirstOrder_Isothermal_ExternalMass Transfer_Effectiveness.ipynb
This notebook is used to calculate the effectiveness factor for the first-order isothermal

reaction with external mass transfer limitations in the spherical pellet.
0 Import packages.

%matplotlib inline

import numpy as np

import matplotlib.pylab as plt

from IPython.display import clear_output, display, HTML

from IPython.html.widgets import interact, FloatSlider, HTML, Latex
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0 Define the main function fmain:

#

# Main program

#

def fmain(h, Bil, Bi2, Bi3, **kwargs):
#

# calculate and plot relationships between the effectiveness factor
# and Thiele modulus for various values of Biot number

o Specify the array of Thiele moduli and allocate the array of effectiveness

factors.

# specify the array of Thiele modulus
¢ = np.linspace(0.01, 100., 1001)

# allocate array of effectiveness factor
n = np.zeros(len(¢))

o Calculate and plot the effectiveness factor as a function of Thiele modulus.

# calculate and plot effectiveness factor for Bil
a = 1./np.tanh(¢) - 1./ ¢
n = (3./¢)*a/(1+( ¢/Bil)*a)
plt.rcParams.update({ ' font.size': 12})
plt.loglog(¢,mn, " '-"',basex=10,1linewidth=1.5,color="b")
plt.hold('on")

# calculate and plot effectiveness factor for Bi2
a = 1./np.tanh(¢) - 1./ ¢
n = (3./¢)*a/(1+( ¢/Bi2)*a)
plt.loglog(¢,m, " '-"',basex=10,1linewidth=1.5,color="r")

# calculate and plot effectiveness factor for Bi3
a = 1./np.tanh(¢) - 1./ ¢
n = (3./¢)*a/(1+( ¢/Bi3)*a)
plt.loglog(d,mn, "' -',basex=10,1linewidth=1.5,color="k")

# specify plot axes, title and legend
plt.xlabel('Thiele modulus, $\phi$ [-]1')
plt.ylabel('Effectiveness factor, $\eta$ [-]")
plt.axis([@.01, 100., 8.0, 1.2])
plt.title('First-

order reaction in a spherical pellet with external mass transfer \n')
plt.grid(True,which="both",1s="-")
plt.grid(True, 'major',linewidth=1.0)
plt.grid(True, 'minor',linewidth=0.5)
legend = plt.legend([(r'${Bi} = '+str(Bil)+'$"'),(r'${Bi} = '+str(Bi2)+'$"),

(r'${Bi} = '+str(Bi3)+'$')],loc="lower left')

legend.get_frame().set_facecolor( 'white")
plt.show()
return

Download free eBooks at bookboon.com

32



CHEMICAL REACTION
ENGINEERING WITH IPYTHON
PART | FIRST-ORDER REACTION IN ISOTHERMAL CATALYST PELLET

0 Define a widget.

#

# specify widgets

h1=HTML (value="<h4><b> Diffusion and First-

Order Reaction in Isothermal Spherical Pellet <br> with External Mass Transfer Limitations
</b>",color="brown")

h2=HTML (value="<br>")

display(hl)

# Use slider to input values of Bios number

Bil_slider = FloatSlider(min=0.5, max=10, step=0.5, value=1.)
Bil_slider.description = "$Bi_1%:"

Bi2_slider = FloatSlider(min=0.5, max=10, step=0.5, value=3.)
Bi2_slider.description = "$Bi_2%:"

Bi3_slider = FloatSlider(min=0.5, max=10, step=0.5, value=10.)
Bi3_slider.description = "$Bi_3%:"

w = interact(fmain, h = h2, Bil=Bil_slider, Bi2=Bi2_slider, Bi3=Bi3_slider)

The screenshot of widgets to specify the Biot numbers is shown in Fig. 2.4.
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Diffusion and First-Order Reaction in Isothermal Spherical Pellet
with External Mass Transfer Limitations
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Figure 2.4: The widget to plot the effectiveness factor for the first-order
reaction with external mass transfer limitations in isothermal pellet.

Figure 2.5 illustrates the effect of Thiele modulus on the reactant concentration distribution
in the radial direction of the isothermal pellet for the first-order reaction. These distributions
were calculated by using the FirstOrder_Isothermal_Concentration_print.ipynb notebook. At
low values of Thiele modulus, the reactant is nearly uniformly distributed within the pellet
since the reactant consumption rate by reaction is slower than the delivery rate by diffusion.
At high values of Thiele modulus, the reactant is depleted close to the pellet outer surface
due to the high reaction rate. As a result, the reactant concentration distribution within

the pellet is highly non-uniform.
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Figure 2.5: Concentration profiles for the first-order reaction in isothermal
catalyst pellet.
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The effect of Thiele modulus on effectiveness factor is illustrated in Fig. 2.6. This figure was
calculated and plotted by using the FirstOrder_Isothermal_Effectiveness_print.ipynb notebook.
The effectiveness factor approaches unity at low values of Thiele modulus (¢ <1) indicating
the complete utilization of internal catalyst volume. However, the effectiveness factor decreases
rapidly at high values of Thiele modulus. This is an indication on non-effective utilization

of catalyst volume as the reaction is taking place only near the outer pellet surface.
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Figure 2.6: Effectiveness factor for the first-order reaction in isothermal

catalyst pellet.

The effect of external mass transfer resistance on the reactant concentration distribution in
the pellet is shown in Fig. 2.7. We used the FirstOrder_Isothermal_ExternalMass Transfer_
Concentration_print.ipynb notebook to calculate and plot this figure. At high values of Biot
number, the rate of mass transfer of reactant from the bulk phase to the external pellet
surface is high, and the reactant concentration near the pellet surface is close to the bulk
concentration. At low values of Biot number, the surface concentration is significantly lower
than the bulk one. For example, the dimensionless reactant concentration is equal to 0.44
at p=1 for Bi, =1.0 and ¢=2. The reactant concentration profile is more uniform for low

Biot number than that for high Bi, due to the higher diffusion rate in the pellet.
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Figure 2.7: Concentration profiles for the first-order reaction in isothermal catalyst

pellet with external mass-transfer limitations.
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The relationships between the effectiveness factor and Thiele modulus are shown in Fig. 2.8
for various values of Biot number. This figure was calculated and plotted utilizing the
FirstOrder_Isothermal_ExternalMass Transfer_Effectiveness_print.ipynb notebook. The limiting
value of Thiele modulus corresponding to 5 ~1 shifts to the low values of Thiele modulus
with decreasing the Biot number to result in the narrow range of operation with full

utilization of catalyst volume.
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Figure 2.8: Effectiveness factor for the first-order reaction in isothermal catalyst pellet

with external mass-transfer limitations.
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3 SECOND-ORDER REACTION IN
ISOTHERMAL CATALYST PELLET

In this chapter, you will study:

1. Setting up the mass balance equation that accounts for the diffusion and second-
order catalytic reaction in the isothermal spherical pellet.

2. Solving numerically the model equation using the orthogonal collocation
method.

3. Simulating the reactant concentration profiles in the pellet and the effectiveness

factor for various values of Thiele modulus using the developed IPython notebooks.

3.1 MASS BALANCE EQUATION

We can write the dimensionless mass balance equation for the second-order chemical reaction

in the isothermal spherical catalyst pellet similar to Eq. (2.15) as

d*c 2 dc
+ -« —_

z —Ft =0 (3.1)
dp*  p dp

Here, the Thiele modulus is defined as

2

_k-R*-C,,
D

eff, 4

The boundary conditions are

* At the pellet center p=0:

dc

ap " 0 (3.2)

* At the outer pellet surface p=1:

o without external mass transfer limitations
C = 1 (3-3)

o with external mass transfer limitations

l.dc

l-¢c = ——
Bi, dp|

(3.4)
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3.2 NUMERICAL SOLUTION OF MODEL EQUATION USING
ORTHOGONAL COLLOCATION METHOD

As the problem is symmetrical at p=0, we introduce the following transformation
x=p (3.5)

Using this transformation, we can write the first derivative of concentration with respect

to p in terms of the derivative with respect to x as

dc dc ﬂ:—Z _2J—dc
dp dx dp dx

and the second derivative of concentration with respect to p as

d*c d dc d dc) dx de 1 dc dx
=— | 2yx— |=—| 2dx— | —=| 2 — - —- 2+2
dp[ \/_dxj dx( \/_dxj dp { \/_

dp’ dx 2 dp
2 2
Lode . d 2p=4 ch 129e 4y d—f+2@
p dx dx dx X
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Substituting the first and second derivatives into Eq. (3.1) results in

d*c dc 2 dc
Ax—+42— |+ = | 2\x— | - ¢’ =0
( xX— J N ( xdxj ¢c

dx dx

Simplifying the above equation, we have:

4x%f + 6% — ¢ =0 (3.6)
We use the orthogonal collocation method (Villadsen & Michelsen 1978) for the numerical
solution of nonlinear ordinary differential equation, Eq. (3.6), with boundary conditions
Egs. (3.2)—(3.4). We select N+1 interpolation points in such a way that the first N points
are the interior collocation points and the NV+1 point is the boundary point at x,,, =1. The
interior points are chosen as roots of the Jacobi collocation polynomial J, (a, ) with a =1

and pg= A The unknown variable ¢ is expanded in a set of Jacobi polynomials in terms of

even powers of p as (Finlayson 1980):
N
c(p) = c(l) + (1-p°) X4, P (p7) (3.7)
Jj=1

where a, are the unknown coefficients and Pj,,(pz) are the orthogonal polynomials. The
function defined by Eq. (3.7) satisfy the boundary condition by Eq. (3.2). The spatial
derivatives in Eq. (3.6) at the internal collocation points, p, can be expressed as functions

of the concentration:

ac N+1
a— = ZAj,k'ck = A-¢c
Ply, =1
62C N+l

= B . . .c. =B-c,
apz ; Jk k

Pj

where ¢, is the approximate solution at the collocation point p,. The matrices A and B are
calculated using the method based on Lagrange’s interpolation formula (Rice & Do 2012).
The python program for calculation of matrices A and B is given in Appendix A3.

Thus, we can write the collocation equations at the interior points, x,, i=1,...,N, as

N+1 N+1

4xiZBi,jcj + 62/1“0_/. - ¢2cl.2 =0 (3.8)
Jj=1 Jj=1
Moving the N+1 term outside the summation sign, we rewrite Eq. (3.8) as

N N
2 2
4X{ZBI',‘/C_/ +Bi,N+1CN+1:| + 6{2‘47’,10_/ +Ai,N+lCN+1:| - ¢ ¢ =0
=1 =1
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Simplifying the above equation, we get:

ﬁ:(4x8 +64, )c; + (4xB,y, +64, ., )cy, — #°¢ =0 (3.9)

[
J=1

The boundary condition at p=0(x=0) is satisfied by using the transformation by Eq.
(3.5). We then use the boundary condition at p=1(x=1) to eliminate c,,, from Eq. (3.9):

o Using the boundary condition by Eq. (3.3), ¢,,, =1 at x,,, =1, we simplify
Eq. (3.9) as

(4xB +64, )c, + (4x,B,,, +64,,.,) — ¢°c] =0 (3.10)

i,

s

~.
LN

o0 In the case of external mass transfer limitations, the boundary condition by

Eq. (3.4) at x,,, =1 can be written in terms of the variable x as

1 2
l-c = —.ﬁ 2(‘10 _ 2 de (3.11)
Bi, dp|, Bl o Bi, dx|
The first derivative at the point Xy, is
dC N+1
— = Ay, c
dx V=N ; T
Substituting the derivative into Eq. (3.11), we get:
v Bi,
ZANHJC/ + AN+1,N+ICN+1 = T'(I_CNH) (312)
J=1
Solving the above equation for ¢, results in
N
1_7ZAN+1 /cj Bim _ZZANH,_]'C/
c Ly j=1 — J=1
e 1_,_@ Bi, + 24y, v
Bi,
Substituting ¢, into Eq. (3.9) yields
N
Bi -2) A, c;
2 s ) 2 (3.13)

M=

> (4x.B,, +64,,)c; + (458, +64,,,)- Bim+;4N+l,N+l — ¢ =0

~.
LR
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Rearranging the above equation, we get:

u 2AN+1,j
Z} 4xiBi,j + 6‘47',,/ _(4xiBi,N+1 + 6Av',N+1)' Bi +24 ¢ + (3.]4)
j= m N+1,N+1
Bi
(4xiBi,N+l +6Ai,N+1)' b - 20[2 =0

Bi, + 2AN+1,N+1

Finally, we obtain a system of nonlinear algebraic equations:
N
F=>C ¢, +d +g =0, i=1..,N (3.15)

L]
Jj=1

where elements of the matrix C and vector d depend on the boundary conditions at the

pellet surface:

o0 without mass transfer limitations

C, =4xB ;, + 64,
d; = 4xB ., + 64y, (3.16)
g = _¢Zci2
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o0 with mass transfer limitations

24

C. = (4xB +64 ) — (4xB . +64 . ) —— 0l
i,j ( i, z,j) ( i, N+1 1,N+1) Bl’m+2AN+1’N+1
J = (4xiBi,N+1 +64, ) Bi, (3.17)
l Blm + 2AN+1,N+1
g = _¢Zci2

We use the Newton-Raphson method to solve numerically the system of nonlinear Egs.

(3.15). The vector of concentrations on the £ +1 iteration, ¢**', is calculated as
-1
ck+1 — ck _ I:J/»] 'Fk, (3.18)
where superscript & corresponds to the current k iteration and J is the Jacobian matrix.

The elements of the Jacobian matrix are

C, for j#i
_ 9 :{ or 21 5.19)

i - - 2 . .
b o, C.,—2¢c, for j=i

Here, the non-diagonal elements of the Jacobian matrix are constant and only the diagonal

entries depend on ¢;, and thus change with iteration.
The effectiveness factor 77 is given by (Villadsen & Michelsen 1978, p214) as

n = %jolcz(x)‘ﬁdx (3.20)

The effectiveness factor is calculated by the Radau quadrature.

3.3 COMPUTER PROGRAMS AND NUMERICAL RESULTS

Notebook SecondOrder_Isothermal_Concentration.ipynb
This notebook is used to calculate and plot the reactant concentration profile for the second-

order reaction in the isothermal spherical pellet.
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0 Import packages.
We will use the Python library NumPy for vector manipulations and matrix formation.
The js_roots module from the scipy.special.orthogonal library is used to calculate the roots
of Jacobi polynomial. The solve and norm modules from the SciPy library are utilized to
solve the dense system of linear equations and to find the vector norm. To plot the results
of numerical simulations, we will use the matplotlib library. The IPython.html module is
called to display widgets for interactive input of Thiele modulus. The orthogonal_collocation

library is used to calculate the collocation matrices and interpolate the solution.

%matplotlib inline

import numpy as np

from scipy.special.orthogonal import js_roots

from scipy.linalg import solve

from scipy.linalg import norm

from matplotlib.pylab import *

from IPython.display import clear_output, display, HTML

from IPython.html.widgets import interact, FloatSlider, HTML, Latex
import orthogonal_collocation as oc

0 Define the main function fmain:

o Input parameters:

¢ — Thiele modulus

#
# Main function
#
def fmain (¢, h, **kwargs):
#
# ¢ is a Thiele modulus
#
o Specify the grid.
The number of internal collocation points is ncolpt. The total number of collocation
points is equal to ncolpt +1.
e mm e e e e e e e e e e e e e e =
# Set the number of internal collocation points
Hmm e e e e e e e e e e e e =
ncolpt = 5
#
# Total number of points = No of internal collocation points +
# right boundary for x=1

ntpt = ncolpt + 1
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o Set the initial guess for solution of nonlinear equations.

We will use the uniform profile, i.e. ¢ =1, as the initial guess.

™

Specify the initial guess for solution of nonlinear equations.
We will use the uniform concentration profile, c =1
c® = np.ones(ncolpt)

™

o Calculate the position of internal collocation points as roots of Jacobi polynomial.

Calculate internal collocation points (xj)
The value of parameters alpha and beta of Jacobi polynomials:
alpha = 1, beta = (s-1)/2
s =2 # Spherical geometry
Corresponding parameters p and q in the python function js_roots:
q=1(s+1.)/2.
p=1. +q
Assign internal collocation points, xj, to roots of Jacobi polynomial
xj = np.zeros(ncolpt)
wj = np.zeros(ncolpt)
[xj,wj] = js_roots(ncolpt,p,q)
# Prepare array of all collocation points = internal + right boundary
Xr = np.zeros(ntpt)
xr[@:ncolpt] = xj[@:ncolpt]
xr[ntpt-1] = 1.0 # right boundary

E T TR T

+*
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o Calculate vectors of the first, second and third derivatives of the polynomial

at the collocation points.

#

# Calculate vectors of the first, second and third

# derivatives of the polynomial at the collocation points
[dif1,dif2,dif3] = oc.dif(ntpt, xr)

o Calculate matrices of the first Am and second Bm derivative weights, matrix

Cm and vector d.

#
# Allocate memory and calculate matrices of the first (Am) and second (Bm) derivative weig
hts

Am = np.zeros((ntpt,ntpt))
Bm = np.zeros((ntpt,ntpt))
[Am,Bm] = oc.colmatrix (ntpt, xr, difl, dif2, dif3)

#
# Allocate memory and calculate matrix Cm and vector d
Cm = np.zeros((ncolpt,ncolpt))
d = np.zeros(ncolpt)
d[@:ncolpt] = 4.0 * (xr[@:ncolpt] * Bm[@:ncolpt,ntpt-1] +
((s+1.0)/2.) * Am[@:ncolpt,ntpt-1])
for i in range (ncolpt):
Cm[i,0:ncolpt] = 4.0 * (xr[i] * Bm[i,@:ncolpt] +
((s+1.0)/2.) * Am[i,0@:ncolpt])

o Solve the system of nonlinear equations using the Newton-Raphson method.

Specify tolerances and the maximum number of iterations.

#
# Allocate memory

¢ = np.zeros(ncolpt)
#

# Solve the system of nonlinear equations using Newton-Raphson method
#
# Define tolerances and the maximum number of iterations

tolX = le-14

tolG = le-14

maxIter = 10

o Allocate vectors and Jacobian matrix.

# Allocate vectors f and g
f = np.zeros(ncolpt)
g = np.zeros(ncolpt)
# Allocate the vector vect
vect = np.zeros(ncolpt)
# Allocate the Jacobian matrix
Jac = np.zeros((ncolpt,ncolpt))
# Make a copy of vector c
c = co.copy()
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0 Start Newton iterations.

# Start Newton iterations
for i in range (maxIter):

#

# Set up a system of ncolpt nonlinear algebraic equations, f = ©
# _________________________

# reaction term

g = - (¢¥*2)*c**2
# calculate f(i) at i-th internal collocation point
for i in range (ncolpt):
vect = Cm[1i,:]*c[:]
f[i] = vect.sum() + d[i] + g[i]

+

Set up Jacobian

Jac = Cm.copy()
# reaction term
Jac[np.diag_indices_from(Jac)] -= 2.*(¢**2)*c
# Find new solution vector by solving the system of linear equations
cNew = ¢ - solve( Jac, f )
Check algorithm convergence
if (norm(cNew-c) < tolX):
break
if (norm(f) < tolG):
break
¢ = cNew.copy ()

+*

+

End Newton iterations
Check if the number of iterations reaches maxIter
if i >= maxIter-1:
print ('Too many iterations: try to increase maxIter or decrease tolerances')

+

sys.exit()

# else:

# print ('Successful solution: the number of iterations is %s'%i )
o Calculate the effectiveness factor.

#

# Calculate the effectiveness factor

vectorl = np.zeros(ntpt)

vector2 = np.zeros(ncolpt)

[vectorl] = oc.radau(ntpt, xr, difl)

vector2[@:ncolpt] = vectorl[@:ncolpt]*c[@:ncolpt]**2

n = vectorl[ntpt-1] + vector2.sum()

print (" Effectiveness factor: m = {0:<5.3f}".format(n))
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o Find the solution vector by interpolation.

#

# Find the solution at numdiv uniformly distributed interpolation points
numdiv = 51
x_int = np.linspace(0.0, 1.0, num=numdiv )
y_int = np.zeros(numdiv)

y = np.ones(ntpt)
y[@:ncolpt] = c[@:ncolpt]

xintrp = np.zeros(ntpt)
for i in range(numdiv):
xxx = x_int[i]*x_int[i]
[xintp] = oc.intrp(ntpt, xxx, xr, difl)
vectorl = xintp*y
y_int[i] = vectorl.sum()
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o Finally, we plot the concentration profile.

#

# plot results
plot(x_int, y_int, '-', linewidth=1.5, color='b")
matplotlib.rcParams.update({'font.size': 12})
xlabel( 'Dimensionless radial distance, $p$ [-1")
ylabel( 'Dimensionless concentration, c [-]")
titlel = 'Second-order reaction in isothermal spherical catalyst: \n'
titlel += ' Thiele modulus = %s '
title (titlel % (¢))
axis([@.,1.,0.0,1.0])
show()
return

0 Define the widget.

#

# Specify widgets

h1=HTML(value="<h4><b> Diffusion and Second-

Order Reaction in Isothermal Spherical Pellet</b>",color="brown")
h2=HTML (value = "<br> ")

h3=Latex(value="$$\mbox{Specify Thiele modulus } \phi \mbox { :}$$",)
display(h1l)

display(h2)

display(h3)

# Use slider to input value of Thiele modulus

phi_slider = FloatSlider(min=0.5, max=10, step=0.5, value=5)
phi_slider.description = "$$\phi$$"

w = interact(fmain, ¢ = phi_slider, h=h2)

The screenshot illustrating the widget to specify the value of Thiele modulus and simulation

results is shown in Fig. 3.1.
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Diffusion and Second-Order Reaction in Isothermal Spherical Pellet

Specify Thiele modulus ¢ :
]

[}

Effectiveness factor: n = 8.397

Second-order reaction in isothermal spherical catalyst:

10 Thlelel mndulusl =5.0

<
o
T

=
=2}
T

=
iy
T

Dimensionless concentration, ¢ [-]

0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless radial distance, o [-]

Figure 3.1: The widget to specify the value of Thiele modulus for the second-order
reaction in isothermal pellet.

Notebook SecondOrder_Isothermal_Effectiveness.ipynb
This notebook is used to calculate and plot the effectiveness factor for the second-order

reaction in the isothermal spherical pellet.
0 Import packages.

%matplotlib inline

import scipy as sp

import numpy as np

from scipy.special.orthogonal import js_roots
#

from scipy.linalg import solve

from scipy.linalg import norm

import matplotlib.pylab as plt

from IPython.display import clear_output, display, HTML
from IPython.html.widgets import HTML

#

import orthogonal_collocation as oc

import sys
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0 Define the main function finain:

#
# Main function
#

def fmain (¢):
#

# ¢ is a Thiele modulus

o Specify the grid.

#
- S O S U S S U S S S S .
# specify the number of internal collocation points
ncolpt = 7
#
s =2 # Spherical geometry
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o Set the initial guess for solution of nonlinear equations.

#

# set initial guess:

# Here we use a uniform concentration profile at inlet value
c® = np.ones(ncolpt)

o Calculate the position of internal collocation points as roots of Jacobi polynomial.

- T N e R =
# total number of points = No of internal colloc. points +
# right boundary for x=1
ntpt = ncolpt + 1
#
# calculate internal collocation points (xj)
# the value of parameters alpha and beta in description of Jacobi polynomials:
# alpha = 1, beta = (s-1)/2
# corresponding parameters p and q in the python function js_roots:

qg=(s+1.)/2.
p=1. +q
# internal collocation points, xj, are the roots of Jacobi polynomial
xj = np.zeros(ncolpt)
wj = np.zeros(ncolpt)
[xj,wj] = js_roots(ncolpt,p,q)
# all collocation points = internal + right boundary
xr = np.zeros(ntpt)
xr[@:ncolpt] = xj[@:ncolpt]
xr[ntpt-1] = 1.0 # right boundary

o Calculate vectors of the first, second and third derivatives of the polynomial
at the collocation points. Calculate matrices of the first Am and second Bm

derivative weights, matrix Cm and vector d.

# calculate vectors of the first (difl), second (dif2) and third (dif3)
# derivatives of the node polynomial at the zeros
[difl,dif2,dif3] = oc.dif(ntpt, xr)

# set up matrices of the first (Am) and second (Bm) derivative weights
Am = np.zeros((ntpt,ntpt))
Bm = np.zeros((ntpt,ntpt))
[Am,Bm] = oc.colmatrix (ntpt, xr, difl, dif2, dif3)

# set up matrix Cm and vector d

Cm = np.zeros((ncolpt,ncolpt))

d = np.zeros(ncolpt)

d[@:ncolpt] = 4.0 * (xr[@:ncolpt] * Bm[@:ncolpt,ntpt-1] +
((s+1.0)/2.) * Am[@:ncolpt,ntpt-1])

for i in range (ncolpt):

Cm[i,@:ncolpt] = 4.0 * (xr[i] * Bm[i,@:ncolpt] +

((s+1.0)/2.) * Am[i,0:ncolpt])
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H*

H* o o

*

o Solve the system of nonlinear equations using the Newton-Raphson method.

allocate memory

c = np.zeros(ncolpt)

solve the system of nonlinear equations using Newton-Raphson method

define tolerances and the maximum number of iterations
tolX = le-14
tolG = le-14
maxIter = 10

f = np.zeros(ncolpt)

g = np.zeros(ncolpt)

vect = np.zeros(ncolpt)

Jac = np.zeros((ncolpt,ncolpt))
c = c0.copy()

start Newton iterations
for i in range (maxIter):

set up a system of ncolpt nonlinear algebraic equations, f = @

- (F*2)*C**2

[0j¢]
n

for each internal collocation point
for i in range (ncolpt):
vect = Cm[i,:]*c[:]
f[i] = vect.sum() + d[i] + g[i]

set up Jacobian

Jac = Cm.copy()

find the solution vector by solving system of linear equations
cNew = ¢ - solve( Jac, f )
check algorithm convergence
if (norm(cNew-c) < tolX):
break
if (norm(f) < tolG):
break
c = cNew.copy ()

end Newton iterations
check if the number of iterations reaches maxIter

if i >= maxIter-1:
print ('Too many iterations: try to increase maxIter or decrease tolerances')
sys.exit()
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o0 Calculate the effectiveness factor.

#

# calculate the effectiveness factor
vectorl = np.zeros(ntpt)
vector2 = np.zeros(ncolpt)
[vectorl] = oc.radau(ntpt, xr, difl)
vector2[@:ncolpt] = vectorl[@:ncolpt]*c[@:ncolpt]**2
n = vectorl[ntpt-1] + vector2.sum()

return [n, ncolpt]

0 Define the widget.

#

# display the title

h1=HTML (value="<h4><b> Diffusion and Second-

Order Reaction in Isothermal Spherical Pellet</b>",color="brown")
h2=HTML (value="<br>")

display(h1l)

display(h2)
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O Plot the effectiveness factor as a function of Thiele modulus.

#
# specify the array of Thiele moduli uniformly distributed in log space
# specify the number of divisions of this space
num_eta = 101
¢a = np.logspace(-2, 2, num_eta, endpoint=True)
na = np.zeros(num_eta)
# calculate the effectiveness factor
for i in range (num_eta):
nal[i], ncolpt = fmain (¢a[i])
#
# prepare log-log plot
plt.rcParams.update({ ' font.size': 12})
plt.loglog(¢a, ma, '-', basex=10, linewidth=1.5, color='b")
# specify plot axes, title and legend
plt.title('Second-order reaction in a spherical pellet')
plt.xlabel('Thiele modulus, $\phi$ [-]")
plt.ylabel( 'Effectiveness factor, $\eta$ [-]1")
plt.axis([0.01, 100., 0.0, 1.2])
plt.grid(True,which="both",1s="-")
plt.grid(True, 'major',linewidth=0.7)
plt.grid(True, 'minor',linewidth=0.3)
plt.show()

The screenshot displaying the widget and simulation results is shown in Fig. 3.2.

Diffusion and Second-Order Reaction in Isothermal Spherical Pellet

Second-order reaction in a spherical pellet

10°

k!

102 10t 10° 10t 10°
Thiele modulus, & [-]

10t

Effectiveness factor, ¢ [-]

Figure 3.2: The widget to plot the effectiveness factor for the second-order reaction in

isothermal pellet.
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Figure 3.3 illustrates the reactant concentration profiles in the isothermal spherical pellet
calculated for the second-order reaction using the SecondOrder_Isothermal_Concentration_thiele.

ipynb notebook.

oy
v

- TS
-; ____________ &
S - = .
= 08| P
O E
Il .
(&) .
;::' s .
. 0.6 L |
@ v
= .
g -
@
2 -
£ 04| e .
o -
w - -
2 .
ST T
= b i
—= ¢, =10
7 02f T
g — =230
g - . (){ =5.0
00 1 [ L L
0.0 0.2 0.4 0.6 0.8 1.0

Dimensionless radius, p = r/R [-]

Figure 3.3: The reactant concentration distribution for the second-order reaction in
isothermal pellet.

The reactant concentration is non-uniformly distributed in the radial direction of the pellet
at large values of Thiele modulus due to increasing resistance to diffusion in the pellet. As
a result, the effectiveness factor decreases significantly for ¢ >1, as shown in Fig. 3.4. This

plot was prepared using the SecondOrder_Isothermal_Effectiveness_print.ipynb notebook.
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Figure 3.4: The effectiveness factor for the second-order reaction in isothermal pellet.
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4 CHEMICAL REACTION IN NON-
ISOTHERMAL CATALYST PELLET

In this chapter, you will learn to:

1. Derive the heat balance equation that accounts for the heat conduction and heat
generation by chemical reaction in the non-isothermal spherical pellet.

2. Solve numerically the mass and heat balance equations using the finite-difference
method.

3. Simulate and plot the reactant concentration and temperature profiles in the
pellet for various values of process parameters using the elaborated IPython

notebooks.

4.1 DERIVATION OF HEAT BALANCE EQUATION

Consider a first-order irreversible chemical reaction in non-isothermal spherical catalyst pellet.

A— B

EXPERIENCE
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We can derive a steady-state energy balance over a spherical shell of thickness Ar located

at radius 7 within a spherical catalyst pellet as

Rate of input Rate of output Rate of generation
of energy of energy of energy 3
by conduction at - by conduction at » + Ar by reaction within Ar B
(Joules/time) (Joules/time) (Joules/time)

The heat flux by conduction in the catalyst pellet is defined as

dT
qr = _keff ;7 (4‘1)
where ¢, is the heat flux and k_, is the effective conductivity.

The energy released by the first-order reaction within the differential volume element,

4xr*Ar, is
k(T)-C,-4xr’Ar-(-AH, ),
where (-AH, ) is the heat of reaction per mole of A reacted.

Combining all terms, we formulate the energy balance as

(¢, x47r%)|. = (q,x47r*)| + K(T)-C,-47r’Ar-(~AH, ) = 0 (4.3)

r+Ar
Dividing by 47Ar, taking the limit as Ar goes to zero and using the definition of the first

derivative gives

d(r’g,) _

7’ k(T)-C,-(-AH, ) = 0
dr 4

Substituting the heat flux by Eq. (4.1), we get:

d ( dT
dr

rz-keﬁ-—) +7r°(-AH, )-k(T)-C, = 0 (4.4)
dr A

Assuming a constant effective conductivity, we rewrite Eq. (4.4) as

d°T 2 dT K(T)-C,-(-AH} )
2+_._ + =
dr r odr k

eff

0 (4.5)
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We use the Arrhenius equation to describe the temperature dependence of rate constant:

R )

is the Arrhenius number, £ is the intrinsic activation energy, R is the gas

k(T) = k(Tb)-eXpi—

E
where y =
g b

constant and 7, is the bulk temperature. The Arrhenius number reflects the sensitivity of

the reaction rate to temperature changes.

Substituting Eq. (4.6) into Eq. (4.5), we could write the steady-state energy balance for the

first-order reaction in the spherical catalyst pellet as

T,
k(T,)- -yl L-1]|-C,-(-AH
IT 2 dT (7,) exp( 7(T jJ 4 ( RA)
— ==+
dr- r dr kg

4.7)

=0

The boundary conditions are

* At the center of catalyst pellet:

There is no heat flux through the pellet center since this is a point of symmetry.
Ao atr=0 (4.8)
dr

e At the external surface of catalyst pellet:

O Fixed temperature at the external surface of the catalyst.

The temperature at the pellet external surface is equal to the bulk temperature due to

the negligible resistance to external mass transfer.
T =T, (4.9)

0 Heat transfer across the boundary at the pellet surface.

We derive the energy balance at the pellet surface as

(%X4ﬂ"’2)|r=1e — dxr’ h-(T|,_, -T,) = 0,

where 4 is the heat transfer coefficient between the catalyst pellet and the bulk fluid.

Simplifying the above equation and using the flux definition by Eq. (4.1) yields

h'(Tb_T r:R) = a7

kff._

e (4.10)

r=R
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T
Introducing dimensionless variables HZF , p=% and c=&, we rewrite Eq. (4.7) as
b Ab

k(n)-exp(—y(?—ln-(—m&) @i

+ . (c-C,) =0

T, d°0 2 T,
R*dp® p-RR

U
SNE

b

Dividing through by % results in

2 -AH, )D_. C

dtz N Eﬁ N ( &, )Pt 4C it - exp 7(1_lj c=0 (4.12)

dp~ p dp kT, 0

. . . s k()R
where ¢ is the dimensionless Thiele modulus evaluated at 7,, ¢*(7)) ==

eff , 4
Introducing the energy generation function
(-AH, D, ,C
B = et (4.13)

keffTL

we derive the dimensionless form of energy balance equation for the first-order reaction in

non-isothermal spherical pellet as

2
d92 + Eﬁ + ,B¢S2exp }/(l—lj c=0 (4.14)
p p dp 0

QU
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The dimensionless boundary conditions are

O At the center of catalyst pellet:

do

— =0 at p=0 (4.15)
dp

O At the external surface of catalyst pellet:
o Fixed temperature at the external surface of the catalyst pellet.

0 =1 (4.16)

0 Heat transfer across the boundary at the pellet external surface.

1 dé
1-0 = —- =2 (4.17)
Bi, dp|
where Bi, === is the Biot number for heat transfer. The Biot number is the ratio of

eff
resistance to heat conduction in the pellet to the external resistance to heat convection

at the pellet surface. The temperature profile within the pellet is uniform at the low

value of Biot number due to the small resistance to heat conduction.

Damkobler relation between concentration and temperature

Next we will derive the linear relation between the concentration and temperature. Dividing

Eq. (4.4) by (-AH, ) and adding to Eq. (2.5), we have:

i(rz'DeffA'&j + i FZ.A.E = 0 (4.18)
dr Codr dr (-AH, ) dr
Integrating Eq. (4.18) from a pellet center »=0 to a radius r yields
r? DcffA ’ dCA + keff ﬂ = Cp (4.19)
< odr (-AH, ) dr

where C, is the integration constant.

Dividing by »* and rearranging gives

d k.. C
—I| D -C, + — et 7| == 420
dr ( oA A (-AH, ) } ( )
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From the boundary conditions by Egs. (2.9) and (4.8), we get C, =0.

Thus,

i Dy ,-C, + ke—ff.T =0
dr ’ (—AHRA)

A second integration from the radius 7 to the pellet surface R gives

k k.
D ,- —r .7l =4D_ - _ e p
{ eira " Cap (_AHRA) b} { wira " Cy (r)+ (_AHRA) (r)} (4.21)
Rearranging Eq. (4.21), we obtain
(-AH, )
I(r)=T, = Dy ,-———(C, —C,(r)) (4.22)

eff

This linear relation between C,(r) and T(r) is called a Damkohler relation. Thus, we can
solve only one differential equation corresponding either mass or heat balance and find

another variable from Eq. (4.22).

The Damkohler relation in dimensionless form is

(_AHRA)
—— Cu(=0) = f:-(1=0) (4.23)

eff " b

0-1= Dy ,-
Then, we can relate the dimensionless temperature to the dimensionless concentration by
6 =1+p-(1-¢) (4.24)

Therefore, we can rewrite Eq. (4.6) as

_ cexpl vl — L 1] = cexp| 2800
k(T) = k(T,) exp[ }/[1+ﬂ-(1—6‘) 1]] k(T,) exp(Hﬂ.(l_C)] (4.25)
Substituting Eq. (4.25) in Eq. (2.15), we rewrite the dimensionless mass balance as
o 2de e [y _
i o (4(7,)) eXp[Hﬂ-(l—c)J c=0 (4.26)

Thus, we can solve Eq. (4.26) with boundary conditions by Egs. (2.16) and (2.18) to
obtain the dimensionless concentration profile in the radial direction of the pellet. Then,

we calculate the dimensionless temperature profile by Eq. (4.24).
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The maximum temperature difference between the external surface and the center of catalyst
pellet can be evaluated using the Damkohler relation by Eq. (4.22) and substituting C, =0
at r=0.

Dy ,(-AH, )C
(T |,.:0 _7;) )max — ff, 4 k R Ab

eff

(4.27)

Using § by Eq. (4.13), we can rewrite Eq. (4.27) as

(T |r:0 _T;’ )max
T

b

p =

Therefore, the energy generation function f characterizes the ratio of the maximum

temperature difference that can exist within the pellet to the bulk temperature.
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4.2 NUMERICAL SOLUTION OF MODEL EQUATIONS USING FINITE-
DIFFERENCE METHOD

The dimensionless mass and heat balance equations for the first-order non-isothermal

chemical reaction in the spherical catalyst pellet are summarized as follows:

o mass balance equation

d’c 2 dc ) 1
+ 2 gexply1-=|lc =0 42
0 heat balance equation
2
d 02 2499, Bp’ exp 7(1—lj c=0 (4.29)
dp p dp 0

0 boundary conditions at the pellet center are

dc 0 a0 _

— = — =0 t =0
E i at p (4.30)

)

0 boundary conditions at the outer surface of the pellet

de. = Bi -(1-0), a9 =Bi-1-60) at p=1 (4.31)
dp dp

We use a finite-difference method for discretization of the second-order differential equations
and boundary conditions (Beers 2007, p270). We introduce a grid of uniformly-spaced N

internal points, p,,...,py, and two end points, p, and p,.,, as
Py =0<p <...<py<py, =1

Thus, the total number of grid points is N+2 and the number of grid intervals is N +1.
1

The internal points are located at p, =k-Ap, k=1,...,N, where Ap= T
+

We apply the central difference approximations to the first and second order derivatives at

the grid point p, as

de | c(pr)—c(p,y) dO _ O(pei) —0(py)

dp|, 200 dp 200

P

dc| _ dp)-2ep)+elp) A0 _ 6(p) —20(p) +6(p, )
dp’| (Ap)’ dp’| (Ap)’

P

Pk
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Substitution of these approximations into the differential equation Eqgs. (4.28) and (4.29)
results in

(Ap)’ Pr 2Ap

c(pr)—2c(p) +c(p,) + iw — ¢2 exp(;/(l—
o(p;)

Bc(pk) -0 (4.32)

O(Pr) —20(p,) + 0(p1) " 2 0(p)—0(p )
Bp) n 280

+ fe’ exp[;{l— ]]c(pk) =0 (4.33)

1
o0(p,)

Rearrangement of Eqs. (4.32) and (4.33) yields

1 1 2 1 1
((Ap)z ,OkApJ c(pry) + [ (A,O)zj c(p) + ((Ap)z + pkApj c(Prar)

> 1 B
¢ eXp[7£1 H(pk)DC(pk) =0

1 1 2 1 1
- 00, —— |- 0(p, —t—— 0P
[(Ap)2 pkApj (Pia) ( (Ap) J (P [(Ap) +pkApj (Pra)

> 1 3
B eXP[7[1 g(pk)Bc(pk)—O

The above equations can be rearranged as

A4 -c(p,)) + B-c(p,) + C,-c(p,,) — ¢2exp(;/(1— Bc(pk) =0 (4.34)

1
o(p,)

4.-0(p,) + B-0(p,) + C,-0(p,)) + B exp[y(l— ch(pk) =0 (4.35)

(o)

Here we define the coefficients 4,, B and C, as

1 1 2 1 1
= 2 , B=- 7 Go= 2t
(Ap)” pAp (Ap) (Ap)"  plp

k

Using a second-order forward approximation formula we formulate the discretized equations

for the boundary conditions at p, =0 by Eq. (4.30) as follows

—3c(p0) + 4c(p1) B C(pz) =0 _3‘9(p0) + 49(/01) B H(pz)

=0
2Ap 2Ap
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Thus, we can calculate the concentration and temperature at p, as

c(py) = —%c(pz)%c(pl) (4.36)
1 4
0(p) = _5‘9(,02)"'56(/01) (4.37)

Introducing c(p,) by Eq. (4.36) and ¢(p,) by Eq. (4.37) into Eqs. (4.34) and (4.35) for

k=1, we have:

4 ~[—§c(p2>+§c<pl)} £ Bclp) + Coelpy) — exp(y[l—e#ncm) = 0 (4.38)
(p)

Al'[—%e(p2)+g(9(pl):| + B-0(p) + C-0(p,) + ﬁ¢zeXp[7(1_ JJC(/JI) =0 (4.39)

1
o(p)

Rearranging Eqs. (4.38) and (4.39) results in

{B%Aﬂ e(p)+ _Cl—iAl_-c(pz) - ¢2exp(7(1—fpl)]]c(pl> 0 (4.40)
{B+EA]<9(p)+ _C —lA_-Q(p) + Bpexp| y|1- ! c(p) =0 (4.41)
34 | I 173 1_ ) 0(p,) |

360°
thinking

Deloitte

Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affliated entities.

Download free eBooks at bookboon.com

Click on the ad to read more

66


http://www.deloitte.ca/careers

We use a second-order backward approximation formula for discretizing the boundary

condition at p,,, by Eq. (4.31) as

3c(py.) —4e(py) +elpyy) _
2Ap

SH(pNH) B 49(pzv) + e(prl) _
2Ap

Bi, - (1=c(py.1))

Bi, - (1-0(py.,))

The above equations can be rearranged as

. 3 2 1 .
(Blm +E]'C(PN+1) - (A—p]'C(PN) + (EJ'C(pNI) - Bi,

3 2 1 o
(Blh +Ej"9(pz\/+1) - [5)"9(/01\/) + (Ej'e(pz\/l) - Blh =0

Il
je)

We can calculate the concentration and temperature at p,,, as

2-Bi, - Ap+4c(py) —c(Py)

= 4.42
c(Pyir) 3+2.Bi -Ap ( )
2-Bi, -Ap+40(p,)—-060(p,_,)
0 — h N N-1 .
(Pyn) 312 Bi,Ap (4.43)

Introducing c¢(p,.,,) by Eq. (4.42) and 6(p,,,) by Eq. (4.43) into Eqgs. (4.34) and (4.35) for
k=N, we get:

2-Bi -Ap+4dc( —c(p,_
Ay -c(pyy) + B-c(py) + Cy- |: P Py) =Py 1):| —

3+2-Bi, -Ap

1 (4.44)
2 1— v =0
¢ exp(}/[ H(PN)DC(ID )
2-Bi,, - Ap+4c(py) —clpy) |
Ay -c(py,) + B-c(py) + CN'|: 3+2-Bi, -Ap }
(4.45)

DC(,ON) =0

1
2 1_
7exp (y ( 0(py)
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Rearranging Eqgs. (4.44) and (4.45) results in

1 4
Cl—— |4, | + el —2 |iB| 4
[ N[3+2-Bim-ApJ N} “(Pva) [ N(3+2-Bim-Ap] } €(px) (4.46)
2-Bi -Ap ) 1
C | =L aP | - 0
N{3+2-Bim-Ap} ¢eXp[7[ 49(pN)Dc(pN)
ol —=L  |i4 -0( )+c;+3.e()+
"\ 3+2-Bi,-Ap) " P Y\ 3+2-Bi,-Ap oy
2-Bi -Ap 1
Cy| —2—"L—1| + p# 1- =0
N{3+2.Bih.Ap:| P eXp(y( e(pN)DC(pN)
Therefore, we obtain the following system of 2x N nonlinear algebraic equations:

F) = | B34 e + | €24 - e(o) — Fexp| p| 1o | |etp) = 0
3 3 800

flk) = 4, -c(p) + B-c(p) + C-cp,) — ¢2 eXP(J/[l_ : jJC(pk) =0,
o(p)

LN-1

4
S(N) = {C [3+2 Bi ) N}'C(Pm) + {Q;[m}rlg}'c(ﬂ;v) +

2-Bi,-Ap |, 1 B
C {3” B } ¢ eXp[7[1 g(pN)DC(pN) =0

4 ! 2 b _
JIN+D) = [BJFEAJ'@(/?]) + [CI—EAI}'H(/%) + p¢ CXP(V[l H(IOI)BC(PI) 0

(4.47)

(4.48)

S(N+k) = 4,-0(p, ) + B-0(p,) + C,-0(p,,) + IB¢2 exp(7(l_9(lp )ch(pk) =0,

k=2,.,N-1

-1
2N) = |Cy| ———— |+ 4, |- 0 +
/(2N) {N&”_Bih_ApJ } (Pyr)
2.Bi -
C, ; +B[-0(p,) + C, M +
3+2-Bi,-Ap 3+2-Bi,-Ap

2 1 —
pé eXp[y(l—H(pN)Dc(pN)—O
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Then, we specify the Jacobian matrix, which is the matrix of derivatives of 7 equation,

i=1,..,2N , with respect to ¢(p,) and 0(p,), k=1,..,N as

k=1 k=N k=1 k=N

—_— — —_——

j=1 -+ j=N j=N+1 .. j=2N
e e e ]
oc(p,) oc(py) 00(p) 00(py)

R I S A AR
J - oc(p,) ac(pzv) 69(,01) ae(pzv)
6fN+1 @fNH 6](‘/\'+1 afN+1

=N 1 ces ces

T e T acpy) d0(p) T d0(py)
N I Y N
| Oc(py) oc(py) 00(p) 06(py) |
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The structure of the Jacobian matrix is shown in Fig. 4.1, where @, @, ©, @ and © are

the matrix diagonals.

I
o)
Z

z
oloo| @ olo|c| @ @
S| @ cS|lcc @0
QO coc|lc|@e@d ol
oclolo|lc| @B | clo|lo|z

c|lo|@ oo @ 6o

o ole @ @ cle|lc ol @F
ool @ @ B clocjc & o
c Q@O o0 o=
Q@ @ Do ilc|od®® ool
@ D|oclo|lc|@lo|lo oo

o
o
©

2N

Figure 4.1: The structure of Jacobian matrix.

The diagonal elements of the Jacobian matrix are summarized below:

0 Ja

4 ) 1
J(1) = {B+§Al} - ¢ exp(y(l 49(,01)B

J(@,i) = B — ¢fexp[y[l—%pi)n, i=2,-,N—-1

4 2 1
J(N,N) = CN[—3+2-Bim-Apj + B — ¢ exp(y[l 9(/01\,)]]

b exp[y{l— e(L )B-c(m
2 (p)

J(N+1L,N+1) = {B+§Al} +

, 1
B eXp(7(1— H(P;_N)ch(pi_N)

JG,i) = B + _ . i=N+2,---2N—1
& (p,y)
P exp 7{1—1 j c(py)
( 4 j O(py)
J@N,2N) = C,|———— | + B + _
3+2-Bi,-Ap 0 (py)
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O Jy,

J(,i-1) = A, i=2,-,N—-1

-1
JINNN-1) = Cy| ————— | + 4
( ) N[3+2-Bim-Apj "
J(N+LN) =0

J(ii-1)= Ay, i=N+2,--2N-1

-1
JQN2N-1) = C\| —————| + 4
( ) N(3+2-Bih-ApJ v

O Ju

J1,2) = C, - %Al

J(i,i+1) = C, i=2-,N-1
J(N,N+1) = 0

JIN+LLN+2) = C, - %A,

J@i,i+1) = C_y, i=N+2--2N—-1

0 Ju
1
J(N +i,i) = B¢’ l-—— ||, i=1--,N
vy = g1 |
0 Jus
. 1
¢ C(pi)exp(?/(l_e()]J
J(,N+i) = — \ PV ot N
0°(p,)
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4.3 COMPUTER PROGRAM DESCRIPTION
Notebook FirstOrder_Nonisothermal.ipynb

0 Import packages.
We will use the Python library NumPy for vector manipulations and formation of diagonal
matrices. The sparse module from the library SciPy is called to generate a sparse matrix
and convert it to various formats as well as to compute the norm of a vector. The spsolve
module from the SciPy library is utilized to solve the sparse linear system. The exponential
function is calculated using the exp function from the marh module. To plot the results
of numerical simulations we will use the matplotlib library. The IPython.html module is

called to display widgets for interactive input of parameter values.

%matplotlib inline

import numpy as np

from scipy import sparse

from scipy.sparse.linalg import spsolve

from scipy.linalg import norm

from math import exp

from matplotlib.pylab import *

from IPython.display import clear_output, display, HTML

from IPython.html.widgets import interact, FloatSlider, HTML, Latex
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0 Define the main function fmain:

Input parameters:

@ — Thiele modulus

3 — energy generation function

¥ — Arrhenius number

Bi _m — Biot number for mass transfer

Bi _h — Biot number for heat transfer

# Main function
#

def fmain (¢, B, y, Bi_m, Bi_h, **kwargs):

o Specify the grid.
We specify the number of internal grid points N. Thus, the grid is divided on N +1
subintervals of the same length Ap. Then, we generate the grid of internal points and

saved it in the array p.

# _____________________________________

# The number of internal grid points
N = 299

o o oo oo e oo

# set grid spacing
Ap = 1./(N + 1.)

# specify uniform grid of internal points
p = np.linspace(Ap, 1.- Ap, N)

o Specify common coeflicients in the system of nonlinear equations.

# allocate arrays of common coefficients A and C
A = np.zeros(N)
C = np.zeros(N)

# define constant common coefficient B
B = - 2./(Ap**2)

# define coefficients A and B at each mesh point
A =1./(Ap**2) - 1./(Ap*p)
C =1./(Ap**2) + 1./( Ap*p)
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o Set initial guesses for solution of nonlinear equations.
We will use uniform profiles, i.e. ¢(p)=6(p)=0.5, as initial guesses. Here, the vector
u0 contains both the dimensionless concentration and temperature at the internal

grid points.

L o B O
# specify initial guess for solution of nonlinear equations
# we will use uniform profiles: c=6=0.5

ue = 0.5*np.ones(2*N)

o Allocate arrays of dimensionless concentration and temperature at the grid points.

#+++++H+H A
# specify initial guess for solution of nonlinear equations
# we will use uniform profiles: c=6=0.5

ud = 0.5*np.ones(2*N)

o Use the Newton-Raphson method to solve the system of nonlinear equations.

#
# solve the system of nonlinear equations using the Newton-Raphson method

u,f_val,iter, exitflag = fsolve(Ap, ¢, B, y, Bi_m, Bi_h, A, B, C, u®)

#
if not exitflag:
print ('Too many iterations')
o Save results.
The resulting profiles at internal points are saved in arrays concentration and temperature.
The values of concentration and temperature are calculated at the pellet center and
surface using the second-order forward and backward difference formulas to approximate
the derivatives in the boundary conditions at p=0 and p =1, respectively.
#

# save resulting concentration and temperature profiles
# profiles at internal grid points
concentration[1:N+1] = u[©:N]

temperature[1:N+1] = U[N:2*N]

# calculate concentration and temperature at the pellet center, p = 0@
concentration[@] = 4.*u[@]/3. - u[1]/3.
temperature[0] = 4.*u[N]/3. - u[N+1]/3.

# calculate concentration and temperature at the pellet surface, p =1
concentration[N + 1] = (2.*Bi_m*Ap + 4.*u[N-1] - u[N-2])/(3. + 2.*Bi_m*Ap)
temperature[N + 1] = (2.*Bi_h*Ap + 4.*u[2*N-1] - u[2*N-2])/(3. + 2.*Bi_h*Ap)
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o Finally, we plot the concentrations and temperature profiles and output the

values of conversion, selectivity and yield.

#

# plot graphs
rad = np.linspace(9.0, 1.9, N + 2)
matplotlib.rcParams.update({ ' font.size': 12})
titlel = ‘'First-order reaction in non-isothermal spherical catalyst: \n'
titlel += '$¢$ = %s, $PB% =%s, $y$ = %s, Bi_m = %s, Bi_h = %s \n'
fig = plt.figure()
axes = fig.add_subplot(111)
axes.plot(rad,concentration, color="green", linestyle="solid", linewidth=2)
axes.set_title(titlel % (¢, B, v, Bi_m, Bi_h ))
axes.set_xlabel('Dimensionless radius, $p$ [-]1')
axes.set_ylabel('Dimensionless concentration, c [-]")
axes.grid()
axes.set_xlim([0.,
axes.set_ylim([0.,
plt.show()
fig2 = plt.figure()
axes = fig2.add_subplot(111)
axes.plot(rad,temperature, color="red", linestyle="solid", linewidth=2)
axes.set_xlabel('Dimensionless radius, $p$ [-1")
axes.set_ylabel('Dimensionless temperature, $6% [-]')
axes.grid()
axes.set_xlim([0.,1.])
axes.set_ylim([0.,3.])
plt.show()
return [rad, concentration, temperature]
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0 Solve the system of nonlinear equations by the Newton-Raphson method.
#
- e
#
# Solve the system of nonlinear equations using Newton-Raphson
# method with diagonal Jacobian.
#
def fsolve(Ap, ¢, B, y, Bi_m, Bi_h, A, B, C, x0):
#
tolX = 1le-6
tolG = le-6
maxIter = 500
X = X0

for i in range (maxIter):

gx = ff(x, Ap, ¢, B, y, Bi_m, Bi_h, A, B, C)
JJ = jac(x, Ap, ¢, B, v, Bi_m, Bi_h, A, B, C)
xNew = x - spsolve (3], gx )
if (norm(xNew-x) < tolX):

return [x,gx,1i, 'True']
if (norm(gx) < tolG):

return [xNew,gx,i, 'True']
X = XNew

return [x, gx, i, 'False']

0 Define the system of nonlinear equations.

#

o The function fF:

# Define the system of nonlinear equations

#

def ff (u, Ap, ¢, B, y, Bi_m, Bi_h, A, B, C):

#

0 At first, we allocate arrays and separate # vector into cc and € vectors.

# allocate arrays

N
cc
0
.F

int(len(u)/2)
np.zeros(N)
np.zeros(N)
= np.zeros(2*N)

# convert u array to cc and 6 arrays

cc
0

= u[e:N]
= U[N:2*N]
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o Then, we specify the reaction terms in the mass and heat balance equations.

#
ok ok s ok ok ok stk ok ok o ok ok sk sk ok o o ok ok sk stk ok o s ok ok sk sk ok o s ok ok ok sk sk o o ok sk sk ok o o ok ok sk sk ok ok o ok ok sk ok ko ok

# reaction term in mass balance equation

f[O:N] -= (¢**2)*exp(y*(1.-1./6[0:N]))*cc[@:N]
# reaction term in heat balance equation

FIN:2*N] += B*(¢p**2)*exp(y*(1.-1./6[0:N]))*cc[0:N]

#****>I<*****************>I<**********>I<**************************** %%k %k

o Next, we specify the discrete balance equations at the internal points.

f[@:N] += B * cc[@:N]
f[N:2*N] += B * 0[0:N]
# pellet internal points
for k in range (1,(N-1)):
k] += A[k]*cc[k-1] + C[k]*cc[k+1]
f[N+k] += A[k]*0[k-1] + C[k]*0[k+1]

o Finally, we define the balance equations at the center and surface of the pellet.

# pellet center
f[0] += (4.*A[0]/3.)*cc[0] + (C[@]-A[0]/3.)*cc[1]
f[N] += (4.*A[0]/3.)*0[@] + (C[0]-A[0]/3.)*0[1]
# pellet surface
fIN-1] += (C[N-171*(-1./(3.42.*Bi_m*Ap)) + A[N-1])*cc[N-2] + \
(C[N-17*(4./(3.42.*Bi_m*Ap)))*cc[N-1] + \
C[N-17*(2.*Ap*Bi_m/(3.4+2.*Bi_m*Ap))

#
f[2*N-1] += (C[N-17*(-1./(3.+2.*Bi_h*Ap)) + A[N-1])*0[N-2] + \
(C[N-1]*(4./(3.42.*Bi_h*Ap)))*O[N-1] + \
C[N-1]1*(2.*Ap*Bi_h/(3.42.*Bi_h* Ap))
#
return f
¢ Define the Jacobian matrix.
o The function jac:
#
Hm mm e e e e e e e e e e
# Define Jacobian matrix
#

def jac (u, Ap, ¢, B, v, Bi_m, Bi_h, A, B, C):
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0 We allocate arrays and separate # vector into cc and @ vectors.

#
# allocate arrays
N = int(len(u)/2)
cc = np.zeros(N)
0 = np.zeros(N)
# convert u array to cc and 0 arrays
cc = u[0@:N]
0 = u[N:2*N]
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o At first, we form the main diagonal d1.

#
# Main Diagonal di
#

dl = np.zeros(2*N)
#************************************************************** 3k 3k >k >k ok sk >k >k >k ok ok sk >k k k
# derivative of reaction rate with respect to concentration

di[09:N] += -( ¢**2)*exp(y*(1.-1./6[0:N]))

# derivative of reaction rate with respect to temperature

d1[N:2*N] += P*(¢**2)*exp(y*(1.-1./6[0:N]))*cc[0@:N]/(O[@O:N]**2)
#************************************************************** 3k 3k >k >k 3k 3k >k >k >k 5k %k k >k k %k
#

dl += B
# boundary condition at pellet center

di[e] += 4.*A[@]/3.

d1[N] += 4.*A[@]/3.

# boundary condition at pellet surface
d1[N-1]  += C[N-1]*(4./(3.+2.*Bi_m*Ap))
d1[2*N-1] += C[N-1]*(4./(3.42.*Bi_h*Ap))

# position of non-zero elements
Jd1 = arange(@, 2*N)

Id1 = arange(@, 2*N)

o Then, we specify other diagonals:
diagonal d2

#
# Diagonal d2
#
d2 = np.zeros (2*N-1)
d2[@:N-2] = A[1:N-1]
d2[N-2] = C[N-1]1*(-1./(3.+2.*Bi_m*Ap))+A[N-1]
d2[N-1] = @.
d2[N:2*N-2] = A[1:N-1]
d2[2*N-2] = C[N-1]1*(-1./(3.+2.*Bi_h*Ap))+A[N-1]
Id2 = arange(1l, 2*N)
Jd2 = arange(@, 2*N-1)
o diagonal d3
#
# Diagonal d3
#

d3 = np.zeros (2*N-1)
d3[e] = C[@] - A[@]/3.
d3[1:N-1] = C[1:N-1]
d3[N-1] = e.

d3[N] = C[@] - A[@]/3.
d3[N+1:2*N-1] = C[1:N-1]
Jd3 = arange(1, 2*N)

Id3 = arange(@, 2*N-1)
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o diagonal d4

#
# Diagonal d4
#
d4 = np.zeros(N)
da +=  P*(o**2)*exp(y*(1.-1./60))
Id4 = arange (N,2*N)
Jd4 = arange (9, N)
o diagonal d5
#
# Diagonal d5
#
d5 = np.zeros(N)
d5 +=  -(¢**2)*exp(y*(1.-1./0))*cc/(6**2)
Jd5 = arange (N,2*N)
Id5 = arange (@, N)
o Finally, we combine diagonals in one array and form the sparse Jacobian
matrix.
#
# Combine diagonals in one array
#
d= concatenate((d1,d2,d3,d4,d5), axis = @)
Ir = concatenate((Id1,Id2,I1d3,Id4, Id5), axis = )
Jc = concatenate((Jd1,3Jd2,3d3,Jd4, Jd5), axis = )
#
# Form sparse Jacobian matrix
#
Jac = sparse.coo_matrix((d, (Ir,Jc)),shape=(2*N,2*N))
Jac = Jac.tocsr()
#

return Jac
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0 Define widgets.

# Specify widgets

h1=HTML(value="<h4><b> Mass Transfer and First-Order Reaction in Non-
Isothermal Spherical Pellet</b>",color="brown")

h2=HTML (value = "<br> ")

h3=Latex(value="$$\mbox{Specify parameters: } $$",)

display(hl)

display(h2)

display(h3)

phi_slider = FloatSlider(min=0.5, max=3.5, step=0.5, value=2, description="Thiele modulus,
WA 00000000000000000000000 ")

beta_slider = FloatSlider(min=0.1, max=1., step=0.1, value=0.5, description=r"Energy genera
tion function, $\beta$ ....")
gamma_slider = FloatSlider(min=0.1, max=2., step=0.1, value=1l., description="Arrhenius numb
er, $\gamma$ ................... ")
Bim_slider = FloatSlider(min=10, max=500, step=10, value=100, description="Biot mass number
, $Bim$ ...l ")

Bih_slider = FloatSlider(min=20, max=500, step=10, value=100,description="Biot heat number,
B 5 60o00000000000000 ")
w = interact(fmain, ¢ = phi_slider, B = beta_slider,

y = gamma_slider, Bi_m = Bim_slider, Bi_h = Bih_slider)
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The screenshot of widgets to specify simulation parameters is shown in Fig. 4.2.

Mass Transfer and First-Order Reaction in Non-Isothermal Spherical Pellet

Specify parameters:

Thiele modulus, ¢ ... 2
Energy generation function, 8 ... 0.5
Arrhenius number, ¥ ... 1
Biot mass number, Biy, ... 100
Biot heat number, Bip 100

First-order reaction in non-isothermal spherical catalyst:
$=2.0, =05, y=1.0,Bi_ m = 100.0, Bi_h= 100.0

10

0E

06

04}

02

Dimensionless concentration, c [-]

00 1 1 1 1
0.0 0.2 04 0.6 08 10

Dimensionless radius, » [-]

30

254
20F

15F

10} ]

05

Dimensionless temperature, 4 [-]

0.0 0.2 0.4 0.6 0.8 10
Dimensionless radius, g [-]

Figure 4.2: The widget to specify the values of parameters for the first-order reaction in
non-isothermal pellet.
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4.4 NUMERICAL RESULTS

The basic parameter values used for simulation are summarized in Table 4.1.

Thiele modulus
Energy generation function
Arrhenius number
Biot number for mass transfer

Biot number for heat transfer

Bi

m

Bi,

2.0

0.5

1.0

100

100

Table 1. Basic parameter values used for simulation

The reactant concentration and temperature profiles in the radial direction of agglomerate
are shown in Fig. 4.3 for various values of Thiele modulus. These profiles were simulated
using the FirstOrder_Nonisothermal_thiele.ipynb notebook. The reactant concentration and
temperature are uniformly distributed in the pellet at low value of Thiele modulus due
to the high diffusion rate of reactant as compared to the reaction rate. At high Thiele
modulus, the reactant is consumed in a short distance from the outer pellet surface and its
concentration drops to almost zero at the pellet surface. The pellet temperature increases

with Thiele modulus and the temperature at the pellet center is 50% more than the bulk

temperature at ¢=35.0.

0.4 -

02k i =T

Dimensionless concentration, ¢ — Ca /(45 [-]

o — 1.0
B = 2.0

by =50

0.0 L i :
X 0.6
Dimensionless radius, p = r/ 1 [-]

(a)

0.8

Dimensionless temperature, § = 17/}, [-1

3.0

(.0

o = 1.0

@a =20

by =50

L
0.6

0.2 0.4 0.8 1.0
Dimensionless radius, p = r/ 1 [-]

Figure 4.3: The effect of Thiele modulus on (a) concentration and (b) temperature profiles for the

first-order reaction in non-isothermal

pellet.
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The effect of energy generation function on the temperature radial profile in the pellet
is shown in Fig. 4.4. The FirstOrder_Nonisothermal_beta.ipynb notebook was used for
simulation and plotting this figure. At high value of £, the temperature at the pellet center
becomes significantly higher than that at the surface due to the low rate of heat transfer

by conduction in the pellet.

3.0 T

2.0 1

Dimensionless temperature, 0 = 7/T}, [-]

OAU L L L L
0.0 0.2 0.4 0.6 0.8 1.0

Dimensionless radius, p = »/R |-]

Figure 4.4: The effect of energy generation function on temperature profile for the

first-order reaction in non-isothermal pellet.
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Figure 4.5 shows the concentration profiles in the pellet calculated for various values of
Arrhenius number using the FirstOrder_Nonisotherma_gamma.ipynb notebook. At high
value of y, even a small increase in temperature in the pellet as compared to the bulk
temperature results in significant gain in the reaction rate because the rate constant increases
exponentially with y by Eq. (4.6).Thus, the concentration profile at y =10 is considerably
steeper than that at y =1.

—

=
oo

0.6

=
e

[~

Dimensionless concentration, ¢ = Cly/Cla, [-]

0.0 0.2 0.4 0.6 0.8 1.0

[=]

[==]
-
b
v
u

Dimensionless radius, p = r/R [-]

Figure 4.5: The effect of Arrhenius number on reactant concentration profile for the

first-order reaction in non-isothermal pellet.

The effect of Biot number for mass transfer on reactant distribution in the pellet is illustrated
in Fig. 4.6. These profiles were calculated using the FirstOrder_Nonisothermal_Bim.ipynb
notebook. The reactant is uniformly distributed in the pellet at the small value of Bi,
because of the high diffusion rate in the pellet. However, the reactant concentration near
the pellet surface is significantly lower than that in the bulk due to the low rate of external

mass transfer from the bulk to the pellet surface.
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Figure 4.6: The effect of Biot number for mass transfer on concentration profile for

- - Biy; =01
— Biny=10
- - Bim:;‘; = 100.0 et

10 0.2 0.4 0.6 0.8 1.0

Dimensionless radius, p = /R [-]

the first-order reaction in non-isothermal pellet.

Figure 4.7 shows the temperature profiles in the pellet calculated for various values of Biot
number for heat transfer using the FirstOrder_Nonisothermal_Bib.ipynb notebook. The pellet
temperature at Bj, =0.5 is considerably higher than those at higher values of Bi, because

of the limiting heat transfer from the pellet to the bulk phase through the boundary layer

around the pellet.

Dimensionless temperature, 0 = T/7}, [-]

Figure 4.7: The effect of Biot number for heat transfer on temperature profile for

BOL T T S e - ey,

[
[
T
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== DBi,4=100.0

0.0 1 1 | I

0.0 0.2 0.4 0.6 0.8

Dimensionless radius, p = r;’B -1

the first-order reaction in non-isothermal pellet.
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5 ENZYME CATALYZED REACTION
IN ISOTHERMAL PELLET

In this chapter, you will learn to:

1. Derive the mass balance equation for enzyme catalyzed reaction in the isothermal
spherical pellet.

2. Solve numerically the model equation using the finite difference method.

3. Simulate the substrate concentration profiles in the pellet for various values of

process parameters using the developed IPython notebook.
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5.1 DERIVATION OF MASS BALANCE EQUATION

We will consider an enzyme catalyzed reaction in a spherical pellet. The reaction proceeds
through a fast reversible formation of an enzyme-substrate complex £S from an enzyme E
and a substrate S, and a slow dissociation of the complex yielding a product P (Shuler &
Kargi 2002):

E+Siﬁ‘ ES—% SE+P

The reaction rate is

r= 9 Es) (5.1)
dt

The rate of variation of complex concentration is

d[ES
% = k,[EI[S] — k,[ES] — k,[ES] (5.2)
Usi . . d[ES]
sing a quasi-steady-state assumption, we can assume that - =0. Thus,
k[ENS] = k,[ES] + k,[ES] (5.3)

We can formulate the conservation balance on the enzyme as

[E] = [E,] — [ES], (5.4)
where E; is the initial enzyme concentration.
Substituting Eq. (5.4) into Eq. (5.3), we get:

k

+1

(LE]-[ESDIST= (k, + k)[ES] or  (k +k, +k,[SDIES]=k,[£][S]

Therefore, we can express the concentration of enzyme-substrate complex as

_ kJIEIIST  _ [EILS]
£3] = k +k,+k[S]  k,+k [S] (5.5)
k+l
Substituting Eq. (5.5) into Eq. (5.1), we have:
AP KIEJIS] _ V,[S]
dt klk +k, s K *IS] (5.6)

+1

whereV, _isthe maximumrate, V,, =k,[E,], and k,, is the Michaelis constant, k,, = (k_, +k,)/ k).

max max
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We can derive a steady-state mass balance for enzymes immobilized in a porous spherical

pellet similarly to Eq. (2.5) as

d( .. dSY L, V.S
dlop @) 2 LS _
dr(r oS drj "k +s 5.7)

Assuming a constant diffusivity D,; i, Eq. (5.7) can be rewritten as

2
d_f+%.d_5_ I VS _ (5.8)
dr r dr  Dgs k,+S

The boundary conditions are

* at the particle center, = 0:

ds _

» 0 (5.9)

* at the outer particle surface, r=R:
S=5, (5.10)

Multiplying Eq. (5.8) by R*/S, yields

228 2 T (5.11)

The reaction term in Eq. (5.11) can be transformed as

R2 Vmax /km i

R /k, V.S _ Dgs S,
SODeff,S/km km+S 1+:‘S‘0
m 0

. . . . . S .
Here, we introduce the dimensionless variables, concentration s=-- and radius p:%, and

. . . 0 .
the dimensionless parameters, Thiele modulus ¢=r Vou'Ks and sacutation parameter j =k—°.

. . eff,S m
Then, we can write the reaction term as

2 S

.1+ﬂs

Finally, we obtain the dimensionless mass balance for enzyme-catalyzed reaction in the

spherical particle as

2
1+ fBs

=. (5.12)
dp~ p dp
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The boundary conditions are
* at the particle center, p=0:
— =0 (5.13)
* at the outer particle surface, p=1:
s =1 (5.14)

The observed rate at steady state is equal to the flux through the outer particle surface.

= [ LSO 4y = 4nRzDeff,S‘;—S
"

robserved 0 km + S(}") (5.15)

r=R

Using the dimensionless variables, we rewrite Eq. (5.15) as

j—V 505D g yap = RoD,, Sﬁ
o K +S8y-5(p) dp

p=1
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Substituting the dimensionless parameters into above equation, we derive the derivative of

s with respect to p as

1

S| pdp (5.16)

ds .
1+8-s

dp

p=1 0

The intrinsic reaction rate is

Vimrinsic = ﬁﬂ-R3 : I/)LXSO (5'17)
3 k,+S,

The effectiveness factor is defined as the ratio of observed rate to the intrinsic reaction rate:

ds
47R’Dyy s~
dr

€

_ r=R
77 - i R3 VmaxSO
377 &k +S,

Using the dimensionless variables and parameters, we can specify the effectiveness factor as

_31+p) ds
¢ dp

p=1

Substituting the derivative by Eq. (5.16) into the above equation, we get:
1 5 )
= 31 —pd
n (+/5‘)I01+ﬂsp p (5.18)

5.2 NUMERICAL IMPLEMENTATION

We use the finite-difference method to solve the second-order nonlinear differential equation.
We introduce the uniformly-spaced grid p,=0<p, <...<p, < p,,, =1 with internal points
located at p, =k-(Ap), k=1L...N, Ap=1/N+1.

The central difference approximations are used to the first and second order derivatives at
Py as

ds| _s(pu)=s(p)  ds| _s(p)=25(p) +5(p )
dp ’

2 2
N 20p dp’|, (Ap)

Substitution of these approximations into the differential equation Eq. (5.12) results in

S(Pr) —25(p) +5(p) + 2 ) S(Pu)—s(p) ) s(py) _
(Ap)’ P 20p 1+ Bs(p;)

(5.19)
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Rearrangement of Eq. (5.19) yields

1 1 2 | 1
[(Ap)2 pkApj ) + ( WJ e+ ((Ap)2 +pkApj (i)

2 s _
1+ Bs(p,)
Simplifying above equations, we get:
A" .S(’D’H) + B-S(pk) + Ck 'S(pk+1) _¢2'M =0,
1+ Bs(p,)
where
1 1 2 1 1
T gy » B=—r—e, =t
(Ap)y” pAp (Ap) Ap)Y  pAp

The discretized equation for the boundary condition at p,=0 by Eq. (5.13) is

—35(p,) +4s(p) —5(p,)
2Ap

=0

Thus, the concentration at p, is given as

s(py) = —%s(m ¥ %s(pl)

Introducing s(p,) by Eq. (5.22) into Eq. (5.20) for k=1, we obtain:

T 4 | ‘ _p 8D
4, [ 3S(pz)+3s(pl)} + Beslp) + Gosloy) = 1+ Bs(p,)

Rearrangement of Eq. (5.23) results in

z _l ‘ _l . _ 2.& =
[SBJFA1 SCIJ s(p) + [q 34 s(p,) = ¢ 1+ Bs(p,)

The boundary condition at p,,, by Eq. (5.14) is
$(Pyn) =1

Introducing s(p,.,) into Eq. (5.20) for k=N yields

s(py)

Ay -s(py) + B-s(py) + Cy ~ ¢2m )
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Rearrangement of Eq. (5.26) results in

S(pN—l)'AN + S(pN)'B + CN - ¢21+S;’#3) = 0: (527)

Therefore, we obtain the following system of nonlinear algebraic equations:

' _l . s s(p)) _

fQ) = [ B =3 } s(p) + {Cl 34 s(py) = ¢ 1+ Bs(p,)

fU) = A:-s(py) + B-s(p) + Cp-s(py) - ¢2'% =0 k=2...N-1 528
JN) = Ay -s(pya) + B-slpy) + Cy =97 — Bs(py) °
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The structure of the Jacobian matrix is shown in Fig. 5.1, where @, @ and © are the

matrix diagonals.

J=1 N
-1{@[e[ofolololofo]o]o0
®@oe/oolojolololo

o @ e@el olololo/o]o
0lo ®®@e o/olo/ 0 o0
_Jololo/el®[e@/olo]0]0
J = ololojo|@/@ ®/o/o]o0
0/ 0(0/0/0® @ ® 00
olo/olololo/@@ @0
ololololololo ®@@|e
njolololo 0/0/0 @ @

Figure 5.1: The structure of tridiagonal Jacobian matrix.
The diagonal elements of the Jacobian matrix are summarized below:

* main diagonal elements J

2 1 !
J(1) = [—B+AI——C1} S
3 3 (1+,Bs(p1))
JGi) = B - ¢ —— =2 N1
(1+Bs(p,))
JNN) =B - — L
(1+ Bs(py))

* lower diagonal elements J,,
JGi-1) = A, i=2,4,N—1
JIN,N-1) = 4,

* upper diagonal elements J,;

J(1,2) = C, - %AI

J(i,i+1) = C, i=2--,N-1
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5.3 COMPUTER PROGRAM DESCRIPTION AND
NUMERICAL RESULTS

Notebook Enzyme_Concentration.ipynb

0 Import packages.
We will use the Python library NumPy for vector manipulations and formation of diagonal
matrices. The sparse module from the library SciPy is called to generate a sparse matrix
and convert it to various formats as well as to compute the vector norm. The spsolve
module from the SciPy library is utilized to solve the sparse linear system and the mapz
module to integrate function using the composite trapezoidal rule. To plot the results
of numerical simulations, we will use the matplotlib library. The IPython.html module is

called to display the widgets for interactive input of parameter values.

%matplotlib inline

import numpy as np

from scipy.sparse.linalg import spsolve

from scipy.linalg import norm

from scipy import sparse

from scipy.integrate import trapz

from matplotlib.pylab import *

from IPython.display import clear_output, display, HTML

from IPython.html.widgets import interact, FloatSlider, HTML, Latex

0 Define the main function fmain:

0 Input parameters:
¢ — Thiele modulus

J — saturation parameter

# Main function
#
def fmain (¢, B, **kwargs):
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o Specify the grid.
The number of internal grid points is N. Thus, the total number of equally spaced points
including the boundary ones is N+2. The grid is divided on N +1 subintervals of the
same length Ap. We generate the grid of internal points and saved it in the array p.

5
# The number of internal grid points

N = 299
# _____________________________________

# set grid spacing
Ap = 1./(N + 1.)

# specify uniform grid of internal points
p = np.linspace(Ap, 1.-Ap, N)
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o Specify common coeflicients in the system of nonlinear equations.

# allocate arrays of common coefficients A and C
A = np.zeros(N)
C = np.zeros(N)

# define constant common coefficient B
B = - 2./(Ap**2)

# define coefficients A and B at each mesh point
A = 1./(Ap**2) - 1./( Ap*p)
C = 1./(Ap**2) + 1./( Ap*p)

o Set initial guesses for solution of nonlinear equations.

We will use the uniform profile, s0=1, as the initial guess.

T s T B L o
# specify initial guess for solution of nonlinear equations
# we will use uniform profiles: s@=1

s@ = np.ones(N)

0 Use the Newton-Raphson method to solve the system of nonlinear equations.

#
# solve the system of nonlinear equations using the Newton-Raphson method
#
u,f val,iter, exitflag = fsolve(so, ¢, B, A, B, C)
#
if not exitflag:
print ('Too many iterations')
else:
print ('Successful solution: the number of iterations is %s'%iter)

o Save results.
Save the resulting profiles at internal points in arrays concentration and temperature.
Calculate the concentration at the pellet center using the second-order forward
difference formula to approximate the derivative in the boundary condition at p=0.

The concentration at the outer boundary is constant and equal to 1.

#

# save resulting concentration profile
concentration = np.zeros(N+2)
concentration[1:N+1] = u[@:N]

# add concentration value at p = @
concentration[@] = 4.*u[0@]/3. - u[1]/3.

# add concentration value at p = 1
concentration[N + 1] = 1.
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o Then, we plot the concentration profile.

#

# plot graphs
rad = np.linspace(0.0, 1.9, N + 2)
matplotlib.rcParams.update({'font.size': 12})
fig = plt.figure()
axes = fig.add_subplot(111)
axes.plot(rad,concentration, color="green", linestyle="solid", linewidth=2)
titlel = 'Enzyme catalyzed reaction in spherical catalyst: \n'
titlel += "$¢$ = %s, $p$ = %s '
axes.set_title(titlel % (¢, B))
axes.set_xlabel(r'Dimensionless radius, $\rho$ [-]')
axes.set_ylabel('Dimensionless concentration, s [-]")
axes.grid()
axis([0., 1., 0.0, 1.0])
plt.show()

0 Calculate the effectiveness factor.

#
# calculate effectiveness factor
integrand = np.zeros(N+2)
integrand = concentration * (rad**2) / (1 + B*concentration)
n = 3*(1+B)*trapz(integrand, rad)
print (' Effectiveness factor: n = %.3f ' % n)

0 Solve the system of nonlinear equations by the Newton-Raphson method.

# Solve the system of nonlinear equations using Newton-Raphson
#  method with tridiagonal Jacobian.
#
def fsolve(x@, ¢, B, A, B, C, tolX = le-8, tolG = le-8, maxIter = 100):
#
X = X0
for i in range (maxIter):
gX = g(x, ¢: [3: A, B, C)
xNew = x - spsolve (J(x, ¢, B, A, B, C), gx )
if (norm(xNew-x) < tolX):
return [x,gx,i, 'True']
if (norm(gx) < tolG):
return [xNew,gx,i, 'True']
X = XNew
return [x, gx, i, 'False']
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0 Define the system of nonlinear equations.

o The function g:

#

# Define the system of nonlinear equations
#

def g (s, ¢, B, A, B, C):

o At first, we allocate the array f.

# allocate arrays
N = len(s)
f = np.zeros(N)

0 Then, we specify the reaction term in the mass balance equations.

FER K ok ok ok kK ok sk ok ok K ok ok ok ok ok ok ok kK ok sk ok ok Kk sk ok ok kK ok ok ok ok kK ok sk ok KKk ok sk ok kR ok ok ok o kok ok
# reaction term
f[O:N] -= (¢**2) * s[@:N] /(1. + B*s[O:N])
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o Next, we specify the discrete balance equations at the internal points.

# pellet internal points
for k in range (1,(N-1)):
f[k] += A[k]*s[k-1] + B * s[k] + C[k]*s[k+1]

o Finally, we define the balance equations at the center and surface of the pellet.

# pellet center

f[0] += (2.*B/3. + A[@] - C[@]/3.)*s[0] + (C[@]-A[0]/3.)*s[1]
# pellet surface

f[N-1] += A[N-1]*s[N-2] + B * s[N-1] + C[N-1]

#

return f

¢ Define the Jacobian matrix.

o The function jac:

#
e m m m e e e e e e e e e e e e e e e e — e
# Define Jacobian matrix
#

def J (s, ¢, B, A, B, C):

o At first, we form the main diagonal dI.

#
# Main Diagonal di1
#

N = len(s)

dl = np.zeros(N)
#************************************************************** %k k%
# derivative of reaction rate with respect to concentration

d1[@:N] += -(¢**2)/((1. + B*s[@:N])**2)
#************>I<**********>I<*****************************************
# pellet internal points

for k in range (1,(N-1)):

di[k] += B
# pellet center
di[e] += A[@] + 2.*B/3. - C[@]/3.
# pellet surface

di[N-1] += B
# position of non-zero elements

Jd1 = arange(©, N)

Idl = arange(@, N)

Download free eBooks at bookboon.com

100



CHEMICAL REACTION
ENGINEERING WITH IPYTHON
PART | ENZYME CATALYZED REACTION IN ISOTHERMAL PELLET

o Then, we specify the lower diagonal d2.

#

# Lower Diagonal d2

#
d2 = np.zeros (N-1)

# pellet internal points
d2[@:N-2] = A[1:N-1]

# pellet surface
d2[N-2] = A[N-1]

# position of non-zero elements
Id2 = arange(1, N)
Jd2 = arange(@, N-1)

o Finally, we specify the upper diagonal d3.

# Upper Diagonal d3

#

d3 = np.zeros (N-1)
# pellet center

d3[e] = C[e] - A[@]/3.
# pellet internal points

d3[1:N-1] = C[1:N-1]

# position of non-zero elements
Jd3 = arange(1, N)
Id3 = arange(@, N-1)

o Then, we combine diagonals in one array and form the sparse Jacobian

matrix.

#
# Combine diagonals in one array
#
d= concatenate((d1,d2,d3), axis = @)
Ir = concatenate((Idl,Id2,Id3), axis = 0)
Jc = concatenate((3d1,3d2,3d3), axis = @)
#
# Form sparse Jacobian matrix
#
Jac = sparse.coo_matrix((d, (Ir,3c)),shape=(N,N))
Jac = Jac.tocsr()
#

return Jac
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0 Define widgets.

#

# Specify widgets

h1=HTML (value="<h4><b> Mass Transfer and Enzyme Catalyzed Reaction in Isothermal Spherical
Pellet</b>",color="brown")

h2=HTML (value = "<br> ")

h3=Latex(value="$$\mbox{Specify parameters: } $$",)

display(h1)

display(h2)

display(h3)

Phi_slider = FloatSlider(min=0, max=20, step=0.5, value=10)

beta_slider = FloatSlider(min=@, max=1, step=0.05, value=0.5)

w = interact(fmain, ¢ = Phi_slider, B = beta_slider)
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The screenshot of widgets to specify parameters is shown in Fig. 5.2.

Mass Transfer and Enzyme Catalyzed Reaction in Isothermal Spherical Pellet

Specify parameters:
¢ 10
B 0.5
Successful solution: the number of iterations is 5
Enzyme catalyzed reaction in spherical catalyst:

=10.0, = 0.5
10 o= Dp=

08}

0.6}

0.4 -

0.2}

Dimensionless concentration, s [-]

0.0 02 0.4 0.6 0.8 10
Dimensionless radius, o [-]

Figure 5.2: The screenshot of widget to specify parameters for the enzyme catalyzed reaction
in isothermal pellet.

The dimensionless substrate profiles in the spherical immobilized particle are shown in Fig. 5.3
for various values of Thiele modulus. This plot was calculated using the Enzyme_Concentration_
thiele.ipynb notebook. The effect of saturation parameter on the concentration profile is
illustrated in Fig. 5.4. These profiles were calculated using the Enzyme_Concentration_beta.
ipynb notebook. The uniform substrate profile is obtained at low Thiele modulus and high

value of saturation parameter.
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6 NON-CATALYTIC CHEMICAL
REACTION IN AGGLOMERATE OF
FINE PARTICLES

In this chapter, you will learn to:

1. Derive the model equations for the non-catalytic chemical reaction in the
agglomerate with porous structure that evolves during the reaction.

2. Solve the model equations numerically using the method of lines.

3. Simulate and plot the solid deposit and gaseous reactant concentration profiles
for the chemical vapor deposition reaction in the agglomerate of fine particles
using the elaborated IPython notebooks.

4. Study the effects of process parameters on the uniformity of deposit distribution

in the agglomerate.
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6.1 DERIVATION OF MATHEMATICAL MODEL EQUATIONS

We will consider the chemical reaction in a porous agglomerate made of primary fine particles.
The gaseous reactant diffuses from the bulk phase to the outer agglomerate surface and then from
the surface to the agglomerate center. The reaction takes place on the surface of primary particles.
The chemical vapor deposition (Golman & Shinohara 2000) and chemical vapor infiltration
(Xu & Yan 2010) are examples of such reactions. The mechanism of these processes is quite
complex. It is assumed that the reactant species react in the gas phase generating the gaseous
precursors. Then, these precursors nucleate and grow to form the deposit on the surface of
primary particles. The amount of deposit increases with the reaction time, resulting in a
decrease of pore space among primary particles. Another example of non-catalytic reaction
is the sulfation of lime, which is used to control the sulfur emissions in the fluidized bed
combustion of coal (Jeong et al. 2015). At high temperatures, the limestone calcines to
form lime that reacts with sulfur dioxide released by the coal. The solid reaction product,
calcium sulfate, deposits in the porous CaO particles. As the molar volume of calcium
sulfate is larger than that of calcium oxide, the pore space in the CaO particles is gradually

filled with calcium sulfate.

Therefore, we have to take into account both the temporal and spatial variations of effective
transport properties in the radial direction of the agglomerate in deriving the mathematical
model. These variations should be related to the changes in agglomerate structural properties,
such as voidage and specific surface area, which in turn should be connected to the rate of

the reaction front advancing on the surface of primary particles.

Here, we will derive the mathematical model for the chemical vapor deposition reaction in
the agglomerate of fine particles. We assume that the gas-phase reaction is in steady-state

at all times. We also neglect the temperature gradient in the agglomerate.

We first write the mass balance equation of 7 gaseous species in the spherical agglomerate as:

1 0 oC.
G R 61)

where C, and D, are the concentration and effective diffusivity of 7 species at the radial
position R and time ¢ in the porous structure of the agglomerate, respectively, § is the

accessible internal surface area and R, is the reaction rate per unit area.
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Then, we introduce the conservation equation for the solid product in terms of the varying
radius of the reaction surface of fine particles, 7, as follows:

or b

— =—v,-R 6.2

ot a 0 6.2)
where v, =M _/p, is the solid molar volume, and M, and p, are the molecular weight and
density of solid product, respectively. Coefhicients 2 and & represent the stoichiometric
coeflicients for the reacting species and the solid product. Equations (6.1) and (6.2) are

subject to the following initial and boundary conditions:

% =0 at R=0 (6.3)
¢ =C, a R=R, (6.4)
r=r at t=0and 0<R<R, (6.5)

where 7, is the initial radius of fine particles, R, is the agglomerate radius and C,, is the

0
bulk concentration of growth species near the external surface of the agglomerate.

Here, we assume that the surface reaction kinetics follows a first-order rate law and the

reaction is irreversible:
s, = k¢ (6.6)

The specific reaction rate constant k is expressed as a function of the reaction temperature,

T, according to the Arrhenius equation:

T,
k =k, exp{%[l—?ﬂ (6.7)

where y=£ o 7 is the Arrhenius parameter, £ is the activation energy, k, is the reaction
270

rate constant at the reference temperature 7,, and R, is the ideal gas law constant.

We will use the modified random overlapping grain model, previously developed by the
author (Golman & Shinohara 1998), to describe the evolution of porous structure of the
agglomerate as the reaction progresses. The agglomerate prior to reaction is represented as a
population of randomly distributed grains of initially uniform size. As the reaction proceeds,

the solid product deposits on the surfaces of the grains and the grains begin to grow.
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The variation of local void fraction in the agglomerate with reaction progress is given as:

£ =g exp!(lg—jo){[%j 1}] (6.8)

The relationship among the surface area, the void fraction and the grain size is as follows:
2
s _ i.(i] (6.9)

The effective diffusivity of the 7 species, D,y ,, can be estimated by Eq. (1.11). The mean

radius of capillary used in the calculation of Knudsen diffusivity by Eq. (1.5) is evaluated
on the basis of the random overlapping structural model by Eq. (6.9) as:

2¢. (1)

7 - _0.[_0) (6.10)
S, \r

Combining Egs. (6.6)—(6.9), we rewrite Egs. (6.1) and (6.2) in dimensionless form as:

1 0 . 50 2 g2 (1_80) 3

—— | D,.p—| = A — (& -1 6.11

e ap( o apj hies exp{ P (6.11)

o

s = 6.12

or K ( )
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_thv,kC,

R C, r . . . )
where p=—, ¢ = Yol &= 7 are the dimensionless agglomerate radial coordinate,

R

0 ib 0 To
the growth species concentration, the reaction radius of the primary particles and the reaction

time, respectively.
The definitions of characteristic dimensionless parameters are summarized as follows:

o normalized effective diffusivity, D, ,, and specific surface area, s,

* Leff[ S
— s =— 6.

eff ,i

D

eff,i

o initial Thiele modulus, ¢,, at =0

kS
¢ =R 0 (6.14)
’ ’ Dc?ff,i
The voidage is calculated from Eq. (6.8) as
1—
£=g, exp[—m(f3 —1)} (6.15)
&y

and the normalized effective diffusivity, Dj;,, is estimated from Egs. (1.1) — (1.11) as

. (eY, \ofTY(Q)\ D +D,
Deri=| (p) 71lo D +D (6.16)
0 0 'mi Ki mi

The corresponding initial and boundary conditions are

E=1 ¢ =1 at =0 forall p (6.17)
¢, =1 at p=1 forall 720 (6.18)
dc.
—— =0 at p=0 forall >0 (6.19)
dp

The local normalized mass concentration of deposit, W, is defined as

S
2

§,max

where W, is the mass of solid product per unit agglomerate volume, W, . =p, -¢ is the

§,max

maximum value of W, corresponding to the complete filling of void spaces with solid

N

product. Thus, using Eq. (6.15), we can evaluate w as

w=5"%_ l—exp{—w(g83 —1)} (6.20)

& &
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6.2 COMPUTATIONAL PROCEDURE USING THE METHOD OF LINES

The mass balance equations for the agglomerate consist of a system of the second-order
ODE:s of the boundary value type for the radial distribution of gas precursor by Eq. (6.11)
and the first-order ODE for the rate of growth of reaction interface on the primary particles
due to the solid deposition by Eq. (6.12).

We will use the orthogonal collocation method for the solution of second-order differential
Eq. (6.11) for the agglomerate. Using the transformation x=p*, we can rewrite Eq. (6.11)
similar to Eq. (3.6) as

d’c, 3dc ¢ 2 (1-&) s
X Ly ——L = 2 .cé exp|l —= -1 6.21
dx’ 2dx 4D, o exp & (5 ) (621)
The boundary condition is
¢, =1 at x=1 (6.22)

The application of the orthogonal collocation method to Eq. (6.21) results in the following

algebraic equation at the j interior collocation point:

N+l

X, Byc, + ig‘:A e, = ¢7"2-c. - Elexp —@(53—1) (6.23)
J — Jk ik 2k:1 Jk ik 4D* ( ) i,j J c J

eff i 0

The boundary condition is

N — G

1 (6.24)

x=1

Equation (6.23) can be rewritten using the above boundary condition as:

N 3 N ¢2 (1_8)
XjZBjk'Ci,k + EZA,-;(-CI,,c - m.ci,j-§fexp[—g—oo(§j_1)] -

(6.25)
3
- (x_/B/N+1 + EA]'NH )

Equation (6.25) can be represented in a matrix form as follows:
D-¢c=F (6.26)
where

3
Fy = = 0B+ 5 Aw)

J N+
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_ 3 3 _
and Dy, x B, +§A12 X By +§A1N
3 3
D = X,B,y + EA2N D,, o XB, + EAZN
3 3
Xy By, +§AN1 Xy By, +5AN2 D,y
3 ¢’ (1-¢,)
D. :x.B.‘+—A.4—+. 42.ex _\ ") 3_1
Ji iP5 Ty Dy, ( j) 5] p{ P (51 )

We solve the resulting system of /V algebraic equations for the interior ordinates ¢, (1),...,c, (N)
and calculate the concentration profile by Lagrangian interpolation. Then, the conservation

Eq. (6.12) for the solid deposit at each collocation point becomes as follows:

ﬁ = c, . (6.27)
dr I

Thus, the mass balance equations for the agglomerate are reduced to a set of /V simultaneous

algebraic equations for the gas precursor concentration, Eq. (6.26), and NV simultaneous

first order ODEs for the solid deposit, Eq. (6.27).
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6.3 PROGRAM DESCRIPTION
Notebook AgglomerateCVD.ipynb

0 Import packages.
We will use the Python library NumPy for vector manipulations, calculation of exponential
function, taking roots, etc. The ode module from the library SciPy is called to solve the
system of ordinary differential equations and the js_roozs module is used to find the
roots of orthogonal polynomials. The so/ve module from the SciPy library is utilized to
solve the dense linear system and the InterpolatedUnivariateSpline module is applied to
interpolate the solid concentration profile in the radial direction of the agglomerate. To
calculate the collocation matrices, we use the module oc from the orthogonal_collocation
library. To plot the results of numerical simulations, we will use the pyplor module from
the matplotlib library. The IPython.html module is called to display widgets for interactive

input of parameter values.

%matplotlib inline

import numpy as np

from scipy.integrate import ode

from scipy.special.orthogonal import js_roots

from scipy.linalg import solve

from scipy.interpolate import InterpolatedUnivariateSpline

import orthogonal_collocation as oc

import matplotlib.pyplot as plt

from IPython.display import clear_output, display, HTML

from IPython.html.widgets import interact, FloatSlider, HTML, Latex

0 Define the main function fmain:
o Input parameters:
T — temperature
Ragl — agglomerate radius

eag( — initial agglomerate voidage

T o L e O e e o e o s
#

# Main program

#

def fmain (T, Ragl, eag@, **kwargs):
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o Specify the global array Cgas.

global Cgas

0 Define the reaction and agglomerate parameters.

#
S
# define reaction and agglomerate parameters
T
# temperature in [K]

T=T+ 273.
# Arrhenius parameter

y = 18.3
# reference temperature, TO [K]

To = 800.+273.15
# rate constant at reference temperature

ko = 1.4e-4
# calculation of rate constant at temperature T

k = k@*np.exp(y*(1.0-(T0/T)))
# agglomerate size in [m]

Ragl = Ragl*l.e-6
# initial size of primary particles, [m]

re = 0.75e-6/2.
# bulk gas concentration, [kmol/m3]
CAo = 1.e-2

o Calculate the initial diffusivity, surface area and Thiele modulus.

™

calculate initial agglomerate and reaction parameters:
initial effective diffusivity

rs = 1.0

De® = Deff(eagl, ro, T, eagd, rs)
# 1initial internal area

SO = 3.*%(1.0 - cagod)/ro

# initial Thiele modulus
060 = Ragl*np.sqrt(k*(3.*(1- eagd)/ro)/De0)

S
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0 Specify the number of internal collocation points.

#
N e =
# specify number of internal collocation points

ncolpt = 7
#
# total number of points = No of internal colloc. points +
# right boundary for x=1

ntpt = ncolpt + 1
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o Set internal collocation points as roots of Jacobi polynomial.

#
# Calculate internal collocation points (xj)
# The value of parameters alpha and beta in Jacobi polynomials:
# alpha = 1, beta = 1/2
# Corresponding parameters p and q in python function js_roots:
q = 3./2.
p=1. +q

# internal collocation points, xj, are roots of Jacobi polynomial
xj = np.zeros(ncolpt)
wj = np.zeros(ncolpt)
[xj,wj] = js_roots(ncolpt,p,q)
# all collocation points = internal + right boundary
Xr = np.zeros(ntpt)
xr[@:ncolpt] = xj[@:ncolpt]
xr[ntpt-1] = 1.0 # right boundary

o Set matrices of collocation equation.

# calculate vectors of the first (difl), second (dif2) and third (dif3)
# derivatives of the node polynomial at the roots
[dif1,dif2,dif3] = oc.dif(ntpt, xr)

# set up matrices of the first (Am) and second (Bm) derivative weights
Am = np.zeros((ntpt,ntpt))
Bm = np.zeros((ntpt,ntpt))
[Am,Bm] = oc.colmatrix (ntpt, xr, difl, dif2, dif3)

# set up matrix Dm and vector Fm
Dm = np.zeros((ncolpt,ncolpt))
Fm = np.zeros(ncolpt)
Fm[@:ncolpt] = -
(xr[@:ncolpt]*Bm[@:ncolpt,ncolpt] + (3./2.)*Am[@:ncolpt,ncolpt])
for i in range (ncolpt):
Dm[i,0:ncolpt] = (xr[i]*Bm[i,0:ncolpt] + (3./2.)*Am[i,@:ncolpt])

o Collect parameters to pass to function f

# combine parameters to pass to the function f
params = [eag@, r@, T, De@, 00, Fm, Dm]

o Allocate memory and set initial conditions for ODE.

# allocate memory and set initial conditions
Cgas = np.zeros(ncolpt)
r np.ones(ncolpt)
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o Set the time range for integration and calculate the number of time steps.

# set the time range for integration
t_start = 0.0
t_final = 0.2
# specify the time interval for data collection
delta_1t = 0.05
# calculate the number of time steps required with an additional
# step for initial condition
num_steps = np.floor((t_final - 1_start)/delta_t) + 1

o Prepare plots.

# Prepare plots
f, (axl, ax2) = plt.subplots(2, 1, figsize=(6, 10))

o Specify the parameters of ODE integrator.

Specify the ODE integrator parameters:
We use the vode integrator with backward differentiation formula to solve
the system of stiff ODEs.
The absolute tolerance is atol, the relative tolerance is rtol and
the number of steps is nsteps
rint = ode(ff).set_integrator('vode', method='bdf', nsteps=50000, atol = 1.0e-
05, rtol = 1.0e-05)
rint.set_initial_value(r, t_start).set_f_params(params)

HoHHHHH

o Create vectors to store the axial distributions of 7, ¢ and w at specified
time steps.
#

# Create vectors to store components axial distributions at specified time steps
T = np.zeros((num_steps, 1))

r_at_t = np.zeros((num_steps, ntpt))
C_at_t = np.zeros((num_steps, ntpt))
w_at_t = np.zeros((num_steps, ntpt))

0 Save initial values.

# Save initial values
t[@] = t_start
r_at_t [0,0:ncolpt] = r[@:ncolpt]
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o Integrate the system of ODEs across each A7 timestep.

#
# Integrate the system of ODEs across each delta_t timestep
kk =1
while rint.successful() and kk < num_steps:
rint.integrate(rint.t + delta_r)

o Store the results of integration.

#  store the results of integration:

# time
t[kk] = rint.t

# normalized radius of primary particles
r_at_t[kk,0:ncolpt] = rint.y[@:ncolpt]

# normalized gas concentration
C_at_t[kk,0:ncolpt] = Cgas[@:ncolpt]
C_at_t[kk,ncolpt] = 1.

# normalized mass concentration of deposit

for i in range(@,ncolpt):
eag = np.exp(-(1.- eagd)*((r_at_t[kk,i]**3) - 1.)/ cago)
w_at_t[kk,i] = 1. - eag
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o Interpolate gas and solid deposit radial profiles.

# interpolate radial gas concentration profile
numdiv = 51
x_int = np.linspace(0.0, 1.0, num=numdiv )
y_int = np.zeros(numdiv)

#
y = np.ones(ntpt)
y[@:ncolpt] = Cgas[@:ncolpt]

#

xintrp = np.zeros(ntpt)

for i in range(numdiv):
xxX = x_int[i]*x_int[i]
[xintp] = oc.intrp(ntpt, xxx, xr, difl)
vectorl = xintp*y
y_int[i] = vectorl.sum()

# interpolate solid concentration profiles using splines
f2 = InterpolatedUnivariateSpline(xr[@:ncolpt], w_at_t[kk,@:ncolpt], k = 3)

o Plot graphs.

#

# plot graphs
plt.rcParams.update({ 'font.size': 12})
titlel = 'CVD reaction in agglomerate of fine particles: \n'
titlel += r'T [K] = %5.0f, Ragl [$\mu$m] = %5.0f, $\varepsilon_ 0% [-] = %4.2f '
axl.plot(x_int, y_int, linewidth=1.5, label=r"$\tau=$%4.2f" % t[kk])
axl.set_title(titlel % (T, Ragl/l.e-6, cagd))
ax2.plot(x_int, f2(x_int), linewidth=1.5, label=r"$\tau=$%4.2f" % t[kk])
axl.set_ylabel('Gas concentration, $c$ [-]1")
ax2.set_ylabel('Solid concentration, $w$ [-]1")
axl.set_xlim ([9.0, 1.])
axl.set_ylim ([9.0, 1.])
ax2.set_xlim ([0.0, 1.])
ax2.set_ylim ([0.0, 1.])
axl.set_xlabel('Radial position in agglomerate, $p$
ax2.set_xlabel( 'Radial position in agglomerate, $p$
axl.legend(loc=4)
ax2.legend(loc=2)

[-1")
[-1%)

o End of time integration loop.

kk += 1
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o0 Save simulation results in csv files.

#
# save data as csv files
with open("radial@l.csv","w") as oname:
# save calculated profiles at collocation points
for it in range (0, kk):
oname.write("\n t =, %6.3f\n"% (t[it]))
for j in range (@, ncolpt):
oname.write(" %6.3f ,%10.5e, %10.5e, %10.5e\n" % (xr[j], r_at_z
[it,j],C_at_t[it,j],w_at_t[it,j]))
with open("radial@2.csv","w") as oname:
# interpolate and save interpolated profiles
for it in range (0, kk):

# find the solution at numdiv interpolation points
numdiv = 51
x_int = np.linspace(©0.0, 1.0, num=numdiv )

y_int = np.zeros(numdiv)
yr_int = np.zeros(numdiv)

#
y = np.ones(ntpt)
y[@:ncolpt] = C_at_t[it, ©:ncolpt]
yr = np.ones(ntpt)
yr[@:ncolpt] = r_at_t[it, @:ncolpt]
#
xintrp = np.zeros(ntpt)
for i in range(numdiv):
xxx = x_int[i]*x_int[i]
[xintp] = oc.intrp(ntpt, xxx, xr, difl)
vectorl = xintp*y
vector2 = xintp*yr
y_int[i] = vectorl.sum()
yr_int[i] = vector2.sum()
oname.write("\n t =, %6.3f\n"% (t[it]))
for j in range (O, numdiv):
oname.write(" %6.3f ,%10.5e, %10.5e\n" % (x_int[j], y_int[j], yr_int[j]))
O Specify the right-hand sides of ODE:s.
#$=================================================================
#
def ff(t, R, params):
#
# specify ODEs to solve
#
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o Set the global area, allocate arrays and unpack parameters.

#
# global area
#

global Cgas
#

# allocate arrays
ncolpt = len(R)
dRt = np.zeros(ncolpt)
Dm = np.zeros((ncolpt,ncolpt))
#
# unpack parameters
€agod, ro, T, Deffo, 00, Fm, Dml = params
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o Modify the main diagonal of matrix Dm.

# modify main diagonal of matrix Dm
Dm [:,:] =Dml [:,:]
for i in range (ncolpt):

rr = R[1i]
# calculate:
# normalized voidage

gag_norm = np.exp(-(1.- €ag@)*((rr**3) - 1.)/ cago)
#  surface area
S_norm = gag_norm¥rr**2
#  voidage
gag = gag_norm * eago
# normalized effective diffusivity
Def = Deff(cagd, ro, T, eag, rr)/Deffo
modify main diagonal
Dm[i,i] = Dm[i,i] - (0@**2)*S norm/(4.*Def)

H*

o Solve the system of linear algebraic equations.

# solve the system of linear algebraic equations
Cgas[@:ncolpt] = @.
Cgas = solve(Dm, Fm)

0 Calculate the vector of derivatives of ODEs.

#
# vector of derivatives of ODEs
dRt = Cgas
#
return dRt
0 Calculate the effective diffusion coefhicient.
o The function g:
#
def Deff (€0, ro, T, g, rs):
#
# calculation of effective diffusion coefficient
#

# €& - input: local porosity
# rs - input: ratio r/re
# De - output: effective diffusion coefficient
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0 Define parameters.

+

Parameters:

Pressure [atm]

P=1.

Molecular weight [kg/kmol]

A - AlC13; B - NH3; C - N2

M_A = 133.34; M_B = 17.03; M_C = 28.02
Lennard-Jones parameters:
characteristic energy of the A-B intermolecular potential

€A = 524.0; eB = 558.3; &C = 91.5
# molecular diameter
oA = 5.5; oB = 2.9; oC = 3.681

+

H H

H* H#

0 Then, we calculate the molecular diffusivity.

calculation of molecular diffusion coefficient using
Chapman-Enskog theory [m2/s]

characteristic energy (the well depth) of the
A-B intermolecular potential
GAB = np.sqrt(cA * oB)
the distance of the closest approach between two
interacting molecular
cAB = (oA + oB)/2.0
TDs =T / €AB
# coef. in a collision integral approximation
A=1.06036; B=0.15610; (C=0.19300; D=0.47635
E=1.03587; F=1.52996; G=1.76474; H=3.89411
# collision integral
Q = A/(TDs**B) + C/np.exp(D*TDs) + E/np.exp(F*TDs) + G/np.exp(H*TDs)
# molecular diffusivity
Dm = 1.8583e-7*np.sqrt(T**3*((M_A+M_B)/(M_A*M _B)))/(P*(cAB**2)* Q)

T T T T Ty

*

o Calculate the Knudsen diffusivity.

#
# calculation of Knudsen diffusion coefficient [m2/s]
#
# initial surface are
s@ = 3.%(1.-¢0)/ro
# initial pore size a@ [cm]
a0 = 2.*¢0*100./s0
# mean radius of capillary
ass = af/(rs**2)
# Knudsen diffusivity
Dk = 0.96987*ass*np.sqrt(T/M_A)
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o Finally, we calculate the effective diffusivity.

#
# effective diffusion coefficient
#
De = (e**2)*(Dk*Dm)/(Dk+Dm)
#
return De
0 Define widgets.
#

# Specify widgets

h1=HTML (value="<h4><b> Non-

Catalytic Reaction in an Agglomerate of Fine Particles</b>",color="brown")

h2=HTML (value = "<br> ")

h3=Latex(value="$$\mbox{Specify parameters: } $$",)

display(h1)

display(h2)

display(h3)

T_slider = FloatSlider(min=700, max=900, step=25, value=800, description="Temperature, $T$

[$7{\circ}$C] vvvviiiiiii ")

Ragl_slider = FloatSlider(min=50, max=200, step=25, value=100, description= "Agglomerate
radius, $ R_{agl}$ [$\mu$m] ...")

€agl_slider = FloatSlider(min=0.3, max=0.6, step=0.05, value=0.4, description=r"Agglomerat

e voidage, $\varepsilon$ [-] ........... ")

w = interact(fmain, T=T_slider, Ragl=Ragl_slider, eag@=cagd_slider)
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The screenshot of widgets to specify parameters and simulation results is shown in Fig. 6.1.

Non-Catalytic Reaction in an Agglomerate of Fine Particles

Specify parameters:

Temperature, T [°C] ...
Agglomerate radius, Rygr [ppm] ..

Agglomerate voidage, €[] ...........

CVD reaction in agglomerate of fine
o T[K]= 1073, Ragl[pm] = 100, 5 [

particles:
-] = 0.40

=
B=]
2
m
£
[+1)
§ 04} .
o — r=0.05
w
I 03 — 7=0.10
= — 7=0.15 ||
r=0.20
0.0 - : : :
0.0 0.2 0.4 0.6 0.8 10

Radial position in agalemerate, o [-]

800

100

0.4

Figure 6.1: The widget to specify parameters for CVD reaction in agglomerate of fine particles.

6.4 NUMERICAL RESULTS

Here we consider the CVD reaction of aluminum trichloride with ammonia to deposit

aluminum nitride on the surface of fine silicon nitride particles (Golman & Shinohara 1998).

The simulation parameters are summarized in Table 6.1.

Parameter Symbol Value
Temperature T 800°C
Agglomerate size R, 100 mm
Initial radius of primary particles 1”0 0.375 mm
Initial voidage & 0.45
Initial Thiele modulus N 2.0

Table 6.1: Simulation parameters
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Figure 6.2 illustrates the evolution of gas reactant and solid deposit concentration
profiles in the agglomerate with reaction time. These profiles were calculated using the
AgglomerateCVD_time. ipynb notebook. As the reaction proceeds, the gaseous reactant gets
more non-uniformly distributed in the radial direction of the agglomerate (Fig. 6.2 (a)).
The preferable growth of solid deposit (Fig. 6.2 (b)) results in a significant decrease in its
voidage (Fig. 6.3 (a)) near the outer agglomerate surface at p=1. Thus, greater mass transfer
limitations in the agglomerate prevent gaseous reactant to reach the area close to the center.
The internal surface area available for reaction also decreases with reaction time, yielding
a decline of reaction rate (Fig. 6.3 (b)). This should result in a more uniform distribution
of solid product in the agglomerate. However, the local surface area at the radial position
near the agglomerate center is significantly larger than that close to the agglomerate surface.
The increasing diffusional resistance and non-uniformity of surface area distribution lead
to the non-uniform solid distribution in the agglomerate with long reaction time in spite

of decrease in reaction rate.
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Figure 6.2: Evolution of (a) gas reactant and (b) solid deposit concentration profiles in the agglomerate

with reaction time.
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Figure 6.3: Radial profiles of (a) local normalized voidage and (b) local normalized surface area at various
reaction times.

The effect of initial Thiele modulus on the gaseous reactant and solid product distributions
is illustrated in Fig. 6.4. These profiles were calculated using the AgglomerateCVD_thiele.
ipynb notebook. At high Thiele moduli the reactant and solid deposit are distributed non-
uniformly along the agglomerate radius as a result of high reaction rate or high diffusion

resistance in the agglomerate.
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Figure 6.4: Effect of Thiele modulus on (a) gas reactant and (b) solid deposit concentration profiles in the

agglomerate.

The influence of reaction temperature on the solid deposit profile shown in Fig. 6.5 was
calculated using the AgglomerateCVD_temperature.ipynb notebook. Increasing the reaction
temperature results in an enhancement of both reaction and diffusion rates. However, the
reaction rate increases significantly with reaction temperature according to the Arrhenius
dependence by Eq. (6.7), whereas the temperature dependence of diffusion rate is much
weaker as the ordinary diffusion coeflicient is proportional to 7°? (Eq. (1.1)) and the
Knudsen diffusivity to 72 (Eq. (1.5)). As a result, the solid product deposited at 900°C
is non-uniformly distributed in the agglomerate, but the product deposited at 700°C is

almost uniformly distributed.
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Figure 6.5: Effect of reaction temperature on the solid deposit concentration

profile, r = 0.25.
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The concentration profiles of solid product in the agglomerates of various initial voidages are
shown in Fig. 6.6. These profiles were calculated using the AgglomerateCVD_voidage.ipynb
notebook. The solid product becomes uniformly distributed in the agglomerate of large initial
voidage due to the low resistance to the transport of gaseous product in the agglomerate.
The diffusion coefficient is the strong function of dimensionless voidage, D.;, =(¢/&,)*, by
Eq. (6.16). Moreover, the high initial porosity agglomerate has the low initial surface area,
as S, =3-(1-¢,)/r,. Thus, both the low reaction rate and the high diffusion rate contribute

to the formation of uniformly distributed solid product in the loose agglomerate.
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Figure 6.6: Influence of agglomerate initial voidage on solid deposit concentration

profiles in the agglomerate, 7 = 0.25.

The effect of agglomerate size on the solid deposit profile is illustrated in Fig. 6.7. The
AgglomerateCVD_AgglSize.ipynb notebook was used to calculate the deposit profiles. The
radial profiles are steeper in the large size agglomerates due to the increasing diffusion

resistance as the result of the longer diffusion path.
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The effects of initial size of primary particles on the solid deposit profiles is shown in Fig. 6.8.
These profiles were calculated using the AgglomerateCVD_ParticleSize.ipynb notebook. The
agglomerates made of large size primary particles have the small initial surface area and pores
of large sizes by Eq. (1.6). These will lead to the lower reaction rate and higher Knudsen

diffusivity and, as a result, to the more uniform distribution of solid deposit.

1.0 T T T

0.8 ]

0.6

0.4t -

02l - = 191 =0.25pm i
— 7y = 0.35pum
<= ros =050 pm
0.0 : ‘ I I
0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless radius, p = R/ Ry [-]

Mass concentration of deposit, w = W, /Wy mas [-]

Figure 6.8: Influence of initial size of primary particles on solid deposit

concentration profiles in the agglomerate, 7 = 0.25.
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CHEMICAL REACTION
ENGINEERING WITH IPYTHON
PART I SUMMARY

SUMMARY

In the previous chapters we mainly discussed chemical reactions and the heat and mass
transport processes in the catalyst pellet. The basic mathematical models and numerical or
analytical methods to solve these model equations have been also introduced together with
the computer programs used for simulating and plotting the concentration and temperature
profiles in the pellets. We also covered the first- and second-order catalytic, enzyme catalyzed
and non-catalytic reactions in the isothermal and non-isothermal pellets in this textbook.
Readers are advised to refer to the books by Aris (1975) and Kafarow (1993) for further
exploration of complex phenomena involving simultaneous coupled heat and mass transfer
with chemical reaction in the pellet. The pellet models comprise an essential part of the

overall reactor models, which will be discussed in the Part II of this book series.
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APPENDIX A1. INSTALLING IPYTHON

There are many different ways of installing IPython (Péreza & Granger 2007). We recommend
installing the Anaconda distribution by Continuum Analytics. This distribution contains a
full Python set for scientific and engineering computation and data visualization including
NumPy, Scipy (Jones et al. 2001) and Matplotlib (Hunter 2007). Anaconda is an open source

platform and it can be installed using a free and easy to use installer. The installer is available at

https://www.continuum.io/downloads. The notebooks described in this book were created
using Python 3.4. You might also want to install a pandoc package available at http://pandoc.

org. This is a universal document converter and it is used by nbconvert ool (https://ipython.

org/ipython-doc/3/notebook/nbconvert.html) to convert IPython notebook to html, pdf,
LATEX and other formats.

We can start Anaconda using a launcher for IPython Notebook (/Python (Py 3.4) Notebook)
in the start menu on Windows computer. This launcher will open a local web server and

we will interact with IPython using a web browser, as shown in Fig. Al.1.

localhost:8888/notebooks/book/appe Untitled.ipynb o ]
= JU pyter Untitled (autosaved) F
File Edit Vie nsert Cell Kemel Help |:‘ thon 3 O

B |+ | & B 4+ v » B C code v Cell Toolbar: none

In [ ]:

Figure A1.1: lllustration of IPython web based interface.
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We can create a new file or open an existing one, as illustrated in Fig. A1.2. The notebook
files are located in the directory in which Anaconda was installed, i.e. c:/users/boris. We have
created a folder named ‘book’ with subfolder ‘appendix’ in this directory and saved there a
newly created notebook ‘Untitled’.

[ localhost:3888/notebooks/book/appendix/Untitled.ipynb#

: JUpyter Untitled (autosaved)

File Edit View Insert Cell Kemel Help

New Motebook » Python 3 .:gde v | Cell Toolbar: | None v
Open...
Make a Copy &

Rename..

Save and Checkpoint
Revert to Checkpaint »

Print Preview

Download as »
Trusted Notebook

Close and Halt

Figure A1.2: Creation of new IPython notebook.
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The IPython (jupyter) notebook files contain the program code, text and reach media
output. All of this information is stored in the cells. There are different types of cells, as
illustrated in Fig. A1.3. The Code cell is used to type the Python code. The Markdown cell
is utilized to show the text information such as model explanation using the markdown

language and LATEX code.

ﬂ JUpyter Untitled (autosaved)

File Edit View nsert Cell Kemel Help

B+ || @& B+ v | > B C|lcode v | Cell Toolbar: None v
Markdown

Raw NBConvert
Heading

In [ ]:

Figure A1.3: lllustration of different types of cells.

To run the code cell, we can click the run button, as shown in Fig. A1.4 (a), or choose the

proper item in a dropdown menu, as illustrated in Fig. A1.4 (b).

: J u pyter Untitled {unsaved changes)

File Edit View Insert Cell Kernel Help
B+ | @B | + & Bl C || Code ¥ Cell Toolbar: | None v
In[ ]: 142
()
- Jupyter Untitled (autosaved)
File Edit View Insert Cell Kernel Help
+ || A B+ @ Run v | Cell Toolbar: | None v
Run and Select Below
Run and Insert Below
In [ ]:|1+2 Run All
Run All Above
Run All Below
Cell Type »
Current Output »
All Output »
(b)

Figure A1.4: lllustration of two ways to run the IPython cell: (a) using a button and (b) using a

menu selection.
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The results of simulation are shown in the output cell below the code cell, as displayed in
Fig. A1.5.

: J u pyter Untitled (unsaved changes)

File Edit View Insert Cell Kernel Help

+ = @A B 4+ 4+ > B|C code *  Cell Toolbar:  none v
In [2]: 1+2
out[2]: 3

Figure A1.5: Screenshot of IPython input and output cells.
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APPENDIX A2. BRIEF OVERVIEW OF
PYTHON LANGUAGE

The Python syntax is briefly summarized below.

Indentation is used to indicate the block of statements.
The line break specifies the statement termination. Statements are usually one
line long, but some statements could be located on the same line and separated
by a semicolon.
The comment starts from # symbol.
The arithmetic operator = indicates power.
Decision making.
The syntax of condition statement is as follows:
if <condition>:
<then statements>
else:
<else statements>
next statement

The following condition logical operator are defined: < less than, > greater than, <= less

than or equal, >= greater than or equal, == equal to, != not equal to.
In [5]:|1i=3
if i » &5
)i —id
else:
] =2

For loop.
For loop is used to repeat execution of a piece of code.
The syntax of loop statement is as follows:
for <variable> in range (start, stop, step):
<body of for loop>

In the example below, the start value is equal to 1, the stop value is 6 and the step is 2.
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sum = @

for i in range (1, 6, 2):
sum = sum + i
print{‘'i = ¥s' ¥ 1}

print('sum = %s5" % sum)

1l
Lo e

Ln
=
3
I
L]

If the start value is not defined, it is assumed to be zero. If the step value is not given it is

presumed to be one. Therefore, the loop below will be executed 3 times starting from i = 0.

In [2]:

sum = @
for i in range (3):
sum = sum + 1

print{"i = ¥s' ¥ 1)
print(’sum = %s' % sum)
=B
=1
= 2
sum = 3

* The vector can be created using the numpy array functions.

For example, a = np.zeros (n) is the statement to create a null vector a with 7 elements.

The following code creates the array a with 3 elements and prints it out.

In [7]:

import numpy as np
a=np.zeros(3)

print{'a[@] = %s" % a[e])
print{'a[1] = %" % a[1])
print{’a[2] = %" % a[2])
a[e] = e.e
a[1] = .0
a[2] = 8.0
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Below we specify the two-dimensional array b of size 2x3 and print out all array elements.

In [20]: import numpy as np
b = np.array{[[1, 2, 3
print{'b[@,8] = %s'
print('b[@,1] = %s'

a8 of of
= = = = ™ B
.
I—*I—"I—"-:E‘@E‘
oD MNE O
O Sy S R

)
)
print({'b[@,2] = %5’ )
print(’'b[1,8] = ®s" % 2013
print{'b[1,1] = %s" & »11)
print{'b[1,2] = %" & =217
b[@,B8] = 1
b[@,1] = 2
b[@,2] = 3
b[1,8] = 4
baG1]:=5
b[1,2] = &

We can use slicing to generate the desired view of the array. The following statements slice

the second column and the first row of two-dimensional array defined above.

In [23]: | print ('The second column: %s® Xb[:,1])
print ('The first row: ¥s' %b[8,:])

The second column: [2 5]
The first row: [1 2 3]
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* Function
A function is a piece of code to perform a task. The function is defined with a keyword
def followed by the function name and the list of arguments in parenthesis. The final
statement is a refurn statement with the list of expressions in parenthesis. We can initialize

the function calculation by calling it.

In [2]: | def fun {a, b):

d=a+bh
return [d]
e =1
t = 2

sum = fun(e,f)
print ('sum: %s' % sum)

sum: [3]

For further information on Python language, the reader is advised to consult numerous

online recourses and books such as a comprehensive book by Langtangen (2012).
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APPENDIX A3. AUXILIARY
PROGRAMS USED IN ORTHOGONAL
COLLOCATION METHOD

The Jacobi polynomials of degree /V can be written in the form of a power series as (Villadsen
& Michelsen 1978; Rice & Do 2012)

D@ =3 D g (A3.1)
i=0
where Yy, are the coeflicients, and a and f are the characteristic parameters.
The coeflicients y can be found using the orthogonality property as
jol X (1= %) TP ()T &P () =0, j = 0,0+, N ~ 1 (A3.2)

To obrtain an explicit expression for J**”(x), the recursive computation of y, , can be used as

_N-i+l N+i+a+f

, . A3.

VN, ; i+ f N i1 (A3.3)
for i=1,---,N starting from y,  =1I.
Equation (A3.3) can be rewritten as

pN(x) = (x_gN(N»a:/B))prl _hN(NaauB)prza (A34)

. . J P (x)
where p, is the rescaled polynomial defined as p, = :
VNN
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Here,

P+l
" a+ 2
gN:l|:1_ - F 5 } for N>1
2 CN+a+p-1)" -1
h =0
B (a+D)(L+1)
Y@+ 42 (a+ B+3)

(N-D(N+a-)(N+p-D(N+a+ -1

V= > for N >2n
CN+a+p-D2N+a+pB-2)2N+a+-3)

An interpolation polynomial of N degree passing through N +1 points is defined using the

Lagrange formula as

N+1

yN(X) = Zy[l,.(x), (ASS)
i=1
where y. is the value of y at x,, and [ (x) is the Lagrangian polynomial specified as

T L (A3.6)
AL PR

The Lagrangian polynomial can be evaluated as

_ Py ()
h(x) = dp,, . (x) (A3.7)
d

(x—xi)

The first and second derivatives of the interpolation polynomial are given at the interpolation

point x, as

dyy(x) _ ny_ dl; (x;)

D X (A3.8)
Using the matrix notation, Eqgs. (A3.8) and (A3.9) can be written as
y = Ay (A3.10)
y =By (A3.11)
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where the elements of matrices A and B are given as

dl;(x,) _1 pz(v2+)1 (x,)

at j=i A3.12
BICEREY X A1
G dl(x,) 10
J 1 _ pN+1( i) at ]il
dx X, —x; pyi(x;)
L)1 p‘;i] () at i
. dx® 3 p\a(x) (A3.13)
e ! o
> =2a, ;| @, — at j#i
dx X, —X;

N+1

The first, second and third derivatives of the polynomial p,.,(x) =H(x—xj) are evaluated

. . j=1
using the following recurrence formulas

PV (x) =(x, —x,)p (x,)
2)(x) (x, —x, )p(z) (x)+2p(” (x,) (A3.14)
PV (x)=(x, —x)pA(x)+3p (x,)

with j=2,---,i=Li+1--,N+1 and p"(x,)=1, p(x,) =0, p?(x,)=0.
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The listing of auxiliary programs used in orthogonal collocation method is shown below. The
programs were adopted from the FORTRAN programs given in Villadsen and Michelsen
(1978).

* Function dif'is used to calculate the first, second and third derivatives of

Lagrangian polynomial at interpolation points.

import numpy as np
def dif(nt, root):

#
# Calculate first, second and third derivatives of Lagrangian polynomial
# at interpolation points
#
# Input:
# nt - total number of interpolation points
# root - zeros of node polynomial (nt)
# Output:
# difl - first derivative at interpolation points (nt)
# dif2 - second derivative at interpolation points (nt)
# dif3 - third derivative at interpolation points (nt)
#

difl = np.ones(nt)

dif2 = np.zeros(nt)

dif3 = np.zeros(nt)

for i in range (nt):
X = root[i]
for j in range (nt):
if j I=1 :
y = X - root[j]
dif3[i] = y*dif3[i] + 3.0*dif2[i]
dif2[i] = y*dif2[i] + 2.0*dif1[i]
difl[i] = y*dif1[i]
return [difl, dif2, dif3]
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e Function colmatrix is utilized to calculate the matrices of first and second

derivatives of interpolation polynomial.

def colmatrix (nt, root, difl, dif2, dif3):

#
# Set up matrices of first, a, and second, b, derivatives of interpolation
# polynomial
#
# Input:
# nt - total number of interpolation points
# root - zeros of node polynomial (nt)
# difl - first derivative at interpolation points (nt)
# dif2 - second derivative at interpolation points (nt)
# dif3 - third derivative at interpolation points (nt)
# Output:
# a - matrix of first derivatives of interpolation polynomial (nt*nt)
# b - matrix of second derivatives of interpolation polynomial (nt*nt)
#
a = np.zeros((nt,nt))
b = np.zeros((nt,nt))
vectl = np.zeros(nt)
vect2 = np.zeros(nt)
for i in range (nt):
# calculate first derivatives at point i
vectl[:i] = dif1[i]/dif1[:i]/(root[i] - root[:i])
vectl[i] = dif2[i]/dif1[i]/2.0
vectl[i+1:] = difi[i]/dif1[i+1:]/(root[i] - root[i+1l:])
# calculate second derivatives at point i
vect2[:i] = ((dif1[i]/dif1[:i]/(root[i] - root[:i]))*
(dif2[i]/dif1[i] - 2.0/(root[i] - root[:i])))
vect2[i] = dif3[i]/dif1[i]/3.0

vect2[i+l:]

((difi[i]/dif1[i+1:]/(root[i] - root[i+1:]))*
(dif2[i]/dif1[i] - 2.0/(root[i] - root[i+1:])))
a[i,:] = vectl
b[i,:] = vect2
return [a, b]
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* Function intrp is used to calculate the Lagrangian interpolation coefhicients.

def intrp(nt, x, root, difl):

#
# Calculate Lagrangian interpolation coefficients
#
# Input:
# nt - total number of interpolation points
# X - abcissa of point at which function value is desired
# root - zeros of node polynomial (nt)
# difl - first derivative at interpolation points (nt)
# Output:
# xintp - lagrangian interpolation coefficients (nt)
#
xintp = np.zeros(nt)
#
pol = 1
for i in range (0, nt):
Y = x - root[i]
if (Y == 0):
xintp[i] = 1
else:
xintp[i] = @

pol = pol * Y
if (pol == 0):

return[xintp]
for i in range (0, nt):

xintp[i] = pol / difi[i]/(x - root[i])
return [xintp]
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* Function radau is utilized to calculate the weights of Radau quadrature.

def radau (nt, root, difl):

Calculate Radau quadrature weights
(including x=1)

Input:
nt - total number of interpolation points
root - zeros of node polynomial (nt)

HEHFHFEHEFEHFHFEHHH

difl - first derivative at interpolation points (nt)
Output:

vect - Radau quadrature weights (nt)
vect = np.zeros(nt)
vect = (1.0/root)/(dif1**2)

vect = vect/vect.sum()
return [vect]
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