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Introductory work

0.1 The number line

‘When we first learn to count, we use the numbers, 1. 2,3, 4, ... These
‘counting numbers form the set of natural mumbers or positive integers, Z°.

7T =0,23.45 )

As our use of number progresses, we need t0 extend this set backwards to

include zero and negative numbers. This gives us the set of all integers Z.
Z=(-4-3,-2 510,123,

‘This set of integers is suffcient for many purposes, but we soon nieed to

introduce fractions. Any number that can be expressed in the form afb,

where a and b can take any intcger value except & = 0, is called a rational

mamber. All the integers are rational as they can be expressed in the form

aj1. 1f we extend our set of integers Z to include all rational numbers, we

have the set of rational numbers Q.

There is sill one group of numbers on our number linc that is not included
in the set Q. This i the group of numbers that cannot be expressed in the
form alb for integer a and b: these are said to be the irrational numbers. One
example of an irrational number is /2.

To prove that /2 is irrational we use the method of proof by contradiction,
. we assume that what we are trying to prove is not true and then show
that this assumption leads to a contradiction.

We initially assume that /2 can be written as a fraction ajb in its simplest
fom (.. a1 anceling caried oue), where & and & are negers.

Suppose that 2 = & then 2= 8
or @ =2 ...

‘This means that a is cven and so @ must be even.
Because a is even, we can write @ = 2¢
Substituting for a in [1] gives (20)? = 25*

4t =2

: =5 and 0 b must be even

Now we have a contradiction because if both a and b are even, the fraction
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afb was not in its simplest form. Thus /2 cannot be written in the form a/b
and s0 /2 is irrational.

The set of rational numbers Q together with the set of "rlhnnll numbers

form the set of real numbers R and complete the number

Note: If we express numbers as decimals, a rational number will cither have
a finite number of decimal places or will recur. An irrational number
will have an infinite number of decimal places without recurring.

0.2 Inequalities

The reader should be familiar with the notation a > b and a > b standing
for ‘a s greater than &' and ‘a is greater than or equal to 5 th the.
notation a < b and a < b standing for 'a is less than ' and ‘a is less than
or equal o 5"

If we wish to consider a section of the number line, we can define that
scction by using set notation and the inequality symbols.

The section ——— m——r——— G b Writicn

fxe R =3 < x 4} and thisis read as ‘the st of all real x such that x is
st han or cqualio 3 and e than or equal to

[ixe R: =3 < x < 4) can also be written (x: x & R, =3 < x < 4]
10w do not wish o inchude the intger 3 n our s, we would it
(reR -3 <x<d)

This would be 1IIusln|:d as follows:

e C—p——————

‘The open circle indicates that —3 is not included in the section.

1w caly want o conider he intger s from =3 t0 +4, we wold
write this as (x € Z: ~3 < x < 4) and the set could be listed:
1=3.-2,-1.0,1,2, 1‘4)
‘The notation {x: x obeys some rule} can also be used for a set with one
or more elements missing. For example, the set of all real numbers except
the number 1 would be written {x & R: x # 1). In a similar way
txe Ox AN ={.. =5 -4 -3 -2-1,2,3,456..)
Note: The st bx € : x < i somclimes writien {5 x < of or supty as
a. In such cases it should be assumed that the inequalities
or resl 3.

ln:qnllmﬁ by similar 10 that used to solve
Howeve \u]ny will give a range of possible
s fo the unknown ratherthan e romber of stuions.




Introductory work
Example 1
Simplify the following inequality 6x — 3 < 21 —
6x— 3 <21 - 2x
Re-aranging gives 6x + 2x < 21 + 3
Br<24

0 x<3
“The answer may be left in this form or it can be expressed as the solution set
{xe R x < 3) or disgrammatically:

4 3 2 -t oo 1 2 3 4 3

One important difference between the techniques used to simplify inequalities
and those used when solving equations arises when we multiply or divide the
inequality by a negative number. In such cases we must reverse the
inequality sign.

Consider the true statements 4 > 3, 3> =2, —4 < ~2. Ifwe
multiply cach statement by — I and reverse the inequality sign, we obtain the
statements —4 < -3, —3 <2, 4 > 2 which arc also true. (The reader
should verify that the statements obtained by multiplying by — 1 and not
reversing the incquality signs are not truc).

Example 2

Sunpllfy the following inequalities and illustrate the wlu(mn! with a
diagram: (@) 8 = 2x <3, (b)) ~S<2x+3 <

@8-2x<3 ®  -s<2+3
25

-2 <
225
x>

o 1 23 PR e A

‘The modulus sign
We vt I« Lo mean he magnitude o modlus or x,ie. we are only
interested in the size of x and can disregard its

So [=7=7 |-3 21=2 e

This cnsbls st wrie ncqualites ofthe ype —1 < x < 1 ls| < 1
R ELILEELS
Nois that ) < e it = must e betwecn +a and

wheias m > ameans tht st it b greater than +aor ks
an ~aic.x > a
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Example'3
Express the following as mwuahu:x of x and illustrate the solutions with a diagram:
(@) 12x =31 <7, (b) [3x +

@ 2x-31<7 (b)|3x4|\>
2-3>-7and 2-3<7 <-Bordx+1l>8
2>-4and 2510 3x<—90r x>7
x> -2 and x<5 x< -3 or x>
So -2<x<5
2
WG a3 456 “6-5-4-3-2-10 1 2 3 4 5 6

Notice that we do o combine the 1wo ranges of part (b) in the form  —3 > x > 2.

Exercise A

1. State whether each of the ¢ following satements ae true o fle.
@ 4 (b) © 3> @2<5
@352 () re- ®2>-2 @) -4<-5
i) X #2,x#3)=(1,4,56,7.8,9,
2= (=4, -3, -2, 210,35,
®) (xeZi-1<x<2=(-1,01,2

3

) (xeZi -2 <x< S =(-1,0,1,2,34,5
-2 < x < 5) = (~1,0,1,2,3,4,5)
SY=(reZix<y
() txeRx<2 = (xeRix<
2. List the elements of the following sets:
<4 ®) (xeZ: -2 <x <4
© {xeZ -3<x <2} @ (xeZ: -3 <x<2

() (xez':x <3
3. Give the following scts of numbers in the form
{x € set of numbers: x satisfies some inequality).

@ (-3,-2,-1,0,1,2 ®) (=5, -4,
©f.. =4, -3, -2, -1,0,1)
[ IR B S
IR
R L R A B A S

4. Simplify cach of the following incqualities and draw a diagram for cach
solution = forxe
(@ 2x ®2a+i<s (c)1x~l>u
) 4- ©4-3x>7 ® 2~
@® 5:*3<|I*Zx(h)1r+l>3x*l ) -sszx»3<7
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) —7(!x+7.<5(k)|(2x+7<l| M 1<7x+15<36
mag2-x<7 M -9<3-2&xg

S. Find 1h= Wllllwn sets of the following meq\uhnn
@ 1x-2< ®Rx-1<5  ©x-5>7
(d)l‘x—ll<l§ ©15x- 124 M Px=1>5

0.3 Basic algebraic manipulation

The following examples and Exercise B are intended 10 revise basic algebraic
processes. The abiliy to manipulate algebraic expressions correctly is an
‘essential skill for advanced mat

Example 4
Simplify the following:
2 + 3y~ dx  (b) 2ed? — Sed? + 6dic + deid

@ 12+ 3 - dx ®) 2~ Sed® + 6dic + acd
= 8x + 3y = 3cd* + 4c’d
Example 5

Expand the following and simplif possible:
@ Sx(x = 7) (b) 14(x = 3) = 5(x ~ 9) (© Bx = 6% + )
@ @x + 3 (@ 3x(x + 4x ~ 2) - }x? - Sx)

@ Sxx-7) ®  4x-3)-5x-9) ©  Ox-26x+3)
= 5w - 35x = ldx - 42— Sx + 45 = 15x7 + 9x — 10x —
=9x+3 =15 -x-6

© 3w+ - 2) - M - 59
=30 + 1267 - 6x - 3¢} + 15x
= (2x + 3dx? + (26 +9) =300 4+ 9 4+ 9x
+ 24x* + 18x + 126 + 36x + 27
= 8+ 36xt + S4x + 27

Example 6

Factorise the following:

@127 +8y () P-4 (@26 - x
(©3a+6+xa+2x

6 (@40 —9x

@ 120+8y () MAu-U () 2d-x-
=4axGx + 2) =(x-4fx +6) =Qx+ -2

@ 4 -9 © 3a+6+xa+2x
x(dx? - 9) =3a+2)+xa+2)

= x(2x - 32+ 3) =@+ 20+
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I+ 6

Example 7
Divide 2¢* — 11x + 6 by (x = 2)
MeTHop 1 MeTHoD 2
214 dx -3 20 - lx+6 _wx -2+ 4~ lix+6
x - 2)%F - lx+6 x-2 -
20 - ax 22 dx = 2) —
By -1 T x-1

The quotient is 267 + 4x — 3

L2

=20 4+ 4x -3

The quotient is 2¢ + 4x = 3

Example 8
Find the remainder when x? + 3x is divided by x* + x — 12
Meiop | Meop 2
X @ x- 1)+ 22+ 12
FEx-12 FEx-12

A+ x = 120 F 3
X+ x

12 _ 2+ 12
T2 St Eia-n
Remainder is 2x + 12 Remainder is 2x + 12
Example 9
Express as single fractions:
1 2 @re,
@35y Oy TEry 97T w
Sx?
O =
2 6
@ ® EmEry © w9
_l-2x+3) - N 1
x wr D
x4
o)

s¢
@ T eon*
50

PR |
Fe -7
56
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Tmproper algebraic fractions

‘When the highest power of x in the numerator is equal to or greater than
the highest power of x in the denominator, the fraction is said to be
mm These. lmpmper fractions can be rearranged into expm.om that
not improper by lor ion (method 1 above) or by alj
Svaging: (meinod  sbov The following example shows e methods

Example 10
Rearrange the following into expressions that do not involve improper algebraic fractions.

x+3 Brx-4
(‘)x’—Qx'#S ® x+3

(@) By long division By sigebaic juggling
1 lx'*lx‘#S]*lx*Z
B s | x‘flx+5
Box+s
Mt - dx 45 4x-2
=2 wFs Tw-axEs
S R -
Foax s EEE e et
(b) By long. dwmnn By s gglng
-2 Xx+3)-ActH+2
x*3T1_‘x+x— s L
iy S+ _Ax+ 3y, 2
-6 x*3  x+3 T x+3
2
mx-24 2o
Px RS T

Exercise B

1. Simplify the following:
(@) 2x + 6y + 9x Sdx-8 Q5= -3
@ xy + 2097 + 3y () 150 - 2ab ~ Ta?

2. Expand the following and mnp!lfy where possible:
(@ 3x(x - 4) 5) 3x +4) = Ax ~ 6 (© S(x +3) + 42 - )
(d)b(y-3)+)(lx~4)(t)(x*lkx*ﬂ ® @x +3)x - 4)
® (@x - x - 1P @) Sx(x = 3x = 4) = Ax +3)

3. Factorise me follﬂwm
(@ 16x* + 24 () 1557 + 10xy TAr @seu-10
@rt st © ) 26 - 1x =k M 6 - x-2

axt +ax - 15 () ¥ (i) 165 - a9y

G) 2 - 18x (k)ax+lx+Za+6 M xa - 2xb + ya — b
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4. Divide:
(@) ® + 200~ x - 2by(e— 1) (b) 26> + 9x* - 4x = 21 by (2x - 3)

© X+ Tx = 3by (- x +3) (d)ax‘+llx’79x‘ Tx+ 3by (26 - 1)
5. Find the remainder when:

(@) 3% + 13x — Lis divided by x* + 4

() ¥ + 26 - 6x - Sis x4

(9) X+ 260+ 10x + 13x + I isdivided by 2 + x* + x + 1

(@) 26 = x* — 11x* — 15x + Sis divided by 2x + §

6. Express as single fractions:

GEETTT apest g
@ 3+ 3 © 5555 O iy 5ry

® -7 Ot ettt O et
W% [

7. Using the method of long division (see Example 10), rearrange i
followin ito xpresions that o oo ivole improper llgcbmc Tactions:

X 6x -2 S0k 2c— 1 X -5+ 9x -1
® a1 s “’ T OSSR
8. Using the method of algebraic ‘juggling’ (see Example 10), rearrange the
following into expressions that do not i improper algebraic fractions:
X4+ x 220 - 4x + 11
(@ = ®) 55 ©
+1 B T x-2-1
L= © 53— 0%

X4 3 - Sy -

Xk x4+ Sxt 4+ 10x - 14
=

(®

0.4 Surds

V25 =5, Y8 = 2 and /121 = 11: these are expressions which can be
evaluated exact

Surds arc snch expressions as /7, /42, /110 which cannot be evaluated
exactly. They are ireational.

Surds often arise in calculations. For example, using Pythagoras

1o 1 the hypotenise af a righi-angled (Amge wit itsater sides  and
6cm:

(hypotenuse)?’ = S + 6 o
=25+3
hypotenuse = /61 cm
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“This is an exact answer and it is often preferable to leave an answer
form, rather than to give a decimal approximation such as 7-8102

Expressions involving surds can often be simplified. The following rules
apply:

@ Jax b =) eg JSx J2= /10

CR NN IRV ENEN

(i) a/c £ b/ = @@+ b)/c eg. 32 +4/2=17/2
and 3/2 - 4/2 = - /2

Tt must be uu[ully noted that
i (a + b) for non-zero a and b

@+
eg 16+ /9 ¢ 25, a0d /16 = /9 # /7.

Example 11
Slmﬂlfy «each of the following and hence show that all three expressions are

m:/— Bn2-s @

® 32-8 © §§§1
=32~ fa)2 2
=302-202 -3
- -0

When fractions are involved with surds, it is normal practice to eliminate the
surds from the denominator: this s called rationalising the denominator (i.c.
clearing it of irrational numbers.

For expressions of the type ﬁ

i L Ja_Ja
we muliiply the top and bottom by a. giving 7 = 7 * %G = ¥
and for expressions of the type ﬁ

we multiply the top and bottom by (b — J/a), ;\mﬁ - ﬁ% x Z_:_% - H
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Example 12
. ) ] 10
Rationalise the denominators of the following fractions (a) 7 (b) BT
L1 0. 10 (3
v R ol e R v e v
=2 10(/3 + 1)
2 3=
-3+
Exercise C
1. simnli(y I|’IE following:
33 (b) V12 + 573 © V200 + 72 = Y72

Iy n\/s - /12 + /48 (€) V45 + J20 - /80 0 (/3 + V3 - V)
(x) @5 + YDRYS = 1) () (2‘/1 - 3szzJ1 +3/2)
. In cach of the following state the ‘odd o
(a) 372, /12, /18 () 43, /48, ,/12 ©) J20.2/3, /12
(d) 20,25, /18 (©) 572,25, /50 () /6,36, /23
Wy BRI (i) s
3. Express cach of the following in the form
@ (J3+ V' () 25+ 3 @ 13\/1 * mu: -2
4. Ratlonaie U denominators ofthe ollown

RS ® % CE Ortsn © %ﬁ

© § © R w2 0 ‘Hﬁig

0.5 Quadratics
Equations of the type ax? + bx + ¢ = 0, (a # 0), are called quadratic
equations. There are three ways of solving such equations.

1. By factorisation

‘This method should only be used if ax? + bx + c is readily factorised by
inspectio

Example 13

Solve: (a) ¥+ 2x = 24 =0 ()28 ~x~6=0

@ P+ x-2u=0 ® 2 -x-6=0
(x+6)x — 4 = 0 LoQx+Hx-2 =0

So,cither  x+6=0 So,cither 2643 =0

or x-4=0 or x-2=0

x= -6 or x=4 giving x=-f or x=2
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2. mmrm:-W’

Example 14
Solvex? + dx = 1 =
Compaing x! = 4 — 1 = 0 with the genral sqation
axt + bx + ¢ = O, givesa = |,b = ~dandc = - 1.

Subeituin thse vahues i e foraals

B ~ dac)

2
sives Xiu::zus»t)

2+ / or 2= /5 (these answers arc in surd:
2320 or 020 (s anawors e o . decimal places)

3. By completing the square
This method uses the expansion (x + b)} = x3 + 2bx + b2,
Notice that the last term, (6%), is the square of half the coeficient of x, (26).

Example 15
Solve x4 3x-1=0
sti-1=0

Paes
o the s o alof e coeicint o 1 cch e of the guation
gives e+:‘+(§) =|+(

o (22
o+ dm el ging m B2 g o3

orasdecimals x =030 or —330 (comrect 102 dp)

‘The method of completing the square, used to solve ax? + bx + ¢ = 0,
can also be w find the maximum or minimum valuc of the expression
axt + by +

For cxampl, consdor the expresion 7 + 3x + &

_‘4+_)x+4-x’+1x+ﬂ)"(9)'+4
U]

Now (x + 3? can
Thus x? + 3x +
when x + 4 = 0,

L (x + 3 0.
always positive and will have a minimum value of
wh 3.
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Example 16
Find the maximum value of § = 2x = 4! for x € R.
5= 2x —4xt

Now (x + 4 > 0.
Thus § — 2v — 4x* has a maximum value of 3, or 54, when x = —}.

Exercise D
1. Sole he fllowing eguatons by futoisation:
@¥-x-12=0 ()¥+5-24=0 (9 x+3W6=1x
@2~ x-6= ) 3+ 5 - 12=0
@ s+ 5=6 (i)x(x~l)>2(x+5)—l)
Dr-Biaa *@x -1
Gx-T+2=0 Oy
2. Solve the following equations by using the formula x = —2 £ " ~ 4a0)
siving your answerscorrect (0 wo dcimal places:
@t -3l =0 B Eox o420 @xeTes a0

@26+ 3= 1=0 (=>:x= r2=0 U)lx"lx*

equations by using the formula x = (Gl “"’,

leaving your answers in surd form:

(@) ¥ - 3x 0 (B2 -6x+1=0 (I -6x+1=0
4. Solve the I‘o\lmumg Squaions by ~mmp4=un; the square’ (leave your answers in surd form):
@ ¥+ B x+dx-3=0 (@x+x-1=0

u ()x‘*}x*S-n M2 -6x+1=0
(yw—u—z-o () ax —6x+1=0 () W —6x—1=0

Each of the expressions given in questions 5-13 has a maximum or
minimum value for x ¢ R.

6.x - 6y + | 7.3 -2 0
9.5+ 2~ ¥ 10.6 — x* + 8x
1230 4 20+ 2 1.1 - 5x - 20

14. Use the method of “complting the square’ to show that the solutions of
ax + bx + ¢ = O are given by x £ /b )
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0.6 Trigonometric ratios of acute and obtuse angles

Acate angles

mometric ratios of acute angles are usually defined by using a right-
d

Trigonor %0 - A
angled triangle. Denoting the sides of the triangle by a, b a

3

sind =% cosd= and =4 b,

sind _a_c
cosA b

¢=tana
<

Also sinA =5 = cos(90' ~ A) and cos A = g = sin (90" ~ A)

“These are general results and should be remembered:
sinx _ oo sinx=cos( - x) (ie.sinx = cosine of complement)
cosx cos x = sin (90° — x) (cos x = sine of complement)

Particular angles
30" and 60"

Supposc APQR is equilateral, with sides 2 units and that PM is the
perpendicular bisector of QR.

QM = 1 unit
Using Pythagoras’ theorem  MP? + MQ? = PQ?
or MP = /@ - 13)
So MP = /3

Since APQR is equilateral, PQM = 60" and QPM = 30°.

From APQM sin 30" = & con 30" = % an 30" = s or 4

and sin 60" = 123 cos 60° = } B
.
Consder iht-anled ringle which s ssles an n which te el sides A
are 1 uni
The caual anges wil cach be 45 ) :
Using Pythagoras' theorem  BCH = 13 + 11
Hence sinds' = 25 or % cosds” = ) o 7 <

vz

Although the trigonometric ratios of 30°, 45° and 60" have all been obtained
separately, some of these could have been deduced from others:

1o find cos 60°, knowing sin 30°, we could say cos 60° = si

1o find tan 30°, knowing sin 30° and cos 30" we could say

304wt andsoon

cos 30° 7 -

(90 — 60%) = sin 30" = }.
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0" and 90°
In the AABC, as the angle x decreases 0 does the length of the side BC.

As x approaches 0', BC approaches zero and AC approaches AB in length.
iic. s x tends (o zer0 (wrilien x —» 0, then BC — 0 and AC ~ AB, AA
0

but sinx = B andasx - 0,BC » 0. Thus sin 0" = 20 = 0,

AB AB
also cos x = & and as x — 0, AC — AB. Thus cos 0" = 75 = I,

and tnx = BC andas x = 0.BC + 0. Thus tan 0 = % = 0.

Similarly, as x - o' 50 ACB — 90", Thus, considering u.nngpnamemc ratios
of ACB as
ynn'=J; 1cos 90" = % = Oand tan 90" = S0 L~ o5 (ifinity).

“These results should be memorised:
Ange | n | o | wn
e | o | 1 | o
T
ol T |7
c | '
FE N
s
w | 15| »
w | | o | =

Example 17
Show that cos® 30° + cos 60° sin 30" = 1.
The left-hand side is cos? 30° + cos 60° sin 30"
= cos 30°(cos 307) + cos 60° sin 30°
PEINNE] !

1
= e i

= 1 as required.

Obtuse angles

Tlimnmauic ratios of obtuse angles cannot be defined by means of a right-

angled tria

Tt sin, coine or angent of an obtuse angle i the sin, osin or angent
he supplement of the angle, with the appropriate sign.

us
sin 0 = +sin (180" — 0)
msa —cos (180" — 6)

sine of the supplementary angle,
coin of the supplementary ange
tan tangent of the supplementary angle.
A ull demition arthe rigonomeiri ratios of angles of any sie & 1 b0
found in section 4.
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Example 18
Wite each of the following as a mmomemc ratio of an acute angle
(a) sin 155, (b) cos 140", () tan 1.

@ sin 155" = +sin uw' 1557)
+ si
® cos 140" = —mmm' - 1407

© wn 3 = »un(nm - 1307

Example 19

1f sin 35° = 0:5736 write down the values of (a) sin 145", (b) cos 125°

(@) sin 145° = +sin (180" ~ 1457)  (b) cos 125" = —cos (I80° — 125°)
- +sin 35"

= +05736 —sin 35°

= ~0573%6

Example 20
Given that sin 0 = 7 and that Ois an acute angle, find: (#) cos 6, (b) tan 8.
First sketch a right-angled triangle containing an angle 0 and with two sides ~,
of length 7 and 25 units, such that sin 0 = % . A
Using Pythagoras' thearem, the third side of the triangle = J/(25* = 72)
Since @ is acute, all trigonometric ratios of 8 will be pﬂlili:!‘z;ﬂ!ﬂ
(@) cos 0= 3 (®) an 6= 7.

Example 21

Given that sin 6 = 3 and that 01is an obtuse angle, ind (a) cos 6, (b) tan 6.

s B b, skech it gl gl contiving a2 e a8’ - 0)

and with two sides of length 24 and 25 ur /s
As sin 9and sin (180" — 6) are numena“y qual, sin (180" ~ 0) = 3.

Using Pythagoras” theorem,the third side of the triangle = J(zs' -4

() cos 6 = —cos (180" — ) (®) tan 6 = —tan (180° — 6)
= -3 = 180 -0
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Exercise E

Al the questions in this exercise should be answered without the use of a
calculator or tables

1. e cach of theflkowin us wigomemetrcal i of st angi:

@ sin 130" (b) cos (9 an 130" (d) sin 140"

(© cos 10" (1) cor - @® un 100" (W) sin 95"

Wit down the value of the falowing, luvvnl surds in your answers:
@) sin 45

(e) tan 60" (f) sin 90° ® eoi 920" (h) sin 150"
) sin13s () cos120° (k) sin180° () cos 80"
(m) tan 135" () cos 150° () tan 120" (p) sin 120°
3. Show that: (a) sin? 30° + sin’ 45° + sin? 60° =
(b) sin 60° cos 30° + cos 60° sin 30" = 1
(€) sin® 45" + cos? 45" = 1
4 in 207 = 0342 wric down ihe values of:

(a) sin 160 () cos (© cos 110°

5.1 sin 40° = 0-643 and cos m‘ = o 766 write down the values of:
(@) sin S0° (© sin 140"
(d) sin 130" (©) cos o (f) cos 130"

6. If sin A = 098 and cos 4 = 02, find the value of tan 4.
7. 1f sin B = 0.954 and cos B = 03, find the value of tan B.
8. If sin 0= 3 and 0 acute, find the value of (a) cos 6 (b) tan 6.
9. ";m 6= § and 0is obtuse, find the value of (a) cos 8 (b) tan 6.
fsin 6 = 74 and @is obtuse, find the value of (a) cos o & un [3
i Fmd the value of  in each ofthe Fllown, gvn that x i acle:
b)

05 x o 30 = i
() cos (40° + x) = sin 30" (d) sin (20° + x) = cos 50"
(€) cos (3x = 107) = sin 10" (f) cos (2x + 40) = sin 40"

0.7 Solution of triangles

Cosine rule
Consider AABC in which CN s the perpeiculr from C to BA (roducsd

f necessa 2). Let the sides of the triangle be , b and c, the
angie CAB be 4 oyt X CN = h ¢
Case 1
Using Pythagoras' theorem

ACBN & = 2 + (¢ — x)* 4 b
N b = 2+ X

ACA
Blminatog 3
im0
@b e B
me AANC x = bos 4 e

at = b+ ¢~ Dbecos A —_—
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Case 2
leng Pym.!om theorem
o+ (e + X

AU\N Bt
Eliminating &%

@ =b -t

So @t = b+ ¢+ 2ex
From AANC x = b cos (180" — A)
)

o

P = I—

os
Hence a* = b7 + ¢* = 2bccos A

‘This is the cosine rule and it is frequently used to determine a side or angle
of a given triangle.

B4 - dbecosd

Example 22
Find the length of the side BC in each of the following triangles:
@ < ®

a

3
Tem A b Tem A

By the cosine rule By the cosine rule
BC! = 123 + 8 — 2(12)(8) cos 32° BC? = 12} + 8 — 2(12)(8) cos 14
= 144 + 64 — 192(0:8480) = 144 + 64 ~ 192(~07660)
208 ~ 1628 = 208 + 1471
giving BC = 672cm giving BC = 188 em

Example 23
Find the angle Gin the given trangle.

By the cosine rule 7% = 57 + 42 — 2(4)(5) cos 0
25416 - 49
cos 0w B IS
=02
We now need to find the angle whose cosine is ~0-2. Since the cosine of the
angle s negative, the angle must be obtuse.
Using a calculator, press the inverse cosine button (marked cos~" or arc cos)

to give
57 (~0:2) = 101-54" (correct 102 d.p)
Alternatively using tablcs of cosines, scarch for 02 and read off the
appropriate angle (78" 28)).
A o chuse 0 = LOF . 7525
01-54°.
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Sine rule

Conidr the tangle ABC in which the sides are a, b and ¢ and the angles
are A, Bar

‘The sine rule states that

Prof: Let CD be the prpenialar rom C 1 AB Grodueod
sary—sce Case 2) and let CD =

Case 1 ¢

From ABCD sin 8 = % From ABCD snp=t
or h=asnB .0 o h=asinB .0

From AACD sin A = % From AACD sin (180 — 4) =
or h=bsnd .0 or & = bsin (180" = 4)
=bsind  ..[2

“Thus, eliminating & from equations [1] and [2) gives asin B = bsin 4 or ==

" a e a _ b
It can similarly be proved that oy = Cr  hence g = cip = i

Example 24
Find the length of the side BC in the given triangle.

By the sine rule

So
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Example 25
Find the angle x in the given triangle.

y 8 _.6
By the sine rule -t = o
So sinx = STV o704

By calculator or tables sin~' 07048 = 44:81° but we must remember that
(180" ~ 4481°) would also have a sine of 07048, and so

= 481 or 13519
In this example the obtuse value of the angle can be discarded gs it is not
possible when one angle of the triangle is already known to be 70°.
x = 481"
In some cases both answers will be possible.

Exam
Find the -nye x in the given triangle.

3 4 m =
By the sine rule 12y <

4sin 38°
3

So sinx =

= 08209

hence x = SSIT or (180"~ SSAT) ie. 12483
In this case both answers are possible and there are two triangles
that could be drawn from the original informatior <
IF%, = S517" and , = 1248 then these re rangles ABC, D
and ABC, as shown on the right.

Note on the solution of triangles

Suppose we had to solve the AABC showa (i.c. find all unknown sides and
angles). We would first find c, using the cosine rule, and then have a choice
as to which angle, 4 or B, we would find next. If we use the sine rule, we.
should then have to decide whether or not the obtuse angle answer is
applicable. It is therefore best 1o find the angle opposite the smaller side first
(ic. angle B) as this must be smaller than the angle opposite the larger side
and will therefore be acute.

Alternatively, angle A or & could be found by using the cosine rule
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Area of a triangle

In addition to the rule: arca = P45¢.%

8 for inding the
area of u triangle. there are two other useful forml

B
1 Area = 4absin C (or the sin 4 or kac sin B).
Proof: Consider AABC in which b s the ength
of the perpendicular from B to AC.
il IAC % h
= ih % (BC sin C)
iab sin €

‘The other two variations of the formulae can then
be obtained from this by use of the sine rule.
2 Area '[m oK~ ks - o) ’

where s = 4B C

. the semi-perimeter.

‘This second formula was first stated by the Greek Mathematician Hero
and is called Hero's formula. (The proof is not given here).

Example 27

Find the arcas of the given triangles:

(@) (b)
§ji ® a§ 7 em

= =
Atca = 4 x5 % 6 x sin 50" $i749
115 em? St 10
Area = J[10(10 - 4)10 = 7)(10 - 9)]
= V180 = 13em?

Exercise F

1. Find the length x in each of the following:
£

k.

(0]




2 Fmd the angle 0in cach of the following:
()

%

3 3
8\ v
() &
" @ 3
G 3
A A Q
o
3. Find the areas of the following triangles:
(a) w (b
6m o>
L 5
o o
(d)
FA

0em

4 Solve mz iangle ABC mm that
7em

44 a
5 Sov the wriangle ABC given um
A =45, 5 cm an

6. Solve n-e iangle ABC given |hn

¢ - 8emanda

7. Feoma i A, w0 othercips Band C,

Tie on bearings of 320’
respectively. If B is S ' o A and C s
3 km from A, find the distance from B (0 C.

8. Three points A. B and C all lic on level
ground with B due south of A. The point
Clies 250 m from A on  bering NSS'E
and Cis 400 m Find the bearing
TC o 10 th met degree.

. A ship A is 7 km away from a lighthouse
L on a bearing 080" and a ship B is 5 km
away from the lighthouse on a bearing
210° Find the distance and bearing of A

o=

™

from B.
10. Three points A, B and C lie in a straight

2
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line on fevel ground with B between A and
C. A vertical mast stands at A and is
supported by wires attached to its top and
10 points on the ground. One such wire is
fustened at B and another at C. The wire
to C makes an angle of 40° with CA and
the wire to B makes an angle of 60° with
BA. If BC = 22 m, find the length of the
wires and the height of the mast.

11. A gardener encloses a triangular plot of
land by using an existing hedge of length
16 m for one si ncing, of total
length 20 m, for the other two sides. If the
area of the plot is 24,/3 m? find the
lengths of the sides of the triangle.

12. From a harbour H two ships A and B are
situated 2x km due north and x km on a
bearing N a E respectively (a being an
acute angle). Use the cosine rule to show
that the distance between the two ships is
given by x/(S — 4 cos a).
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0.8 Three-dimensional trigonometry
Angle between a line and a plane

Suppose a line OP meets a plane ABCD at the
point O. The angle between the line OP and

the plane is then defined as the angle between

OP and the fine which s the projection of OP

on the plane ABCD. The projection of OP on

the plane ABCD is OQ where PQ is

verpendicuar 0 he plane ABCD. Herce the
required angle is P

Angle between two planes
Suppose two planes ABCD and ABRS
intersect in the line AB, as shown.
The angle between the planes is the angle
tween two lines, both of which are at right-
angles to AB. which intersect on AB, and lie
one in each plane. The required angle is then
MEN.

Line of greatest slope

Al lines drawn on an fncized plane ars ot
cqually steep. In the di
Rorzonial and paralel 10, OX.
The vertical distances of A, B and C above O
are all equal to .
Hence, since

OA < 0B < OC

hoo b h

then gz > > g
thus singy > sin 6, > sin &y
i 6>
e stepest lne drawn on the inlined plane
will be drawn from O at right-angles to the
line ABC.
Since ABC is parallel 10 the line OX, this line
ofgrntat sope will ko be at ightangles to

When e say a planc is inclined at an angle 0
10 the horizontal, we mean that the line of
greatest slope on the plane makes an angle
with the horizontal plane.

=




Angle between skew lines

Introductors work

‘When considering a two-dimensional situation, two lines that are not parallel

will intersect. However, in three

ines which are not parallel

1o cach other will only intersect if the lines themselves are in the same plane,
i.e. coplanar. Two lines which are not coplanar are said 1o be skew lines.

Consider the skew lines LM and

ABiis & line drawn paralel to PQ s that AB
and LM intersect (i.e. . AB s el 1o FQ
and is coplanar
‘The angle between e sk s PQand LM
is then defined as the angle 0 between the lines
ABand LM

Example 28
‘The cuboid shown has PQ = 24 cm, PS = 18 cm
ind QL = 7 cm. Calculate, to the nearest degree:
(a) the angle between the fine SL and the
plane PQLM
(b) the angle between the planes LMSR and

() the angle between the skew lines PK and
ML.

(@) PLis the projection of SL on the plane
PQLM. Hence the angle between SL and
the plane PQLM is the angle between SL
and LP i.e. SLP

8
s

(10 nearest degree)

&) Planes LMSR and FORS mect i the e RS.
plane PQRS and is
perpmdwul:r RS, LR is
LMSR and is perpendicular
ange between he plans s QRL.
wn QRL = ¢

. QRL zl' (to nearest degree) .

2em—~Q

2Hem—aQ
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(©) ML is paraliel to PQ, 5o the angle K
betwen th skew ines PK and ML quals
the angle between PK and PQ ie.
tan KPQ = —O
- M Bem| M Jy
/
KPQ = 39" (to nearest degree) l p /e
P—em Q
Example 29

A particular hillide may be considered to be a lined at 110 C
TheNorironal. A steaight pith up he hilside make an angle of
30° with the line of greatest slope. Find, 1o the nearest degree, the
angle the path makes with the horizontal.
Let ABCD be s porion of the hiside and the pth be
represented by  projection of AV in the
horizontal plan:. 'AH is orisontal and AG s a lne of
greatest slope on the hilside. Let AG = a and VAK = 6.
From AAGH  GH = asin 1
VK = asin I5*
From AAGV cos 30" = 24 or

AV
YK o £08 30"
In AAKV sin @ = AV asin 15° —
: sin @ = sin 15" cos 30
giving 0 = 13" (to nearest degree) A
Example 30

A rectangular-based pyramid PQRST has its
vertex T vertically above the mid-point M of
the side PQ. If PQ = 24 cm, QR = S cm and

'Q = 20 cm calculate, 1o the nearest degrec
(4) the angle between the planes RTS and

RS.
(b) the angle between the skew lines RT and QP.

(@) Let K be the mid-point of SR. Plancs
ind PQRS meet in
TK lies in the plane RTS and is
perpendicular to RS, MK lies in the plane
PQRS and is perpendicular 0 RS.
The required angle is TRM, which is marked a on the diagram.
™ {(20* - 12y

tan o= o

giving o = w to scar degree)
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(b) RS is paralll 1o QP, so the angle between the skew lines RT and QP
equals lhe lnsk between RT and RS i.e. the angle TRS, marked g in
the diag
From ATRK an f = ﬁ
but TK = /(5 + TM?) and TM? = 20 ~ 12! = i6?
o
an g = O 16)

giving. TRS = 54° (o nearest degree)

Example 31
A particular hillside may be considered to be a plane inclined at 22° to the horizontal. A man walks
60 m due north up a path which follows a line of greatest slope on the hillside. He then walks due
west across the hillside 10 a point P. From P he follows a straight path leading back 10 his starting
point O and the length of this path is 85 m.

Calculate the inclination of the path OP to the horizontal
and the total distance the man has walked.

Let OQ be the path due north and fet N and
M be the fect of the perpendiculars from Q
and P o the horizontal plans hrough the
poin Let POM
From AOQN QN = 60sin 22*
hence M = 60sin 22"

From AOPM  sin 8 = B - €01
or 0=153
Total distance walked = 0Q + QP + PO o
=60+ 85" — 60°) + 85
= 52m

The inclination of the path OP to the horizontal is 153" and the man walks 2052 m.

Exercise G

1. The diagram shows  cbid H
ABCDEFGH with CD = 9 co.
BC = 12 cm and F
(a) the nngl: bel\vem lh: Im: EC md the F L+
plane A
(b) the anglc emeen the planes EFCD
and A
@ the ngle between the skenw lines EC
nd AD.
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2. The diagram shows a wedge ABCDEF E
with ABCD a horizontal rectangle and
ABFE a vertical rectangle. BC = 12 cm, £
€D = 5 cmand BF = 3 cm. Find } o
(@ (he angle between the line FD and the 3 g b vd
se ABCD, | 7 o
o e angle between the planes EFCD i <
and ABCD. —

©) the angle between the lines BE and
EC.

em—

@ the mglc between the skew lines EC

3. ABCDE is a pyramid with ABCD the square horizontal base. AB = 6 cm
and AE = BE = 8 cm.
Find (a) the height of the pyramid,
(b) the angle between the line AE and the base,
(©) the angle between the planc EAB and the base.

4. ABC is a horizontal triangle, n;nungled atB, :nd BCDE is a vertcal
rectangle. BE = S cm, BC = 10 cm and EAB
Find (3 BAC, ( DAC, (@) ms

5. The diagram shows a right triangular
prism of length 10 cm. The rectangular
se BCFE is horizontal. ABC and DEF
o1 vesthon s g with
AB = AC = 5 cm and BC =
Find @) the heght of AD above the base BCFE,
the angle between the planc DBC and the base,
© he angle between the fine DC and the base.

6. The figure ABCDEF shown in the ¥
diagram s cquiiral g ADC 12
DEF, of side § cm, slanting in towards the
base such that each triangle makes an C, E
angle of 60° with the rectangular s ABED.
Find (a) how much shorter CF is than BE,
(b) the angle between CB and the base to
the nearest degree. & B

7. From the base of a vertical tower of height 30 m point A lies due south
and point B lies in a direction S60°W with A and B both on the same
horizontal level as the base of the tower. The top of the tower has angles
of elevation of 12° from A and 15" from B. Find the distance from A to
B 10 the nearest metre.



8. A vertical mast PQ has 4 cqual wires
attached 1o its top P. The other ends of
the wires are attached o points A, B, C
and D on the ground, level with Q. If PA

between the planc PAB and the ground if
(a) ABCD is a square of side 6 m,

(b) ABCD b nxlanxl: with AB = 6m
and BC =

9. A rectangular plot of land ABCD lies in a
horizontal planc. A pole of length 3 m is
held vertically at C and the top of the
pole hat 30 angeof ceaton of 16 from

and 25° from D. Find the area of the
ylm vt th v of top of the
pole from A (1o the nearest degree).

10. VABCD is a pyramid with ABCD as the
square base of side 10 m. V is situated
vertically above a poiat P inside ABCD
that is 5 m from the line AD and 3 m
from the line AB. I VA = VB = 13 m
find (a) the angle between the planc VAB
and the base, (b) the height of the
pyramid, (c) the angle between VA and
the base, (d) the angle between the planc
vDC

Points A, B and C all he same
horizontal plane with B on @ bﬁrmg
N3OW from A and C on a bearin

N2OE from A. A vertical tower of height
30 m stands at B and the angle of
clevation of its top, from A, is 18", A
vertical tower of height 20 m stands at C
and the angle of elevation of the top of
the tower from A is 20°. Find the distance
from B 10 C to the nearest
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12. From an observation point at sea level, an
aircraft is observed on a bearing N3O'E,
elevation 20" and at height 600 m. The
aircraft then fles due cast for 1000 m,
without altering its height. What will be
its bearing and angle of clevation from the
observation point then? (Give answers to
the nearest degree.)

13. A hillside forms a plane surface inclined

a125" 1o the horizontal. A straight path

up the hillside makes an angle of 60° with
the e of greatest slope. Find, to the
rest degree, the inclination of the path

o the horgontal.

road is to be constructed we hillside

e ‘may be consi lane

Suface making an angle of 40 with the

horizontal. At what angle to the line of

greatest slope must the road be

constructed if it is to make an angle of 20"

with the nummun (Give your answer to

the nearest degree.

15. VABCD isa pyﬂmvd with the vertex V
situated perpendicularly above the centre.
of the square base ABCD. If 0is
angle between the edge VA and the base,
and ¢ s the angle between the planc VAB

base, show that tan ¢ = /2 tan 0.

The diagram below shows a right
triangular prism ABCDEF with the
rectangular base ABCD horizontal and
triangles ABE and DCF vertical

= EB, AB = xand BC = x/2. The
angle between EFCB and the horizontal is
§and theangl between EC and e base
is ¢. Show that 3 tan ¢ = tan

B
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17. The diagram shows a cuboid ABCDEFGH with AB
and BC = y. If the angle between the skew lines BH and
AD is 8show that

ysin 6 — Sxcos 6

ix, AE = 3x

18. Two vertcal mast BD and CE, cach of height 4 have teiebases B and
n level ground with C 10 the east
AwmlAllaon the same level as B-wClndvldwenulhu[I! The
angle of clevation of D from A is 6.and angle DAE = ¢, If the angle of
elevation of E from A is a show that sin a = sin 0 cos §.
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Functions

1.1 Basic concepts

Four children, Ann, Bob, Carol and David, are given a spelling test which is
‘marked out of five; their marks for the test are shown in the arrow diagram
on th righ.

)y choosing any one name from the set of names, we can find the mark
Wiy ‘Any rlaionship Which takes one lement oo
assigns 1o it one and only one element of a second set is said 10 be a
function.

The first set is said 10 be the domain of the function and the second set is the.
co-domain. We say that each element of the first set is mapped onto its image
in the second set. The set of all images will be a subsct of the co-domain,
and is called the range.
Thus in the above example.
the domain is {Ann, Bob, Carol, David)
the co-domain is {1, 2, 3, 4, 5}
the range s {3, 4, 5}
Notice that a function can map more than one clement of the domain onto
the same element of the range, ¢.g. Ann — 4 and Carol — 4. Such functions
e said to be many-to-one. Functons for which cach cement of th domain
‘mapped onto a different element of the range arc one-to-one.
Rd‘lmnsh:ps which are but from our definition
bove, they are not functions. The following diagrams illustrate these facts.

one-to-one function ‘many-to-one function one-to-many relationship
7 A=
] =<
c \

the domain is A, B, C} the domain is (A, B, C} Because this is a
the co-domain is (W, X, ¥, Z}  the co-domain is (W, X, Y, Z}  one-to-many relaionship,
the range is (W, X, Y} the range is (W, Z} itis not a function.

IF every element of the co-domain s the image of at least one element of the
domain, then the function maps the domain onto the co-domain. Otherwisc.
the function maps the domain into the co-domain.
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Figure A shows  oneto.one fnction mapping 4. B, C)to (W, X, Y. z»
Figure B shows  one-to-one function mapping (A, B, C} onto (W,
Figure C shows a many-to-one function mapping (A, B, C} into [W, x v z;
Figure D shows 4 many-to-one function mapping {A. B, C) onto (W,

For most functions which concern us, the domain will be a set of numbers.

Suppose a function has the set X as the domain and is such that it doubles
any element x of the domain (o give the corresponding clement of the range.
This function would be written f: x » 2x or f(x) = 2x, either form being
acceptable. As this function would map the number 2 onto s image, the
number 4, we could write this fact as f: 2 — 4 or as /(2) = 4.

Other letters such as g or 4 may be used in place of £if we wish to
distinguish between functions.

Example 1

Draw arrow diagrams for the functions
@ fx =2 () gix =3+ 1 (9 hx
n i

for ! . 0. 1} and state the range oreach function.
@) f:x = 2x M) gx =3+ (©) hix = x*
I  —— '4
| >
rangeis {-2.0,2) range is (-2, 1, 4} range is {0, 1}
Tt is som ies helpful 1o think of functions as ‘machines’. A box of

numbers (the domain) is put into the machine. The machine then aliers each
‘number according to some rule and outputs the new numbers into a second
box (the range).

function

-1

0 -2
‘This machine subtracts 3 from ‘This machine changes each
each number. ‘number to the number 5.
The domain is {1, 2,3, 4} The domain is {1, 2, 3, 4}

‘The range is {~2, =1.0, 1} The range is {5}
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Example 2
State the range of each of the function machines for the domains shown.

(@ function (b) function
32 [ ‘machine -2 0 ! machine
1o fx—2+3 1 fxox

101,230 2253 (357,03 the range i 13.5,7,9)

) 1-2 =1.0.1.20 S5 14,1, 03; the range is (0. 1, 4

Note that it is usual 10 state the clements of the range in ascending order of
magnitude. Therefore the first clement of the domain will not necessarily be
mapped onto the first element of the range.

Example 3
The functions f and g are given as /()
State the range of cach of these functions.
If x > 0, then x + 3 > 3. Thus the range of f will be f(x) > 3.

M-2<x<3then0 € ¥ <9 Thuslhtrun'eafgwl!lbel)('(x) <9

x+3forx>0andgx) = ¥for -2 x <3

u..-,u 4
= 4x — 3and g(x) = x* for the domain of all real x, find:
(l) /(1). (b) f(~ 1)- (c) g(=3). (d) the possible values of a if f(a) = g(a).
@ /=42 -3=5 ) f(~ 2)"1 Zi-]-—ll
©e-n=(-3=9 @ f@ =
“Thus, |I
we have 4a —

a
@ —da+3 ging a=lor3

Ifthe domain of a function s not stated, it should be assumed to be the set of all
real numbers for which the function is defined.

Example §

The folloing fncions map an cement x ofte domain oo s image
- 1 For ach of the thec funcions below, ste (. the domain for

Wi the untion s def the corresponding range of the function,

(i) whether the function is one-to-one or many-to-one.

@fix=x+3 (B fix

@ fix=x+3
(i) The function is defined for all real x, 50 the domain is R.
(i) For this domain, the range will contain all elements of R, so the

range is R.
(iii) Each clement of the range is obtained from only one clement of the
‘domain, so the function is one-to-one.
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, 50 the domain is

@ Fortisdoman, e ange will contain all positive numbers in R.
mber that symbol ,/ is defined to mean the positive square
‘The range is perlore {r € iy 3 01
(iif) Each element of the range is obtained from only one element of the
domain, so the function is one-to-one.

(Cl]v__‘s

O The foncton s deﬁmd for all real x except x = 0. We write the,
jomain as {x € R: x # 0).

Gi) Fur this domain, the range will contain neither z€ro nor any

||ve ‘numbers because x* (and hence 1/x2) will be positive. The
is therefore {y € R: y > 0},
(i) iere the clements o the range ¢ be abtsind from more than one
Jement of the domain, ¢.g. /() = $ and f(~3) = 4, s0
function is many-to-one.

Exercise I4
1. State which of the following arrow diagrams show functions.

@ ) ©
—— == ==
/—— = =

2 St which of the fllowing arrow dagram show: () 8 cn-o-one
function mapping into the co-domair
mapping ot the o-domtn. (7 a many-to-on faneion mapping into

3. State the range of each of the following ‘function machines' for the
domains shown.
@

==
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4. Draw arrow diagrams for the functions f: x — x + 2, gix —»x! + |
and /i x —+ (x + 1) for the domain (2, = 1.0, 1, 2] and state the
range of each function for this domain.

S Draw arrow diagrams for the functions /5 - (. g x -+ [+] - | and

x =+ |x = 1] for the domain (~2, ~1,0, 1. 2) and state the range of
u:h rnncmm l'ov this domain,

6.10/(x) ~ 3 find

o I(Z). (b}jhl)‘ (©) f(6), (@) the value of a if f(a) =

(.) mk (h) .( »‘ © ,m‘ 4 the powile value of a i ta) = a
B f(x) = (x) =

® /0. (h) l( 3. © .1 31, (d) the possible values of  if f{a) =

9, The function / is wven by /1) = ax 4 b 1E/(3) = 3 and f14) = 5, fnd b
10, The function g s iven by g(x) = axt — b, If g2) = 5 and (- 1) = 2

fnd the value of  and & and hence find KA.
11. Each of the following functions maps an clement x of the domain onto

s image y. i /(x) = y. Find the range of each function for the given

domains and state whether Ihe function is one-to-one or many-to-one.

m/ ~x +3 with dom

2252 v domain

with dor
with domain (.
© with domain {x: =3 < x & 3,
0 fix— \/, with domain {x: 0 < x & 25,

@/ x- D with dom r <)
(h) f:x = ¥ ‘with domain R,

@) fx sl with domain R,

G Lix =t with domain (x x> 11,

(k) f: x = & + 4 with domain R,

m s L = with domain (x e R: x # 1),

3 'nu Tollowing fuctions map an clemen x o the domin ant s image
. f: x - y. For each function state
(1t dormin tor whieh he funcion i defnd,
(ii) the corresponding range of the function.
!

@ fix a2 O fixld @ fx L @ fixo oty

L2 for 0cx<)

13. fand g are defined as follow, /.x«{x, (=2 99acd

3 for 0% x €3

“‘{' for 3<xs6

Explain why & iv  function but /s not.

142 for 0xe2
14. fand g are defined [n|lowl’].x<{’;.‘ B8 Heask
L[ frocxc2
B for 2€xs4

Explain why / is a function whereas g is not.
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1.2 Composite functions

Consider the functions /(x) = 2v ~ 1 and g(x) = x*. Using the ‘machine’
analogy. suppose we input the numbers (1, 3, 5. 7} into machine £ and then
take the output from this machine and put it into machine g.

function function
37 || machine | =[5 13 [~| machine || 25 169
[ S =2v -1 (K] #o) = x* [
‘This combined or composite function is written gf(x) or simply gf. Notice
that the function f is performed first and 50 is written nearer to the variable .

The set {1, 3. 5, 7} is the domain for the composite function and
11,2581, 169} is the range.

Example 6

I = 2xand gt x* 7 L find the range of cachofthe fllowing
functions for the domain (2.

(@) /(). (b) g, (:) /‘(x) (d) gﬂx)

(@) 12, - 1.0 1.2} 4 (~4, ~2,0,2.4); the rangeiis (=4, ~2,0,2,4)
®1-2.-1,0 1, 2% (3.0,*|l;|h{ﬂngﬂ(*|.0‘3)
©1-2.-101 1x5 3.0, =1) 4 (6,0, 2} the range is (~2,0, 6}

@ =2 -1.0,1.2 4 (-4, -2,0,2.4) & (15,3, = 1); the range is (- 1. 3, 15)

Example 7
IA(x) = 2xand g(x) = . find
(@) f2). () gB). () fs(ly. and express gf(x) as a single function A(x).
(@) f@) = 22) ®) 2(3) =30) + 1 © =32 +1
-4 -0 -7
50 fg(2) = f(T)
=4
S = 2550 gf(x) = 529

'M*‘ Soohx) = 6x 1

1.3 The inverse of a function

Consider a function  which maps each element x of the domain X onto its
ige y in the range

fix =y where xeX and yeY.
Can we find the inverse function, written /', that has domain Y and range
X, which ape bk 10

Sy
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First recall the definition of a function. Any one-to-one or many-to-one
relationsip i  function. However, i we atempied to o the vere of 3

to-one function, we would obtain @ one-to-many rellm)mhln ‘which is
ot funcion. Thus,only » one.o-one ancion can hav an imerse
function.

The following diagrams illustrate these points.

domain X L range ¥ domain ¥

[isa one-to-onc function £7"is 8 onc-to-one function

domain U -+ range V domain V £-range U
l .

#1s 2 many-io-one funciion &' is oncto-many and

Soitis nor a function

To find the inverse of one-to-one function, we write the scparate operations
of the function as a flow chart. We then reverse the flow chart, writing the
inverse of cach operation.

Example 8

Find the inverses of tese functions.

@AY =243 G W =2-x @ K9 =13

(a) First write the function as a flow chart with input x and output 2x + 3
-

Now reverse the flow chart, and wite the inverse of each operat

With input x, this will now output the inverse function.

So the inverse function /' is x =+
Check: f@) = 7. () =2
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(b) First write the function as a flow chart.

X‘-

Now reverse the flow chart, writing the inverse of each operation.
SE

sx-2-x, e

“h=2-(-D=3

bufsfe —x42=2-x
So the inverse function g
Check: g3 = -1, g”

(¢) First write the function as a flow chart

Now reverse the flow chart (notice that the operation ‘invert' is its own
werse)

=[]

So the inverse function A~ is x -

1
¥+

Check: h2) = =24, h(=2) = .;_ =2

Example 9
16— x + ) and g2 x — 2 find in similar form:
@f B @Ok e @7

3
-[o]-[2]--
2= 3 e gis its ow inverse)
Check: g:6 =3, g™ 4~ 6.

—x-1
Check: f:3 4, ™43,



So (- 2y
Check: fg:3 =2, (fyi2-3.

“The reader may notice smilarites between this work on inverse functions
and the process of ‘changing the subject of  formula’ which may have been
met in earler years.

For example, in part (s) of Example 8, we found that for f(x) = 2x + 3 then
£ (9) = 53, This is similar to making x the subject of y = 2x + 3

as follows:

y=2+3
rearranging y ~ 3 = 2x

-3
then x=i5=
Inverse functions can be obtained using this technique.
Example 10

Find the inverses of the functions.
@S = 3= 1 b g0 = 2

(a) Iff(x) = y, we require /~'(y) = x

So given y, we can return to x using
vt

A the expression > + 1.
it ’7
3 Thus g"(x'-;+]

S0, given , we can return 0 x using
the expression

Thus /7' =
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Restricting domains

Although we have said that only one-to-one functions have inverses, we
consider the inverse of a many-to-one function if we restrict the function to a
domain for which it is one-to-one.

For example, /: ¥ — x* is a many-to-one function for a domain R, but if we
restrict the domain 1o {x & R: x > 0}, the function is then one-to-one and will
have an inverse.

Exercise 1B

11 /(x) = Sxand g(x) = 1

lll f3). (&) HZ) (CY l/(!) ) /3(1?- © £20). (1) FO).

A9 = 2+ 1 and ) = ! fndthe range of cach f the Fllowing

2 encion o e dom in (-3, -2, 71 0.1,2.3

@109, © g © e, (@ g,

It (9 = | = 3 and he) = || i the rangeofcach of
(owing unctions for the domain (~2. ~1,0, 1 3

(@) fz. (b) :ﬁ (©) gh, (d) /lh. () hef.
LI fox = 3x, gx s 2x — I x = x3 express the following as

(c! gﬁv (d) hg, () fh, (F) feh. (8) ghf.
X + 4 state which of the functions £, fg, f or

g corresponds
(.)(<zx+4, B x-x+8 ©x

6.1/ x ~ x* and g: x — x + 2 state which o n.mm.uy/,,ym,x
comesponds to

@x-x+4 (B x-x+2 (x—x+dx+d

I6fix = x+ 1 g x = x* and ) ~ 2 express the following in similar form

@ fg. () /b, (©) xhv (d) hg. (€) hfg. (1) hef.
8. Find the inverses of the following functions:

@fix=dx-2 O fix—F © fix=5—x

. : el tx—2-1
@fixa @+ 1P @ fixa 42 ®fix=2-1

@ vty W fixog
9.1 fx 20+ 3, gx -+ x ~ 2and ki x 2 find in similar form
@& O D @b @ G © ket 6 GeN)

1.4 Ordered pairs
Consider the sets A = {1, 2) and B = {2, 3, 4}. The diagram on the right a2
represents function f: x —» x + 2 where x & A and y € B. B

Alternatively we could show this relationship by listing the possible values of
xand y as ordered pairs. For the function above, the ordered pairs would be -
(1.3)and (2,4).
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The cartesian product of the two sets A and B is written A x B and is the
set of all possible ordered pairs (x. ») where x & A and ) € B. For the sets
A = {1.20and B = (2, 3. 4}, the cartesian product would be:

(0.2 (13 (149, 2. 2.2, 3. 2 41

Example 11

A ={23and B = (4.5,
such that ¥ € A, y € Band x

The required ordered pairs would be (2, 4), (2. 6). (2. 8), (3, 6).

7. 8. write down all the ordered pairs (x. )
afactor of y.

Example 12

Four members of the cartesian product of two sets A and B are (2, 1), (2, 3),

(4, 1)and (4, 5). If there are a total of six such ordered pairs in the cartesian

roduct A x B, find:

(a) the two missing members of A x B,

(b) the elements of A and B,

() the ordered pairs (x, ) such that x € A, y € B and x s less than y.

(@) From the ordered pairs (2, 1), (2, 3). (4, 1) and (4, 5), set A must contain
the clements (2. 4) and st B must contain {1, 3, 5}. Thus the two missing
members of A x Bare (2, 5) and (4, 3)

() A = (2,4and B = (1, 3,5}

(€) The required ordered pairs are (2, 3), (2, 5), (4, 5).

1.5 The graph of a function

Consider the function f: x —» x + 3 which maps the domain X onto the
range Y. If x& X and y ¢ Y such that /: x — y, we can write down the
ordered pairs (v. y). If X = R, then Y = R and there would be an infinite
number of such ordered pairs (x, y). However, if we restrict the domain X to
certain values, say X = (=2, —1, 0, 1, 2}, we can then list the o

pairs: (=2, 1). (=1,2). (0. 3), (1. 4), and (2, 5).

“This set of ordered pairs can be plotted as points on a graph. If these points
are joined, we obtain the graph of the function f: x — x + 3 for the
domain {x e R: |x| < 2).

We say that the graph of this function has the equation y = x + 3; the
ondered pai iing each point ivs the - ad y-cordinaes b point on
the graph.

As the value of x varies over the whole domain, so each corresponding
value of y can be obtained; x and y are called variables with x the
independent variable and y the dependent variable.

The cqurion need not abvays be gien wilh y 3 the subet. For cxampe
y=x+ 3canbewritenasy — x = 3,y -
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Clearly, if the domain were the set of all real numbers R, we could not plot
the entire graph of the function. Usually we are only interested in certain
values of x or in a particular section of R for which a graph is required.

The ordered pairs are usually written as a table of values. For the ordered
‘pairs obtained above, the table of values would be

Example 13
For each of the following functions.
() write down the equation of the function,

) construct a table of values for the given domain,

i) plot the graph of the function for that domain.
@fix=2x+1 for |x|<2 (®)fix—=+3 for 0<x<4,
©fixsxi+2x-2 for ~4<x<2
(8) () The equation will be y = 2x + 1 (6) () The equation will be y =
[} (i) n this case y will eqlul!forcvery

Gii) Gii)
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() () The equation will be )
= k2
(i) Tn this case the equation is more
complicated o we will build up each
 value gradually.

In some cases, the chosen points may be insufficient to draw the graph with
certainty, 5o it wil then be necessary 1o take extra values for x to obtain
‘more points. In Example 13 part (c), we could have included x = —4 and
x = ~ 1} to give two more points at the part of the graph which is difficult
to draw.

Example 14

State which o the following poins li on the lne y = 2x ~
@D.(=2, =D, (=1, =5).

For  poiat o llean  parour lne th coundicats of tha gt st
satisfy
Substituting x = 2into y = 2x = Igives y = 1. .. (2, 1) does lie on the line.

Substituting x = ~2into y = 2x — 3gives y = ~7. . (=2, ~1) does not lic on the line.
, - 5) does lic on the line.
Thus the points (2, 1) and (=1, =5) lie on the line y = 2x - 3.

Substituting x = ~1into y = 2x — 3gives y = =5. . (

Example 15

Find where the line y = 2x = 6 cuts (a) the x-axis (b) the y-axis.

(@) Any
Subsi

int on the x-axis will have a y-coordinate of zero.
gy = 0fntoy = 2x — 6gives 0 = 2x — 6

3
2x = 6 cuts the x-axis at (3, 0)

(b) Any point on the y-axis will have an x-coordinate of zeto.
Subsituting x = 0 into y = 2x ~ 6 gives y = —6

2y = 26— 6 cuts the y-axis at (0, )
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Itis important to realise that it is possible to writc equations
and to draw graphs for relationships between x and y that are
not functions.

The equation x* + * = 25 is a relationship between x and
and the graph of all'possible ordered pairs (x, ) gives a circe.
However this relationship is not a function because every x
value does not have one and only one associated y value, e.8.
for x = 0, y could equal $ or =S,

Exercise IC

LIFA = (3,4, 5,6} and B = {1, 2, 3, 4}, write down all the ordered pairs
(x, ) such that x € A,y € B and x is twice y.

2.1FA = (2,3, 4), write down all the ordered pairs (x, y) such that x € A,
y €A and x is greater than y.

30FA =(-2,-1,0,1,2and B = (0, 1, 2‘3.4).wnlcdnwnalllhe
ordered pairs (x, ) such that x € A, y € B and y

4. Three clements of the cartesian product A x B are 0.9, 2, and
(3, 5). IF there are six such ordered pairs in the cartesian product, find

(@) the sets A and B,

(b) the other three elements of A x B,

(©) st C; a subset of A % B, such that C = {(x, )): x € A, ysBde =

IPA = (0,23 and B = (12,3, 45, 6, find he ordered pa

of set C given that C :x €A, yeBandy = 2

State which of the following points lic on the line » = 8 ~ 3x,

2.2).(=1.9). (1. 5). 4, =9).

IFall of the following points lic on the line y = 2x — 6, find the values

of a, b ¢, dand e: (5, a), (2. B), (~2. ), (d. D, (&, ).

8. If the point (2, 2) lies on the line y = ax — 4, find the value of a.

3. Irthe points @ 1 and (=2, =)l on e ne = ax + 5, find the

ues of a
10, P whete e followingfnes cul () the -ais (u) m xeaxis.
@y=x-4 (b) y = 2x ~
@y=ix+3 (©) y+ 2 =E (f); Sx=13
@B -Sx=12 My=x-3x+2() y=v+x-6
For cach of the functions in questions 11 10 20, (a) write down the equation
of the function, (b) construct a table of values for the given domain,
(€ plo the raph of the ackon. forthat domei.

Lfix—x+1 for |xl< R.fix=x-2 for |x<4
u./.,-u«: for ms: M. fix=x for —2<x<

XS

4



15, fix =5 for |x <3 16 fix = =2 for |x| <3
1. fixx+3x-2 for ~5<x<2 18 fix =¥ - 2 -4 for
B.fix=20 -4y -5 for ~2€x<4 W fix=10+x—x for

1.6 Some further considerations

Odd and even functions.
Any function for which /(=) = /(x) is called an even function.
/0 examples of even functions are
fix and gx oy
g f(=3) =9 =10) e 5(=3) =3 = g0)
Any function for which f(~x) = ~/(x) is called an odd function.
‘Two examples of odd functions are
fixox amd gxox
eg f(=3) = -3 = -f03) eg g(=3) » =27 = —5(3)
(The words even and odd are used because the functions f: x — x* have the
property that f(—x) = /(x) for even values of n and the property that
S(=x) = ~f(x) for 0dd values of n).
It should be noted that most functions are neither odd nor even.

Example 16
Show that the function f(x) = 4x* ~ x is an odd function.
f(=x) = &=xP = (-x)
=4+ x
=@ - %)
= ~f()
Thus f(x) = 4x° ~ x is an odd function.

Consider the graph of an even function that maps x — y. ic. /(x)

Because the function is even, we know that /(—x) = . Thus for =my it

(. ) on the graph of the function, there will also be a point (~x, y). Th

graph of an even function will therefore be symmetrical about the y-axis.

Consider the graph of an odd function that maps x — y,
se the function is odd, we know that f(—x) = —y.

point (s ) on the graph ofthe faction.here wil s be a pont

(=, =), The graph of an odd function will therefore be unchanged under

a 180" rotation about the origin.
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Example 17
For cach of the graphs shown below, state whether they are graphs of odd
functions, even functions or neither of these.

@ s ® i © v «@ v

M | |

symmetrical about the y-axis.

e it s the graph of an even function.

(b) The graph is unchanged under a 180" rotation about the origin.
erefore i

Th i the graph of an odd funci
(€) The graph is unchanged under a 180" rotation about the origin.
fore it is the graph of an 0dd funci
(@) The graph s ncither symmelrical abou the 3-ass o s it unchanged

under a 180" rotation about the origin. Therefore the graph is neither an
0dd nor an even function.

Graphs of inverse functions

1 the function f maps x —» y then f ! maps y —» x. Thus for cvery
‘point (x, 1) on the graph of the function /, there will exist a point
(2. x) on the graph of the function /. For exampie, a point (2, 1)
on the graph of £ will mean ther is o pint (1 2 on th graph of
S~ A point (1, 0on the graph of £ will mean u point (0, 1)
‘on the graph of /" and 50 on.

So we could obtain the graph of /' by finding the ordered pairs (x, ) for f: x — y and plotting
them as (5, x). This will give the same line that we would obtain by reflecting the graph of £in the

line y = x as the following graphs ilustrate.
@ fx-x+dforxeR (b) FxodtlfrseR © kxostforeRxa0)
Slhxex-3frxeR L x-lolog AixoJxfor(xeRix >0




Exercise ID
1. Show tha cuchof e Fllowing funtons are odd ctons

(@) fly) = (b) flx) = x* + x. €) flx) = 2¢* = 3v.
2 Show sk o of the following functions are even functions:

@) /() = 4%, ) /() =2+ X () fi) = 3¢ + 2sl.

3. For each of the following functions, state whether they are even, odd or
neither of these:

@ f0 =4~ 3 B A0 =3 (@S
@700 = 3 + |l (@) S0 = ¥+ Ixl.

4. For each of the following graphs, state whether they are graphs of odd
functions. even functions or neither of these.

@ (ORI © @

Functions

7Y VI

5. Find the equations of the lines obtained if each of the following lines is
reflected in the line y

x

o !
@r=% ®

7

4-x @y=20-4

Exercise 1E  Examination questions

1. Find lh: range of the function f: x — |~ 1] corresponding to a domain
<3 (Cambridge)

2. The function

4€¢bumchdmﬂ~ll= 14 and (2) = 9.

7 State mz value of x for whwh Iis not defined.
value of a and of
(m) Evaluate /) and £ 'w

(Cambridge)
3. The arrow diagram on the riyu represents part of the mapping /: x —
(i) Find the value of a and o
i) Find the clement that e i ‘mapping has an image of 4.
(Cambridge)
4. Given the functions f:
O 7% (i) 4.

-2 - Jand g
g (W) fe. ) (o)

~ %, find in similar form

(Cambridge)

_
T b

s
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5. Express in terms of the functions /¢ x — /x and
) X (x+5)

xS
i) xwx =5 (i) x=x+ 10,
W) X~ Vx+ 10 () xS (Cambridge)
6. Given the functions J: x -+ 2x = S and g: x + 2, express in similar form:
O fe. G g5 (i) g, (g = gg. cte).

).
in terms of one or both of f and g,

5= 4+ 9 )% g o) a1

(Cambridge)



2
Vectors

2.1 Basic concepts

Suppose an insect walks directly from a point A to a point B, 30 cm from A. 8
and then to point C. 20 cm from B (see Figure 1). The insect has walked /,‘ \
50 cm alogether but it s cealy o 3 cm from s original postion, . M\
AB + wever, it i true t0 say hat, in travelling from A to B 5 \%
and then from B to C, the insect arrives at the same point C as it would /
have done had it travelled directly from A to C. The posiion of C. relative
to A, is not dmllwd by the route taken by the insect. We can

AB + BC = AC
where AB indicates that both the length and direction of AB are being
considered.

(4
A Pl

Quanies imclving borh gt and disesion e called vecto quanties.
Quantiies involving only magnitude are called sealar quan
Thus AB is the vector whose length is equal to that of the 1me ABand
whose diection is that from A to B. The vector BA would be the same
length as AB but will be in the opposite direction. i.c. BA will be in the
direction from B to A. We write |AB| o simply AB for the length of the
vector AB.

Thus. from Figure 1. |AB| = 30 cm -nd]ﬁ\ =20cm

o simply AB = 30 cm and BC = 20 cm

I we wish 1o find the vector AC we could. given the necessary bearings, N
find its length and direction by the use of trigonometry. Taking the
directions of AB and BC as N6U'E and SI0'E respectively, we first make a
rough sketch:
By m cosine rule
= 30° + 20° - 2 x 30 x 20 cos 70"
A S Baren
By the sine mlc
s =
0= 19 nS'

Thus AC is of length 29-8 cm and direction S80-95'E

Alternatively. a solution could be obtained by making an accurate scale drawing.
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Veetors may also be written using single letters written in heavy type:

P

‘The arrows on the diagram indicate the directions of the vectors. Thus
c=a+b

The length of vector a is written |a] or simply as .

Note: Whilst text books can use heavy type to indicate vectors, this is not
isy when writing by hand. The reader is advised 0 show these
single letter vectors underlined.
Thus ¢ = & + bis written as ¢

a+b

Equal vectors

For 1wo vectors 1o be equal, they must have the same magnitude and the
same dirction, Thus if we reprsent vetor by  ln segment of & ceran
magnitude and direction, then any other line segment of the same magnitude
and direction wil also equal a.

Parallel vectors
Twu vectors & and b are paralic
ifa = ib.

onc is a scalar multiple of the other,

1 2is posive, the vectors ar paralll and in the same dirction:
. they are like parallel vectors.

If & is negative, the vectors ar parallel and in opposite directions:
. they are unlike parallel vectors.

Wy

Example 1

In the parallelogram OABC, OA = a and OC = c. The point
and s such that AD:DB = 1:2. Express the following vectors in terms of &

and e:
@C8 ®B ©AB @AD (0B () DC.
First draw a diagram:

o g A
(a) CB is the same length as OA and is in the same direction,
- 0A

or CB=a
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(b) BC is the same length as CB but is in the opposite direction,

or BC=
(c) AB is the same length as OC and is in the same direction,

=c

(d) D i one third of the way along AB,

=i

© oD = OA + AD
matde

® B¢ = BB + BC or DC = DA + A0 + 0C
=jc+ (- ) = —je-a+ec
“je-a —je-a

Example 2

OABC is a trapezium with OA = 2, 0C = ¢ and CB paralll to and twice
28 long s OR. The point D and E e the mid-ponts o AB and
respectively. Find the following vectors in terms of a an

@R A _©

Hence show that CA is parallel to and twice as long as ED.

First draw a diagram:

(@ CA=3C0+0RA ® AB = AOC + OC + C8
= —c+a - -atect
—ate

© T)‘-Tnﬁ

u. & © from (b)
-
Now ED = §(a — e)
= §(~c + 1) = §CA or2ED = CA
Thus TA is parallel to and twice as long as ED.
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Non-parallel vectors

For two non-parallel vectors a and b, if Aa + b = aa + fb then 4 =
and pu= f

we may cquate the coefficients of vector  appearing on one side of the
equation with those of vector a appearing on the other side, and similarly
for vestor b,

Proof: I Aa + b= aa + fb
then Aa — aa = fib — ub
ad =@ =bB - ]
But (4 ~ @) and (8 ~ 4) are scalars and so statement (1] means that a and
b are cither parallel vectors, which we know they are not,
-a d "

e A=a and B=n
Example 3
e diagram shows @ parslcogram OABC I B 3
on = ¢ Dis a point on
AB such that AD:DB = 2:1. 0D produced <
meets CB produced at E. DE = 4 OD and o
BE = 4CI
Find () BE in terms of w and k,
(b) DE in terms of h, a and ¢, o g A
(@) the values of h and k.
(a) BE = kCB (® DE = KOD
= ka = b+ 0
(©) o determine h and k we need a vector equation containing 4 and k.
Now BE = BD + DE
ie. ka o= —le+ ha+ 30
Sooka o= Yot fhe
equating coeficients of a gives k= h
equating coeficients of ¢ gives 0 = —3 + 3h
S ko= bandk=
Exercise 24
1. A ship is initilly at a position A and (o the ncrest degrc) ofthe aker from
travels 6 km on a bearing 055" followed its original posi
by 8 km on a bearing 150" to reach a final 5. A Wik leave a positon A and valks
position B. Find, by scale drawing, the 550 m ina dirction SAW followed by
distance and bearing of B from A. 700 m in a direction N10'W. Find, by
2. An ol tanker travels 200 km on a bearing, mlcul-lxnm the distance that the hiker is
160" followed by 300 km on a bearing then from A and the direction in which
200, Find, by calculation, the final ;h: must walk if she is 1o return directly
distance (to the nearest km) and bearing © A



4. Four towns A, B, C and D are such that
Biis 50 km from A on a bearing 080", C is
70 km from B on a bearing 120° and D is

40 ki from C on a bearing 210", Find, by
scale drawing, the distance and bearing of
(@) D from A, (b) A from D.

S.IAB = 2.and CB = 3a which of the

following statements are true?

(a) AB is parallel 1o CD,

(b) AB is equal to

(c) AB is three times as long as D,
(d) TB is three times as long as AB.

6. State which of the following vectors are

parallel to the vector a + 2b.

(2) 3a + 6b (b) 3a

©h+b
© 22+ 2/2

. St which o the follovin vecorsare
parallel t0 the vector 2a —

(a) a+ 6b
(c) 42 = 6b () 2a + 3b
() 3a -

8. Find the values of the scalars 4 and k in
the following vector statements given that

h-

u)h.+k.+3u-.+b+3nn

(® kn+hat kb =2~
{mZﬁn—b*lzkl~h-3h+6hb

9. The diagram shows a parallelogram OABC
with OA = aand OC = ¢. D is a point
on CB such that CD:DB = I:3.

[ ) B

g A
Expm: the following vectors in terms of &
ar

n
(a)ﬁ ®) BA, () OB, (d) OB,
€) AD.
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10. The dumm shows a triangle OAB with
OA = aand OB = b. Cisa point on AB
Such hat ACCB =

Expres hefallowing vetors in terms of

(-) ﬂi () AC. (o) CH, ,_(@ oc.
11 OABC is a trapezium with OA = a,
= cand CB = 3a. D is the mid-point
of AB, Expres he ollowing vetors in

f
@ OB. () ﬁ © 0P, (@) CB.
12. OAB is a triangle with OA = aand
OB = b. Cis a point on AB such that
and D is a point on OB
i\ldl that OD:DB
[nlluwmg vectors in |=mn of aand b.
@ AB, () AC, (¢) BC.
13. OABOSL‘“ a p.lnllelomm with OA = a

that O

on is parallel o and three times as long

E.

. OI\BC a parallclogram with OA = a
and OC = c. D is the mid-point of CB
and OD meets AC at E. If OF = 40D
and AE = kAC find
(@) OF in terms of 4, a and c,

(6) AE in terms of &, aand ¢,
(©) the values of & and k.

15. OABC is a trapezium with OA = 3a,
OC = cand CB = 2a. Dis a point on
AB such that AD:DI
crosses CA at E. If AE = #AC and
OF = kOB find the values of h and k.

31
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2.2 Position vectors and unit vectors

As we saw in section 1.5, the position of any ;
point in a plane can be stated in terms of an
fered pair (x, y), the coordinates of the

point. This ordered pair gives the 2|
perpendicular distance from the point to each

of the coordinate axes. The point P in the »
diagram has coordinates (3, 2) with respect to
the origin O.

We could also define the point P by giving
the distance and direction of P from the origin

i.e. by stating the vector OF. This vector is ¥

called the position vector of P. B

In addition to writing this position vector 2

as OP or as a single letter, say p, it can also

be expressed in terms of its horizontal and +

vertical components, in one of the following 4
vy

As a column matrix, OF = ()
(B ving i et A uni vector i vetorof ngth one unit in
a given direction. If we denote a horizontal unit vector by i and a
vertical unit vector by j then OP = 3i + 2j.

(If a third dimension is required, we usc k (0 represent a unll vector at

ight angles t0 the plane containing i and j. Chapter 17 cor
three-dimensional vectors.)

If we represent the vector 3i + 2j by a line y
segment of the required length and direction,
then any other line segment of the same length
and direction will also represent the vector

3 + 2j. Thus in the diagram, 2, b, ¢, d and p
all equal 3 + 2], However, with O as the
origin. only pis the position vector 3i + 2§ as
it the vector from O to the point P(3, 2).

Note also (from Pythagoras’ theorem) that a
vector ai + bj has magnitude /(@ + b).

3
)
BRI
P
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Example 4

For each of the vectors shown below:
(i) express the vector in terms of i and j, where i is a unit vector in the
Ox direction and j is a unit vector in the Oy direction,
(i) find the length of each vector,
(i) find the angle 6.

[0 =-n+3 < -2
(i) bl = ‘/[(-2)’ + 3 lel = V(=3 + (-2
= Y13 units = /13 uni
() una-; i) tan 0=
8= 563" 0= BT

Example §

Find the unit vector in the same direction as the vector 21 = j.

21— jis a vector of length /S ur
‘Thus a vector parallel 10 2i — j and of length 1 unit will be

1 £l
i - porfai-p
The required unit vector is #(z& -
Note:  Whilst we use i and j for the unit vectors in the dircction of the x- and y-axes respectively, a

uct vector in the direction of some vector  is usually written &.
So.4

Example 6
Find a vector that is of magnitude 6 units and is parallel to the vector i + j.
The vector § + J has magnitude /(12 + 1) = /2 units
Thus a vector parallel to i + j but of iength 6 units will be 'ﬁ“ +h
B RV
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Example 7
IF A has position vector a. B has position vector b and C has position vetor
. find the following vectors in terms of a, b and c:

@ AB (b) BA (0 BC (@) AC
First draw a sketch showing the position vectors:
(@) AB = AG + OB = —a+ b -

() BA = B0 +OA = -b+a
() BC = BO +0C = b+ c
@AC =AD +0C = ~a+c

Example 8

Point A has position vector a, point B has position vector 2b and C is a
point such that AC = 6b — 3a. Show that A, B and C are collinar.

First make a rough sketch with O as this origin:
g

Thus AB and AC are parallel and, as the point A is common to both these
vectors, the points A, B and C are collinear.

Addition and subtraction of vectors in component vector form
‘When vectors are expressed in terms of f and J,
10 find

From the vector diagram shown, we know

that i
OF + 70 =
Taking i and ] 1o be the unit vectors in the
directions Ox and Oy respectively, we can
see from the diagram that OF = 2§ + 4},
PG =4i — jand OQ = eH 3
Subsiation ino 1] i
T

Thus to add vectors expressed in terms of §

and j, we add the | components together,

2+4 = 6, and the | components together,

4+ -1=3

Applying a similar method for subtraction

gives OF — PG = (i + 4j) ~ (4 ~
]
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To interpret OP ~ PQ we can think of it
asOP + (~PQ). The vector (~PQ) is equal
in magnitude to PQ but opposite in direction.
S0, OF — PQ means that we must add

to OP a vector equal in length, but opposite
rection, 10 that of

Similarly, multiplying a vector expressed in
tems of i and j by a scalar is s(m'hll‘ar\wm
Ira =30+ dithen2a = i +

3a =9 + 12 et
Example 9
TFa=3i+ 4jandb =2 + 8find: (@) a+b (b)[a+bl (c)a~2b (d)Ia~2b|
@a+b = (i+4)+ @+ 8 ©)la+ bl =18+ 13

=si+12j VES*+ 123) = 13 units
(© a=2b=(i+4) - 22 +8) @ la - 2] = |=i - 12j|

- —i- 1 'JI(A))’+(~I2'}]:\,|ASumu
Example 10

1F a point A has position vector i + 2 and B has position vector
id the posiion vetor f te point whih divides AB in the raio |: -3,

Note first that the ratio involves two numbers of different sign. This
indicates that the required point divides AB externally rather than internally.
The difference between these two cases is illustrated below:
Point P dividing AB internally in the ratio 1:3 Point P 8 AB externally in the ratio
1:3. (By writing this as 1: — 3 we need not
A state that the division is external).

T D

B
In this case the vectors AP and PB are in the In this case the vectors AP and PB are in
same direction. opposite directions. Hence the use of

minus sign in the ratio.
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To solve the given question we first draw a
diagram showing the points A, B and P,
position vectors a, b and p respectively. (Note
that the diagram is an aid to calculation and
need not be drawn accurately).

Now OF OR + AP

+1BA
SariChea

= da - ib
Bun—lfl]andb~5
*ﬂ)f!lil+J)

The point dividing AB in the ratio 1: =3 has position vector ~i + 3,

The gencral frmwa Gt the poiton vecorof 3 ot dividin e i 8
given ratio is gi

“The point P which dmdci o e Al m th rtio 454 has piion vetor
p where “;
respecively.

T "% and a and b are the position vectors of A and B

Appsing s formul 0 cample 10 g p = A2 41512

3§ as before.

Other base vectors in two dimensions

Any vector Iying in the plane of the unit vectors i and  can be expressed in
the form xi + yj. The unit vectors i and j are base vectors from which other
vectors can be built up. Although it is usually convenient to use |
and J as the base vectors, any pair of non-parallel coplanar vectors  and b
could be used instead.
‘Thus for three coplanar vectors a, b and e, it
of the vectors in terms of the other two.
ie. c=hat+ub
b=t
b e e o T i T and by e
uitable scalars.

possible to express any one

Example 11

T TSS——— 3 P

o @) mvermn s

" ©=ja+ b i d=da+ b

(2) -4+ () (6)=2) (1)



Thus 5= 34+ 2 Thus  3=34+ 2
and  17=Sh-u =5 -
Solving simultancously gives 4 = 3 and s = ~2

B c=3h-2

Exercise 2B
L. Taking § and j to be unit vectors in the »
directions Ox and Oy respectively, give the
position vectors of the points A to
shown in the diagram. Each square in the
gid is a unit square and O is the origin.

2. For each of the vectors shown below:
(i) express each vector in terms of § and j where i is a unit vector in the
Ox direction and  is a unit vector in the Oy direction,
(ii) find the length of each vector. (i) find the angle 6.

(@ ®)
y 5 o
3 T
3 s 2 =
- , -
d . H

-2

I1| 12 3 4
=3

310ai + [Hipentid 024 4 find the value of a.

4.1 = i + 2§ find & a unit vector in the direction of a.

i - — § find B, a unit vector in the direction of b.

6. Find a vector that s of magnitude 39 units and is parallel to Si + 12}.

7. Find a vector that is of magnitude 3,/5 units and is parallel to 21 — j.

8. Find a vector that is of magnitude 2 units and is parallel to 4i ~ 3j.

9. If the point P has position vector 21 + 3] and point Q has position

vector 7 + 4, find: (a) PO, (b) QF

10. If the point P has position vector 7i = 3] and point Q has position

vestor i + 5}, find: (a) PG, (b) QP.

Vectors

@

51

an "
Solving simultaneously gives 2 = 7 and 4 = #;
d=5a+ @3b
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11 The point P has position vector ~Si + 3} and Q s  point such that
PG ~ j. Find the position vector of Q.

2. The point P has position vector 3i — 2j and Q is a point such that
QP = 2i — 3. Find the position vector of Q.

13. Using a

(4) and b = ( _ |) as base vectors, express the vectors

e=(])anaa

j) in the form Ja + b,
14. Given that a = 3i — jand b = 2i + j. find:
@ fal, (®) bl © 2+ b, (@ [a + bl

15. Given tha

)anan = 7;),nm
@ a+ 2 (6)1a+ b, (© 20+ b (d) 2+ bl

16. The point A has position vector 31 + § and point B has posiion vector
10§ Find the posion veir of the pin which divdes AB in e
fato 3

17. The point C has position vector G) and point D has position vector (;)
Find the position ector of the point which divides CID in the ratio 4: — 3.

18. The point K has position vector 3i + 2 and point L has position vector
§ & 5 Find e osion vesor o h pin whic diides KL n the
atio (1) 4:3, () 4

19. The thre poinis A, B 2 C e posiion vectors ,band ¢
respectivly. Ifc = 3b ~ 2a, show that A, B and C are colinear

20. The three points A, B and C have position vectors i — . 5i ~ 3 and
11§ = 6] respectvely. Show that A, B and C are collinear.

21. Points A, B, C, D, E and F have position vectors (j) (;) (f)

(i) (‘IJ‘) and (7 2) respectively. Find which of the points C, D, E

and F are collinear with A and B.

2.3 The scalar product

The scalar product of two vectors a and b is defined as the product of the
magnitudes of the two vectors multiplied by the cosine of the angle between
the two vectors.

‘Writing this scalar product as a . b it follows from the defintion that

= jallbl cos 0

rm scalar product is sed because Ja, [b] and cos @ are all scalar
qu.nnnus and so their product will be a scalar quantity.

read a . b as ‘a dot b and for this reason the scalar product may also be
efered 1 a5 th dot product
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Note that the angle between two vectors always refers to the angle between
the directions of the vectors when these directions are either both towards
their point of intersection or both away from their point of intersection.
‘Thus, in each of the following diagrams, 6 i the angle between the two
Vet

Properties of the scalar product
1. From the definition a . b = [a]|b] cos 6, it follows that two perpendicular
rs will have a scalar product of zero.

|al|af cos 0
= [alja|
This is usually written a . a = |al’, or justa.a = a*

2a

b=b.a

3. The scalar product is commautative ic.
Proof: a. b = [a[b] cos &
Ibllalcos 0= b.a

4. The scalar product is distributive over
addition ic.a.(b+¢) = a.b+a.c

Proof: Consndzr vectors a, b, € and d with
d=b+

s clar rom the dingram that OR = 0Q + QR
but OR = |d] cos f, OQ = [bj cos @ and

QR = fc| 0‘1! Y
R = Ib) cos a + ¢l cos.
|l||d|cus a Jallblcos 2 + al1el cos 7
+a.e

“b+a.c asrequired.

So
Wi a0 0s

= Mal|b] cos 0

5. The properties for mnlupluuon by a scalar A arc that:
A ¢
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Example 12
OA and OB are two vectors such that OA =
OA is perpendicular t0 OB.

(@) Show that a .b = 3% — ai.

(b) If @ has m.plilude 4 units and b has magnitude S units, find the angle

+ 25,08 = 2a - band

@ lfOAlspcfpendu:uhrloOB then GA . OB = 0
(@+2b).(2a-b)=0

+2b2-2b.b=0
b+da.b-22=0
3

b= 2 -2
a.b = §(b* ~ ) as required.
®) a.b =3 - a)
= 3(25 - 16) = 6 units
b ab = il 0
x 4% S x cos 0
54°

g 0=12
s e angle betwecn o and b is 725", correct 0 1 dp.

Consider the vectors & = x,i + yijand b = x;i + yaj.
Now a.b = (xi+ pj). (x)0 + yaf)
Sl )
But  i.i=j.j=1 and i.j o
Thus

alb = s+ pun

Thus,if &= xi *),jlndh—x,l+y,_|
then a.bh = xx;, +
Zibeond’ where Ois the ange between

‘This result enables s to calculate the angle between two vectors that are
given in component form.

Example 13
Find the angle between the vectors a and b given that a = 3i + 4jand b = Si — 12].

Let 0 be the required angle

Then a.b = [affb] cos &

but  a.b=( x5+ @ x(-12), lal= (3 +4) and [b] = (5 +(-127)
= -3 =5 =13

Thus  -33 =5 X 13cos 0

gving 0= 12051°

‘Thus the angle between a and b is 120-5", correct 0 1 d.p.
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Example 14

“The points A, B, C and D have position vectors ~2i + 3, 3i + 8,71 + 6

and 7i — 4 respectively. Show that AC is perpendicular to BD.

First draw a rough skeich with O as the origin:
AC = AG

+
- -(-21 +3)+ T+ 6
=%+
BD = 80 +
e a,w @ - 4
= 12
AC.BD = (9|+m4wf|m 9]
=@ x4+ @ x(-12)
Thus AC is perpendicular to BD.

Projection of one vector onto another

that a vector can :rms of
I the diretions of - and 5. The ala productca be wsd 1o ind the
component of one vector in the direction of some other vect

Suppose we wish to find the component of vector p, in the direction of vector g.
“The required component will be the projection of vector p onto q ic. [p] cos 6
but |p| cos 8 = 'lf}

Thus the component of p in the direction of q (or the projection of p onto @)
isn‘vmVyrﬁ.mlismnl‘eﬂdmulhzmmeﬂ‘nind\t
direction of q.

Example 15
Find the resolved part of vector & = 2i + 5j in the direction of the vector b =i + j.
Resolved part =

1b]
=2xD+(5x1
JOT+ 17y




6 Understonding Pure Mathematics: Chapter 2

Exercise 2C

Lifa=i+2b=i-2e=2~3andd = 6i + 3j find which
w0 of these vectors are perpendicular to each other.

20fe= —i— 3 0=i+3g= -3~ andh = 6i - 9 find
‘which two of these vectors are perpendicular to each other.

3. Find the angle between the vectors a and b given that a = 3i + 4j and
b = Si + 12j. (Give your answer to the nearest degree.)

4. Find the angle between the veetors ¢ nd & gven tan ¢ = 5 — | and
d = 20 + 3. (Give your answer to the nearest dey

5. Find the angle between the vectors e and f given that e = i — 2j and
€= 20 + j. (Give your answer t0 the nearest degree.)

6. 1 the angle between the vectors ¢ = ai + 2jand d = 3i + Jis 45 find
the two possible values of a.

%06 ") andb (Z
, 1

for each of the following cases:

(a) a is of magnitude 5 units, (b) a is perpendicular t¢

©a (‘)

) write down a relationship between x and y.

parallel to @ @-byis pnfpendu:ular to the vector (¥

8. The poiats A. B, C exd D fave poshion vt 3
h ~5 = 3 and s~ Rspectvly Show BaACE
pcmendlcum 10 BD.
9. ‘The points E. F and G have position vectors 2i + 2j, i + 6 and
=Ti + 4j. Show that the triangle EFG is right-angled at F.
10. The points A, B, C and D have position vectors a, b, ¢ and
espctively wbere 2 711. -2 = 3i + 4jand

-3

2

4+ ) pendicular to BD, find the value of y.
11. The points A, B, C ln-l D have position vectors ~2i + j, % 3i + 6
and xi + yj respectively. If |AC| = |BD) and AC is perpendicular to
BD, find the two possible values of x and the corresponding values of ).

12 1fa = (,3) find:  (2) a unit vector parallel 1o 8,
(b) a unit vector perpendicular o .

13176 = (:I’) find:  (a) a vector c, parallel to b and of mamiude 10wt

(b) a vector d, perpendicular to b and of m: 15/2 units.

14. The points A, B and C have position vectors 4i — j, § + 3j and

(@) AB, (b) BC, (c) CA, (d) the angles of the triangle ABC giving
your answers to the neart :
15. 110K = 2a + 3band OB = 3a ~ 2b show that
O . OB = 6a + 5a.b - 6b%.
16. 11 GC = 2a + 3band OB = 2a — 3b show that
OC .00 = 4a* - 9.
17 110K = 3a + 2b and OB
(@) show that OA.OB = 6a* + a.
(b) find OA . OB given thata = zunnu.- %
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18. OC and OB are two vectors such that OC = a — b and
OB = 2a + 3b. If OC is perpendicular to OB show that
a.b =3 - 27
1f a has mumlnrlz 7 units and b has magnitude $ units, find the angle
and b giving your answer to the nearest degree.
15, Find the resohved part of the veetor a = 41 + 3 in the ircton of the
vector b = 31 + 4]
20. Find the wmwn:m of the vector ¢ = 3i — 2j in the direction of the.
d=2
21, Find the length er the projection of the vector ¢ = 5i +  onto the
vesto

rf =20~

2. The vectors a and b are of eq\u! mugmu«: kG ;0) aml the angle
between a and b is 60°. If ¢ =
(2) show that c and d are Wnﬂwullr veclon
(b) find the magnitudes of ¢ and d in terms of k.

2.4 Geometrical proofs by vector methods

The vector propertics covered in this chapter and the skills we have now
acquired in manipulating and interpreting vector expressions can be used to
prove certain geometrical facts as the following example and the questions of
Exercise 2D will show.

Example 16

(The mld-pninu of the sides of any quadrilateral form the vertices of a
paraliclogram).

O is the origin and points A, B and C have position vectors s, b and ¢
respectively. Points P, Q, R and S are the mid-points of OA, AB, BC and
CO respectively. Find the following vectors in terms of a, b and ¢

@ AB, () B¢, © P, (@) QR, @ SR, ) %.

Hence show that PQRS is parallclogram.

First make a rough sketch:

(2) AB = AO + OB (b)ﬁ-ﬁ)‘~&
=-a+h - b

© PQ = PA + AQ @ QR = 'Tﬂf
Jati(-a+b) (.n)u(un)
=i =it

(9 5K = 5C + CR @) B =P0+08
Thricery =t

Parts (¢), (d), (:) and (f) above show that E = 5% and QR = 7%, iie. the
opposite sides of quadrilateral PQRS are equal and parallcl. Thus PQRS is a
parallelogram.
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Exercise 2D

1. (The diagonals of a parallelogram bisect
each other).
In the diagram, OABC is a parallclogram
with OA = a an

o O A

IF G i the mid-point of AC and H is the
‘mid-point of OB, find the following vectors
in terms of a and ¢

(@ OB, (v OH, (9 AG, (4 0C.
Hence show that G and H are concurrent.
(The diagonals of & thombus bisect each
other at right angles).

gram shows a paralielogram OABC
aand OC = ¢ AC and OB
intersect at the point D such that

OB = hOB and AD = kAC.

Show that & = k = .
I the parallelogram is a rhombus, i.c.
Jal = lcl, show that AC is perpendi
to OB. (Hint: find AC . OB).

3. (The medians of a triangle intersect at a
point that is two-thirds of the way along
cach median measured from the vertex).
(Method onc).

OAB is a triangle with OA = a and
is the mid-point of OB, D is
-point of AB and E is the mid-point

e mi

(@) If F is a point on OD such that
OF = §OD find OF interms of aandb.

() I G is a point on AC such that
AG = §AC find OC interms of aandb.
(©) I H is a point on EB such that
BH = 3BE, find OH in terms of

aandb.
() Hence show that F, G, and H are
concurre
4. (The medians of a triangle intersect at a
point that is two-thirds of the way along
each median measured from the vertex).
(Method 2).
OAB is a triangle with OA = 1 and
OB = b; C s the mid-point of OB, D is the
‘mid-point of AB and E is the mid-point of
OA; OD and AC intersect at F.
ITAF = ARC and OF = kOB show that:
@h=k=
(b) B, F and E are collinear with BF = 3BE.
5. (Cosine rule and Pythagoras’ theorem).
OABs a riangle and 01 th angle
between OA and O
(2) By finding AH . AB show that
B2 = OA? + OB* — J(OAXOB)cos §
® " triangle OAB is right-angled at O
show that AB? = OA? + OB?
6. (If a straight linc is drawn paraliel to one
side of a triangle, it divides the other two
ides in the same ratio).
In the triangle OAB, a line is drawn
parallel to AB, cutting OA at C and OB at

D.
1rcT = AAB, OC =HOA and

= kOB, show that h = k = A.
rn.e angle in a semicircle s a right angle).
AB s the diameter of a circle centre O; C is
a point on the circumference of the circle.
1fOA = aand OC = c prove that angle
ACB is a right angle.

8. (Apollonius” theorem: the sum of the

res on two sides of a triangle is equal
10 twice the square on half the third side
plus twice the square on the median which
bisects the third side).
OAB1i s ixagle and piot G the k-
point of AB. Show
() 40C . OC -0A1+unx+2oA OB
(b) 4AC . AC = OA® + om - 20A .08
() 20C? + 2AC* = oB:
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2.5 The vector equation of a straight line

A straight line s uniquely defined if we are given the n of one point
that lies on the line and the direction of the line. In terms of vectors this
moans that & lne & defiod I ve kaow:

() a vector that is paralll to the line,
and (i) the position vector of a point on the line.

Consider the line which passes through a point A, position vector a, and is
parallel to a vector b.
"o find the vector cquation of this line, we consider some general point R

The equation r = a + Ab is the vctor cquaion fora lin: um is parallel to
a vector b and which passes through a poi i a. The
position vector r of any poml Tying on he ne il ity e cauation.

Example 17

Find the vector equation of the straight line that is parallel to the vector
21— jand which passes through the point with position vector 31 +

The vector cquation is r = 3i + 2j + A(2i — j) where r is the position
vector of some general point on the line and A is a scalar.

Example 18
Find the vector equation of the straight line that passes through the points

AL B and C given that the position vectors of A, B and C are (' :) (ﬁ) and (;) respectively.

To obtain the vector equation, we need a vector that is parallel 1o the line, c
for example BC, and the position vector of one point on the line, say A. A B
us the vector equation of the line is
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It should be noticed in Example 18 that r = OB + 2BC, r = OC + 1BA,
£ = OB + AAC, etc. would all have givn\ vector equations of the line.
Although cach equation might appear different, each would give the position
vector of any point on the line by the substitution of a suitable value for 1.

Example 19

Show that the point with position vector i + 2 lies on the line L, vector
equation £ = 4i — j + A — -

The poion vcto of ay point 0 e st saitythe cqution of the

a— o+ A

Fq\mun;:oelmenun“lndjpv:sl <4+rad2=-1-1
vely.

The first of these two equations gives A = —3 which is consistent with

2= -1~

Thus the point with position vector i + 2 does

Thus i1+ 2 e co L, here ot it scmae valoe of & such e
+2h= i -

on the line L.

Example 20

Find th ector of the point of intersection of the lines L, and L.
g i, L, and L have vetdr cquatons 1 = 2 + 1 3 A4+ 3 and”
- = 4)) respectively.
If the. reqmred point has position vector p, then this must satisfy the vector
equations of both lines
ie. P2+ A
nd =6 -+ pli— 4)
B4 A+ ) = 6+ - &)
Thus, cquating cocficien 6+ pand 1+ 30 = —1 - 4u
Solving thescquaions simultancously givs 2 = 2and s = ~2and
hence p = 4i +
“The given lines nterscct at the point with position vector 4 + 7

Example 21
Find the vector equation of the straight linc that passes through the point
with position yesor ik b 3 and whih s perpendicuar 10 th i
r=31+ 2+ Al
“The given line plu|k| 10 the vector | — 2}, If the required line is parallet
to.a vector ai + b, it follows that
6890~ 2D = 0 (forthe 2 s o e perpencicla)
- %=

s0
hence =
The required line will therefore be parallel to any vector of the form b(2i + j).
Taking 20+ § 5 on such vesor, h requied vecor equaion ill b
=20+ 3+ 0+
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Example 22
Find he perpndiclar distancs fom the ot A, posion vector i + 5, 10
the line L. vector equation r = 31 + j + A(l + 2)).
Let P be the point where the perpendicular from A meets the line L, and let
P have position vector p. (See diagram on right).
If the value of A at Pis 4, then
P= =3+ 46+ 2)
= (=34 A+ (1 + 20))
but AP = -a+
= S+ (- J-M,)w(l + 20
]

-7+ A+ (—
nuuﬁ is perpendicular to L and is therefore pcfptndmlln to the vector
+ 2
So (& 7+A.)|+( 4+um G+2=0
~8+ 4k =0
i Ay =3
A - i+ %5
AP = /@ + 2%) = 2/5 units
The perpendicular distance from the point A to the line L is 2,/5 units.

Exercise 2E

1. State the vector equation of the straight line which is parallel to 21 + 5

ind which passes through the point wi h position vector 31 — |.

2. State the vector equation of the straight line which passes through the
point A, position vector i + 2j, and e el o 41 — .

3. State the vector equation of the straight fine which passes through the

point B, position vector

(,Z and which is parallel to the mmr( !
4. Suate the vector equation of the sraight ine which is parallel to the
vector (‘) and which passes through the point with position vector ('g)
S. Find the vector that is parallel to the line £ = 2i — j + A(i + 2) and is
of magnitude .5 units
6. Find the two vectors. Ihl! are perpendicular to the !Ille

£ =2+ 3 + 401 ~ 4 and are of magnitude 5 un
7. Show that the point ithposion vetor  + 3 s on e lie with

vector equation £ = i +

8. Points A, B and C have position vectors (5). (9) and (' :) respectively.

Find which of these poiats lic on the line with vector equation r = (“g) + A(;)
9. Points D, E and F have positon vectors Si — 53,1 — jand i + 7}
respectively.

Find which of these points lic on the line with vector
cquation t = 3i + | + A~1 + 3).
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10. vr (hc point A, positon vctora + 3, s o th i L, wetor
+ 5} + A1 — ). find the value of a.
11 Points A snd n have position vectors 31 — 2j and 4i + j respectively.

Find: (a) AB in the form ai + b}

(b) the vector equation of the straight line that passcs through A and B.

12. For each of the following pairs of lines, state whether the lines are

parallel and, for those that are not, find the position vector of their point

ol‘ menetion,

JHAGHH A =+ 2 i+
(h)v-zl+]]v)4l+2]) P 3o+ 2)

Sj+ A=+ 3. e =20+ ]+ i - 3))
S AU r=S- Y+

13. Show that the lines L. vector equation r = (:) + L(_§). and L,

vector equation r = (_3) + u(:‘),nn perpendicular and find the

ion vector of their point of intersection.
1. Fmd the acute angle between the fines with vector equations
=20+ 3] + i + 2j)andr = 3i - 2 + A4 - J), giving your answer to
e nearest degee.
15, The lines L, and L, have vectorequations 1 =
F=3a (- iven that
and are not p.lm“:l find the. pomlon vector of their point of intersection in

+ Aa - 2b) and

L intersect at A and the lines L, and L, intersect at B.
Find AR and \ﬁ\ iven that Ly, L and L, have vector equations as
follows: A+ )

i+ 3 -
1. For exch of he rnum... parss, find e perpendicular distance from the
given point to the given
() the point with position vector { + 5 and the line ¥ = ~2i + + AQi + )
(b) the point with position vector 21 — jand the line r = =2 + (4 — 3)

(6) the point with position vector (;) and the line £ = (V:) + LG)

Exercise 2F  Examination questions
1. (@) Eis the mm of the rectangle ABCD maﬁ =a,BC =b.
xpress in terms of a and b the ve

@ AC m) CB (i) BD ) EB %)

(b) The position vectors of P and Q are Si + :| and | - 2] respectively
reered 10 a orgin O + O}
Calculate: he position vector of P rela
msnum of

() the magnitude of 2615 - 40G. (SUJB)

t0 Qand hence the




2. The position vectors of three points A, B and C relative to an origin O
arcp, 3q - p, and 9q - Sp respectively.
‘Show that the points A, B and C lie on the same straight line, and state
the ratio AB:BC.
Given that OBCD is a parallelogram and that E is the point such that
DB = {DE, find the position vectors of D and E relative to O.
(Cambridge)
3. Given that OA = 1,08 = b, OP = $OA and that Q is the midpoint
of AB, cxpress AB and PQ in terms of a and b.
PQ is produced to meet OB produced at R, 5o that QR = #PQ and
BR = kb. Express QR (i) in terms of n, a and b,
(i) in terms of k. a and b.
Hence find the value of n and of k. (Cambridge)

The points A, B and C have position vectors &, b and ¢ respectively

referred to an origin O.

{a) Giventha the it X s on AB prococet o that ABIBX = i1,

x, the position vector of X, in terms of a an

® TP s o B BC, between Band C o that BY-YC = 113, find y, he
osition vector of Y, in terms of b

©) Given that Z s the midpoint of AC ‘Show that X, ¥ and Z are

@ Cd:ulne XY:YZ. (London)

LGiv«nhall=(_3),b-(§)nndc-(>“) find:

(i) a unit vector perpendicular to a,

(ii) the value of the constants m and n for which ma + nb = c.

‘Evaluate the scalar product of # and b and hence find the cosine of the

angle between the direction of a and the direction of b. (Cambridge)

6. The position vectors of the points A and B with respect 1o the origin O

are 21 + 3jand —i + 5] respectively. Find the position vector of the

point C such that AC = 2AB.

Calculate the angle between the vectors AB and OB. (AEB)

7. The position vectors of points A, B, C relative to an origin O are (;)

O

Write down the vect AB E and BC
Use vector methods 16 calcuate: (.)

State the special property of AABC md deduce its area.  (Cambridge)

Vectors



70 Understanding Pure Mathematics: Chapter 2

8. i8) Show tat le +b).a-b) = ulh:n 8l = [bl.
metrical exampie of this
() T dnsonae AC.BD of a uu-dnlllenl ABCD bisect each other
and are represented by the vectors 3i + 2 and 2i — 3] respectively.
Determine, without scale drawing, the shape of the quadrilateral
D. (AE

B)
9. The pos

n vectors of A and B relative to an origin O are (s> and (f)

respectively where g % 0.
(@) Find an equation connecting p, g and r in each of the cases
() O, A, B are collinear,
i) 108] = |AB|.
(b) Use the scalar product of two vectors to obtain an expression for
cos AOB in terms of p, g and 7. (Cambridge)
10. Find the position vector of the point of intersection, P, of the line with

equation £ = G) + ;G) and the line joining the points with position

vectors (f) and (:) Find the distance between P and the origin.

(AEB)

11. The position vectors of the points A and B with respect 1o the origin O

are 2 + 4jand 61 + 7j respectively.

(@) Find a vector cquation for the line AB, and show that this line
passes through the point with position vector 14i + 13},

(b T postion wetorof the point Cis 31 ~ 4 Find 3 vecor squaton
forthe e OC, aod show that OC s a gt anges 0 A

(@) Find the postion vesor of o o ntreston of OC and AB,
and henct o the perpendiculn disance from O (0 AB.  (A.E.B)
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Coordinate geometry |

Coordinate geometry is the study of the geometic properties of points,
straight lines and curves using algebraic methods. From earlier work the
reader is fumilir with the idea of a point P in a plane being defined by
stating the perpendicular distances from P to two axes. The point P has
coordinates (x, ) or, in vector terms P has position vector OF = (;) or

i + yj, where O is the origin.

3.1 Loci

Consider the x-y plane, i.. the plane containing the coordinate axes Ox and
0. 1F P(x, y) s a point whose position is fixed by some law, then the set of
all such points obeying the law is said to be the locus of P.

Example 1
‘The point P(x, y) is 1 cm from the x-axis. Draw a diagram showing the
locus of P.

‘The set of all such points P(x, ) would N ol
ther form two lines, one on cach side of P
the x-axis and | cm from it. e
1ém
Example 2

“The point P(x. y) is cquidistant from the origin and the point A(,0).
a diagram showing the locus of P.
“The set of all points P(x, y) that are
equidistant from the origin and the point
AQ. 0) would together form a line,

to the x-axis and passir
mmm the point (1, 0).ic. the focus s the

tor of OA.
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Example 3
ABCD isa uare o of side 3 cm. The point P(x, ) lies inside the square but is
more than 2 cm

Draw a dagram showing ABCD and the lous of P,
‘The set of all points P(x, ») will form the

shaded area shown in the diagram. Notice

that broken lines are used for the boundary of

the area as the locus does not include

boundary lines.

Exercise 34

1. A point P(x, ) is 2 cm from the origin O. Draw a diagram showing O
and the locus of P

2 Paint P, is more than 2 cm but ks than 3 m avay fom the
origin O. Draw a diagram showing O and the loc:

3. A point P,y s cqudistan from he point AQL 0 and B, 1. Draw a
diagram showing A, B and the locus of P.

In questions 4 to 7, assume that the points A, B, C and D lie in the x-y plane.

4. AB is a straight line of length 3 cm. Draw a diagram showing the line AB
and the locus of the point P(x, y) given that P is a distance of 2 em from
the nearcst point on AB.

5. AB s a straight line of length 4 cm and point P(x, ) is such that triangle
PAB has an area of 6 cm. Explain in words the locus of P.

6. ABCD is a square of side 1 cm. P(x, ) is a point that is 2 cm from the
nearest point on the perimeter of ABCD. Draw a diagram showing
ABCD and the locus of P.

7. ABCD is & squarc of side 3 cm. P(x, ) is a point that is | cm from the
nearest point on the perimeter of ABCD. Draw a diagram showing
ABCD and the locus of P.

Tn the remainder of this chapter we shall obtain certain useful results
regarding pairs of points and straight lines lying in the x-y plane.

3.2 Distance between two points

| The length of i A1 y1)t0 Blxs, by e = x)? + O~

»]

Proof: If A and B have coordinates (x), y1) and (x;. ) respectively, it follows that
a (;') and b = (;’) where a and b are the posi

vectors of A and B.
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BuAB = -2+ b
=b-2
AN AT
()6 G750
‘Thus, by Pythagoras’ theorem,
1ABI = Jl(x; = ) + (3 = y1)'] as required.

Atx )

Example 4
Find the length of the line j g P(5, 1) 1o Q. -3).
Using the above result PQ? = (x; = x,)° + e g
- 5P+ -y
Tlesis
./n or 4/2

The length of PQ is 4, /2 units.

Example 5

The points A, B and C have coordinates (2, 1), (7, ) .m e k) respectively. If
AB and BC are of equal length, find the possible val

luz'-(7—z}’+(3—l)x and gcz.(s,-/)u(k,])x
=44k -6k+9

=k -6k + 13
s:mAa-nc then AB: = BC!
ie. 9=k -6k + 13
0=k - 6k - 16

giving
‘The possible values of k are 8 and —2.

Exercise 3B
1. Find the lengths of the straight lines joining cach of the following pairs
of points:
(@) (1,3 and (4, 1) (b) (1, 8) and (7, 0)
(©) (4,0 and (-3,0) @ (1, 5 and (=2, 1)
[OXS 4)and (2, 8) () (1,2)and (5, 3)
® (. Dand @ ~1) () 3.3) and (5, 7)
® G.Hand(s, -1) (=1,0)and 2, 3)

®) (7, =3) and (1, — M (=7 =Dand (-1 -
2. Find the length of the line AB where A f he ‘point with position vector

(';)mdnmmnanw 3)
3. Find the length of the line CD where C is the point with position vector
("i) and D has position vector (_ ;)
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4. The three points A, B and C have coordinates (1, 0), (4, 4) and (13, 5)
esgcively. By o many unts does e length of AC exceed the length

s lmngle has vertices at (0, 1), (1, 6) and (5, 2). Prove that the triangle
is isosceles.

6. Find the lengths of the sides of the triangle with vertices at A(I, 1),
B(4, 5) and C(9, —$). Hence prove that the triangle is right-angled, and
state which angle, A, B or C is the right angle.

7. Find the lengths of the sides of the triangle with vertices at AQ, 7),
4. 3)and CU10. ) Hence prov tha the tangle s right anged, and
state which angle, A, B or C is the right an;

8. The poins A and B have coordinates (1, 1) and (5, 1 respecively.
Find, by calculation, which one of the points C(3, 3), (5, 4) or
E(, ~2) lies on the perpendicular biscctor of Al

9. Point A has coordinates (3, 2) and point B has coordinates (9, —4).
Find, by calculation, which one of the points C(4, —3), D(10, 3) or
E(S, 1) does not lic on the perpendicular bisector of Al

10. The three points O, A and B have coordinates (0, 0), (a, 7) and (8, 1)
respectively. If OA and OB are of equal length, calculate the two
possible values of a.

1. The hre ponts D E and F havecoordiates 2, 2) 7, and 9,3
respectively. If DE and DF are of equal length, find the two possible
values of e

12. The three points G(4, 0), H(k, 6) and I(7, 1) are such that GH is twice as
long as GI. Calculate the two possible values of k.

3.3 Mid-point of a line joining two points

“The mid-point of the line joining A(xy. y4) t0 B, ya) has coordinates (x. ot yj)
2 " 2

Proof: If A and B have coordinates (x, 1) and (xs, y3) respectively. it follows that
a= (;’) and b (;’) where a and b are the position vectors of A and B.

Let M be the mid-point of AB s
OM = OA

=16+ G- 10653
Thus M has coordinates (1522, 21323 as required.
()
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Example 6

Find the coondinates o themid-poin o the strmigh ies foining the
following pairs of
(@) (3.7 and (5.9) "o (2.5 and @ - 1)

() Mid-point of linc joining (3. 7) and (5.9) (b} Mid-point of line joining (2. 5) and (8, ~1)

has coordinates. ”—5 7;9 X husconrdmaks( rEasiay
Coordinates of mld—palnl are (4.8). Coordinates of mm-pmm are 13. 2.

Example 7
“The points P(4. ~3), Q(~3, 4), R(~2, 7) and S are the vertices of a
parallelogram PQRS. Find (a) the coordinates of the mid-point of the
diagonal PR. (b) the coordinates of S.
(a) 17 M is the mid-point of the line joining P(4. —3) to R(~2, 7). M has
the coordinates.
44 (=) (=9 + 7\ _
(f f) =2
Mid-point of PR s the point with coordinates (1. 2)
(b) Since the diagonals of a parallelogram bisect each other, M(1, 2) i also
the mid-point of QS.

Suppose the coordinates of § are (x, ),

then (L21=(L’F.‘%
ie 1= 230X ang

‘The coordinates of § are (5, 0).

Tn addition to finding the mid-point of a line j o ing two points it is also

determine the coordinates of a point dividing the line in any
Foen Tato. This can cither ¢ done wsing posion vectors (¢ example 10
page 55) or as shown below.

Example 8

Find the coordinates of u-e pmm P which divides the linc joining A(3, 2)
and B(S, 1) in the ratio —2:3.

(Remember that the different signs of the two numbers in the ratio implies
that the point P divides AB externally, sce page 55).
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Fnstskech he sitution, with the required
point P having coordinates (x, ). Pz, )
Tt then follows that Z%’ %
giving y= ; y-2
and S5

giving x= -1
Thus the point P has coordinates (~1, 4).

Exercise 3C
1. Find the coordinates of the
of the following pairs of points:
@ (3, 4)and (1, 10) (b) (2,8 and (10, 9
@ (4. 3)and (1,5)
© (=3,5)and (11, =3)
® (-2, - Hand (5, 6)
) (=3, =9 and (=7, =1)
@) (-3,4)and (=2, 1)
ition vector of the mid-point of the line joining two points
‘whose position vestors are as follows

® (g) and G) ® ( ) and ( 2) © ('g) and (j:)
(@) 2+ 3and4i— § (¢) 2%~ jand 10i+§ () 1+ jandi -3
3. M s the mid-point of the straight line joining point ACI0, 4) to point B.
If M has coordinates (7, 3), find the coordinates of B.
4. (5, 1) is the mid-point of the siraight line joining point C(p, —3) to
point D(7, g). Find p and g.
5. Find the co-ordinates of the point E, if lbe polnl F(—4, 3) is the mid-
point of the straight fine joining E to
6. A triangle has vertices at A(2, 4), B(4, —Z) lnﬂ C(8, 12). L is the mid-
point of AB and M is the mid-point of BC.
Find: () the coordinates of point L,
(b) the coordinates of point M,
(©) the distance LM,
7. A triangle has vertices at A(9, 9), B3, 2) and C(9, 4).
Find: (a) the coordinates of M, the mid-point of BC,
(b) the length of the median from A to M.
8. Find the lengths of the m:duns of the triangle that has vertices at
A(0, 1), B(2, 7) and =1).
9. A(l I), B(6, 9), C(13, 7] and D are the vertices of the parallelogram

-points of the straight lines joining each

Fmd (@) the coordinates of the mid-point of the diagonal AC,
(b) the coordinates of the mid-point of the
(©) the coordinates of D.
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10, B(= 1, 5), Q8. 10), R(7, 5) and § are the vertices of the paraliclogram

RS. Calculate the coordinates of S.

m Pmnu A(Z, ’)v B(d, —1, C(0, ~3) and D(~6, 3) form the quadrilateral
s P, Q, R and § are the mid-points of AB, BC, CD and

DAn:pxﬁ y.
(a) Find the coordinates of P, Q, R and S,

:5, ()
14. The points A, B, C D have coordinates (-7, 9), (3, 4), (1, 12) and
(=2, =9 respectively. Find the length of the line PQ where P divides
AB in the ratio 2:3 and Q divides CD in the ratio 1: -

3.4 Gradient of a line joining two polints
The gradietofte ln joningth ponis A, ) and Bl 1) is &
measure of the stecpness of the line AB and it is the ratio of the change in

y-mcmlmlk 1o the change in the x-coordinate in going from A to B.
From the diagram

oordinate from Ato B _ BL _ y, -y,
xcoordinate from Ato B~ LA ~ x, — x,

‘Thus the gradicnt of the line joining A(xy, ) to
Blxz, ya) is

BN
XX

Not that 221 coud be writen 21222

and the um: lnl‘lﬂ would be obtained.

“The point to notice is that the same suffix order i
used in both the top and the bottom of the fraction.

Neither fl{—);: nor H would give the correct answer.

Example 9

Find the gradient of the lines joining the following pairs of point

0 4 o 1 ;9 3 7 o 4, 00 5 0 6. .

(@) @ Dand (7, 3) () 2, ~7) and (4, 3) (© (2, 5)and (6, 1)
gradient = L= ient = 21200 gradient = 2= 2

Hoxn 6= X
3-1 1o
§-2
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In (a) and (b) the gradient is found to be positive whereas in (c) the gradient
is negative.

IF the points are plotted, the significance of the negative gradient is seen.
y
@3
s
“ |> )
x
Figure | Figure 3
@-n

Figure 2

In figures 1 and 2, as we proceed along the line in the direction of increasing
%, y also increases.
In figure 3 as we proceed along the line in the direction of increasing x,
decreases.
More simply: a positive gradient is associated with going ‘uphill’ as x increases,
a negative gradient is associated with going ‘downhil” s x increases.

Example 10
Determine whether the points A4, 3), B(~1, 5) and C(8, 11) are collinear.

o ya)
gradient of BC = 2

B yp)

ince the gradient of AB = gradient of BC and
point common to the lines AB and BC, the
and C are collinear.

At )

Alternatively, vector methods could be used to show that AB is a scalar
‘multiple of BC, as in chapter 2.
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Exercise 3D

1. Find the gradients of the straight lines joining each of the following pairs
of points:
@ (. 5)and (5.9) (b) 3, 1) and (4, 8)

() (2,0)and (6. 1)
2)

G) (-2 ~2)and 0,2)
M (1. =1 and (7. =7)
2 For o of the parts (a) o (¢), state whether the three given points are

collinear.
(@) 2.3). (4. 4). 10, 7). ) (2,0, 3,1, 8, 7)
© =D (=L D47 @ -D(- 3751 (2.4
(©) (5.3),(6. 1), (10, -5).

3. 1f the straight line joini
the value of b.

4. If the straight line joining C(c, 5) to D(~3, 2) has a gradient of 3, find
the value of ¢.

. Tho hre poius Al =1, BS, 1) and C{1, 2) re colncar. Find the
value of

6 The points ACS, 2. B, 0, (e, 9, D(~5, ) and B, ~2 ll e on the
same straight line. Find the values of ¢, d and e.

'8 A, —$) to B(6, 4) has a gradient of 4, find

3.5 Parallel and perpendicular lines

The gradient of a line is a measure of its *steepness’. Two parallel lines are
equally steep so they will have cqual gradients, but what about two
" 2
? y

Suppose two straight lines (1) and (2) intersect
at right angles at the point A and cut the
x-axis at the points B and C respectively.

If AD is the icular from A to the
x-axis and ABD = 6, it follows that

D/

Then gradient of line (1) = 0 = tan 6
gradient of line (2) = — AL (negative as ‘downhill or increasing %)
1 1
CO/AD ~ “wn @
gradient of line (1) x gradient of line (2) = tan 0 x

=1

‘Thus, if two lines are parallel, they have cqual gradients
and  if two lines are perpendicular, the product of their gradients is —
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“This condition for perpendicular lines means that if one line has a gradient m,
a perpendicular fine will have gradient —_.

Thus, the following pairs of gradients all apply to pairs of perpendicular lines:
2and - nd -4, §and Yand -§.

Example 11
Given the points A(1. — 1), B(5, 2), P(—1, 10), Q(~—1, 3) and R(-9, -3),
show that AB is parallel 10 QR and that BP is perpendicular to AB.

gradient QR = % gradient BP =

sradient AB = 2

Since gradient AB = gradient QR, AB and QR are parallel.
Since (gradient BP) x (gradient AB) = — 1, BP is perpendicular to AB.

Example 12
“The triangle P(—4, 3), Q(~ 1, 5), R(0, =3) is right-angled. Find which side
is the hypotenuse

-5
)

gradient PQ = gradient QR =

-3 -
(gradient PQ) x (gradient PR) = § x (~3) = ~1
Henee PQ is perpendicular to PR, so QPR = 90° and QR is the hypotenuse.

Exercise JE

1. Write down the gradient of a straight line that is perpendicular to a line
of gradient:
@2 @3 @ @4 © -4
03 ®) 3 24 @ 4 G -3

2. Using the pomu A2, 4), BE. 7), cGs, 72) and D(,
Cis perptndlcullr o CD.
. €7, =3) ond D<4 2) form the trapezium
BCD. Name the pair of sides that are pars
4. A triange has vertices at A(2, 2), B(S, 7) and cus ). Find e gradicnis
of the lines AB, BC and AC. Hence show that the triangle is right-angled
and e which ange, A, B or C s the rght angle.
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5. The l

joining point A(a, 3) to point B(2, ~3) is perpendicular to the
line joining point C(10, 1) to point B. Find the value of a.

6. Points A(0, 3), B(4, 7) and C(10, 5) form the triangle ABC; L is the mid-
pintof AB and M i the midpoin o BC.
Show that LM is parallel to
. A triangle has vertices at D(0, z), E(8, 6) and F(2, /). If the triangle is
right-angled a D, use gradients to find the value of /. What would your
answer have been had the triangle been right-angled at F?

8. The points A(0, 2), B(, 0) and C(5, c) form a triangle ABC, right-angled
at C. By finding expressions for the gradients of AC and BC, find the two

possible values of c.
9. Points A3, 4), B(5, 0), C(~1, ~3) and D(~3, 1) form a quadrilateral
Find (a) the gradients of the lines AB, BC, CI
(b) the lengths of the lines AB and AD.
Hence state what type of quadrilateral ABCD i

3.6 The equation y = mx + ¢

In this chapter we have been discussing points, lines joining points and
‘perpendicular lines, but we saw in chapter 1 that lines on a graph have
cquations associated with them. We now consider these equations in more
detail

Suppose the point P(x, ») is a point on the
straight line which cuts the -axis at the point
A0, ©), and has gradient m.

The gradient of AP is m,

but Aym;-.ai«u’ —c

Taca

giving y — ¢ = mx and this is usually written y = mx + c.

“This is the general cartesian equation of a straight line. The word cartesian is
after René Descartes (1396-1650) the Frenchman who first developed the

idea of using an ordered pair of coordinates (x, ) to specify & point in &

plane relative to a pair of intersecting straight lines.

Al straight lines have equations which can be written in the form y = mx +
where m is the gradient and (0, ¢) s the point at which the line cuts the y-axis.
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Example 13
tines, and in each case find

Find the gradicnt of
of the point where the line cuts the y-axis.
@y=3x+4 ®)2=3x-4 @©x+dy=2

(3) Comparing y = mx + ¢ ® Tocompare
and ymdxta %
gives m=3ande=4 ve ¥

Gradient = 3 cutting y-axis at (0, 4). whichgies

Gradient =

() To compare y = mx + ¢
an

—dx+ 4

me Yande=y

or
which gives

Gradient = -} cutting y-axis at (0, §).

Note: Before comparing the giver
rearrange the equation so that it is in the form e mx +
initial rearrangement is not necessary if we

h

=mx+c
3x -4
=dx-2
=jandc= -2

§ cutting y-axis at (0, ~2).

uation with y = mx + c, we must first
lowever this
coordinates of

only require the
ihe pointsof ntersection with th axcs, 4 the following cxample shows

Example 14
Find te poine 1 which thelne 3y - 12 = A ctn 0} he yeaxis,
(b) the x-axis. Hence sketch the line 3y — 12 =

(a) Any point on the y-axis has x-coordinate equll to zero.

Substituting x = 0 into the equation of the line gives 3y — 12 = 0
f y=4
The point on the y-axis is (0, 4).
(b) Any point on the x-axis has y-coordinate equal to zeo,
Substituting y = 0 into the equation of the 12 = 4x
x=-3

The point on the x-axis is (-3, 0).

To sketch the line, we do not need to make -
accurate plot on graph paper. A sketch

e on pai or ined paper and should s how
al characteristics of the line. For a
straight line, a skeich can be made by
knowing where the line cuts the axes. The
sketch of 3y ~ 12 = 4x is shown on the
right.
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Itis also possible to determine the gradient of a line knowing only the angle
‘made with the direction of the positive x-axis.
Consider a line which cuts the x-axis at the
point A. Suppose B is another point on the
line; BC is drawn as shown in the diagram.
Assuming the same scale is used on each axis,

the gradient of the li

s the radicnt of the e s the tangent of
the angle between the direction of the postive
X-axi ine, measured anticlockwise.

Note that by measuring the angle anticlockwis from the dircction of the
positive x-axis, we still obtain negative gradients for lines that arc downhill
for increasing x; for such lines, @ is obtuse and tan @1s negative for

90 <0<

It is important to realise that there is no conflict between the cartesian
equation of a line and the idea of a vector equation of a line discussed in
sesion 25,1 staight lne s parllel to some vector b nd pasesthroogh
pmnl A having position vector a, the straight linc has a vector cquatior
+ .

Consider the straight line £ = (‘l’ + A(f)
“This line passes through the point having

position vector (‘:) and is parallel to the

vector 2 .

To ahum the cartesian equation of this fine,
consider the general point P on the line having

f=-1) gradient = |
=% -2 or y=dxtl

'
‘Thus the line has gradient § as we would expect for a line parallel to a vector (f) -
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In general terms, the vector equation (;) - (Z) + A(;) gives the

cartesian equation

EL LTS
rearranging gives y gx + u

Thus the gradient of the line with vector equation (;) - (:) + z(;) is given

by 2, again as we would cxpect for a line paralll to the vector (j): dd

) ‘
2 the

Thus with the cartesian equation written in the form

gradient, 4, is obtained from the denominatars.

Example 15
Find:

(©) the vector equation of the line with cartesian cquation 2y = 3x = 1.

(a) Considering the general position vector r = (’y‘) gives x=2+42
y=3-2
B L2
ie. y= 247

=2 gives xm3+2
and  y=1+41

 ()=0)6)

ey ot (1) + 32,

(b) Letting X532 =

Alternatively one can simply remember that a cartesian equation of the
-5

s parallel to the vector (;) ind passes through the

x-
© Ej

o)

form
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() We first rearrange 2y = 3x — 1 into the form
" y=3x-1
then 4 0=

+i_x
3
Thus. x=0+21

Thus the vector equation of the linc is ¥ = (_;’) +a(}

Alternatively, we could say that, as 2y = 3x ~ 1 has gradient , the line is

‘parallel to the vector 3 shown on the right. Then, choosing one point on i

the line, say (1, 1), we obtain the vector equation

=" 2)
= (|) + A(]) .
Itis not immediately obvious the cquations (1] and [2] represent the same
line but each equation does give the position vector of any point on the line
by a suitable choice of 4.
By writing the A in equation [1] as (4 + §) we obtain equation [2)

e () e nB) - ()2 40+ ()
-()+40)

Exercise 3F
1. Find the mdlnlu of the following straight lines:
@ y=3x ®) y=5x+4 ©y==3+1
(d)y-)x#ﬁ ©y=-ix+3 (!)y-’lv!x
® y=5+ (b) 2y () y ~ 2x
G y- 3x+|-o ® 2 +8x+5=0 (1) ZyAXx-‘I
M) 3x+y=4 (,.)§¢_-| (,,)2_2].‘
2 Fmd wbm me ranowmg straight lines cut the yms
y-x=4
(c]Zy-ix—! (d]3xfl)'12—

@3+5=1 m3-§=1
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v @
)
@),
45 45

3 iod the gradiets of achof e s () o e show n e raph
(Assume the same scale is used on each @
4. Find where the ine 3 = = 2.l (4) he xaxis, () the oasis.

3 cuts: (a) the
Hence sketch the line 2y = 6 — 3x.
i e e o he ey = 2¢ 47

(b) the y-axis.

() 2y = x+3, () 3y~ 6x=1, (d)2x+3 =4

7. Which of the following lines are perpendicular to the line y = 2x + 47
-4 B y= -kt @©W=S5-x x
= ax + bis parallel to the linc y = 2x ~ 6
through e pons (1, 7). Find e vaies of s and 4.
popndicuar ot ey + 22 = 4 nd cue
"o on the -axi. Find the salues Eoteanad
10. Find the catesian equations o the lma hose vector equations are
given below. Give your answers in the form » =

(n11=(;)+;\(:) (b)x=(")+»( g)
@r=3t4+AG-)  @r=4-5+A0+3)
11. Find the vector equations of the lines whose cartesian equations are

(@)
©@y=22+3 @ 3y
12. Two sraight lnes L, and L, have equations
3 et ang 2 - 2 2 L respetivly
(a) Express mh equlncm in the form y = mx + c and hence show that
L, and L, are perpendicular.

(b) Express each equation in the form r = a + Ab and use the scalar
product to show that L, and L, are perpendicular.

2

+5
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3.7 Finding the cartesian equation of a straight line

In the last section we saw that we can find the gradient of a straight line and
fhevalue o s inercp from s careian equaton.

‘This process can be reversed; it is possible to find the equation of a line
given suficient information about the line.

Equation of a line from its gradient m and a point (x,, y,) on it.
Consider a line having gradient m and passing

through the point A(x,, y1). J

Suppose that P(x, y) is any other point on the
line.

Gradient of line = m

_PN
NA
o

Example 16
Find the eq!ulinn of the straight line that passes through (-2, 3) and has
gradient {,
Let P ) be any point o the .
Use the eq ¥ = mx - x)
Sub:umnn( {nr s andmgivess  y -3 =1l - (-2)]

Sy~ 15=dx+8
S0 the required equation of the line is Sy =dax+ 23

Equation of a line through A(x,, y,) and B(xy, y2)
Consider a line which passes through the
points A(x), y,) and B(x;, ;) and suppose
PCx, ) is any other point on the line.

The radlent of AP s cqual 1 the gradeat of
AB 18 ASE i mraig 1

y

‘This result s easily memorized as the two sides of the equation are both
expressions for the gradient of the line.
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Example 17
Find the equation of the straight line that passes through (3, — 1) and (7, 2)
Let P(x, y) be any point on the line and using

Fa _

or 4y + 1) =3x~

3
ie. 4y = 3x — 13 is the required equation of the line.
Example 18

Find the equation of the perpendicular bisector of the line joining the poi
A2, ~3) and B(6, 5).

We can find the coordinates of the mid-point r

of AB. The gradient of AB, and hence that of

the perpendicular bisector, can also be found.

‘Thus, knowing the gradient of the

perpendicular biscctor and one point on it, we

can use y — y, = mix — x,) 10 obtain the

required cquation.

Coordinates of M, the mid-point of AB are A
1i6 -3+
(52w

gradient of AB =

. gradient of perpendicular bisector = —§
The require e has gadint -4 and passes u.mu,.h M@, 1)

o= mx = x)
= i -4

or  Jy-2=-x+4
y=6-x

‘The equation of the pervemiwuhr bisector is 2 = 6 — x.

Equation of a line given a law

As we saw in section 3.1, a locus is made up of a sct of points which obey
some law. We can find the equation of the locus by considering a point
P(x, ) on the locus and using the law to derive an equation in x and .
“This will be the equation of the locus.

Example 19

Find the equation of the locus of the points which are equidistant from
AQ, -2) and B(~4, 1).
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Suppose P(x, y) is any point on the required locus.
Saca P equidinapt o A and By
= PB and so PA? = PB*
lx*!l"ly*( 2P = (x = (= 4))‘*0* n
o AR (2P = (A (-
x‘-6x+9+y’+4y+4 x+x,+|e+>ﬂ»zy+|
which gives dy=Tx 42
‘The required locus has equation 3y = 7x + 2.

Note that i quesion ould e bca soved by inding the perpendiculr
bisector of AB, as in Example 18, since that is the required loc

Exercise 3G

1. Find the equation of the straight line that:
(a) passes through (1, 7) and has gradient 3,
(b) passes through (~ 1, ~6) and has gradient
(©) passes through (~ 1, 1) and

2. Find the equation of the straight line that passes through:

(@) (©.4)and (3, 10) (b) (0, 7) and (7, 0)
() @ Nand (-2, -7 (d) 6, ~2)and (12, 1)
(© (1, ~2) and (= 1, 4).

3. Find the

equation of the locus of the points that are equi

points A(1, 1) and B(S, 3).

4. Find the equation of the locus of the points that are equi
).

points C(2, 7) and D8,

5. If point E has coordinates (4, 1) and point F has coordinates (2, 7) find:
(@) the coordinates of the mid-point of EF,

(b) the gradient of EF,
(©) the cquation of the perpendicular bisector of EF.

6. Find the cquation of the straight line that passes through the points L and
M where L is the mid-point of the straight linc joining A(~ 1, 6) to B(S, 4)
and M is the mid-point of the line joining C(~ 5, - 1) to D(3, = 1).

7. A wiangle has vertices at A(, 7), B(9, 4) and C(1, 0). Find:

(a) the equation of the perpendicular from C 10 AB,
(b) the cquation of the straight line from A to the mid-point of BC.

8. Find the cquations of the medians of the triangle with vertices at A1, 0),
B(S. 2) and C(1, 6).

3.8 Relationships shown as linear graphs

s foquenty dosmbl o lsrne the eeultsofun, xperment ragcally.
Suppose it is believed that a riasoulip of the form P = aQ + b exists
e th vaiabie quanies P a1d Q whers o xnd b e consices, By
comparing P = aQ + b with y = mx + ¢, we can see that plotting P on
The verica axis against € on ihe horizontal axis wil ead to & siaigh line
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he supposed relatioship does exit. If xporimental valuesare
used. ;pproximation to a straight line may be obtained. Furthermore,
the gradient of the straight linc Vil bea and te ne il cut he vertio
axis at (0, b).

Other suspected relationships can be tested in a similar way. In each case,
the relationship is compared with y = mx + ¢ 1o determine what o plot on
the vertical y-axis and the horizontal x-axis. The following table shows some
typical cases (a and b are constants in each case).

g ploton plot on gradient intercept on

ociip o iy o e
P=aQ +b P (3 a ©. 8)
P=a+b/Q 14 ve b ©, @)

. '

Pages , 3 o ©.6
Pag+ b H 3 b 0.0
Example 20
The cost of producing various quantities of a particular article are shown in the table below.
[ ewc e [ [ [ow | we | o [ o

[ Wumberof arces ¥ | 100 | 300 [ a0 [ s | rs0 | o0 om0 |

By ploting 8 uitable graph. show that 8 mlmnmhlp of the form
aN + bexists and find the constants a

1f a relationship of the form o)

C = aN + b exists, plotting C |
against N should give a straight line 0

‘graph. The gradient of the line will

then be a and the intercept on the. o0 y

C-axis will be (0, b)
‘The graph is shown on the right.

P i

L
100 200 300 400 500 600 700 §00 900 1000 N

A straight line is obtained so the mll(lunlhlp is of the form C = aN + b
‘The line cuts the C-axis at 75,50 b =

By drawing a right-angled triangle, n-e mdwnu of this line s found to be 3§§ = .
A relationship of the form C = aN + b docs cxist with @ = }and b = 75.
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In some cacethe numbers involved may make it impracical o chocse
scales such that the axes, as drawn on the graph tersect at the point
(0, 0). Tn such cases the gradient can still be found as in Ccample 20 but the

tercept made with the axis is determined differently, as the next example
shows.

Example 21

In an experiment, the two variables x and y were recorded and the following table obtained.

By plotting a suitable graph, show that the figures agree approximately with
a relationship of the form y = ax* + b and find the constants a and b.

Comparing y = ax? + b with y = mx + ¢ we sec that it is necessary to
plot y against x*. The table below shows values of x, y and x*.

|78 fo]w|uln

y | e |n|e|e|n

2|9 et | m 100 |2 | e

1f a scale is chosen so that the axes cross at the origin, the scale will be
unncoessarily small giving a less accurate answer.

The straight line graph below shows that the relationship is of the form y = ax® + b.

‘ 754 /

» : i
=
551 i
501 h 20 :
45
d

T (]

£ i

50 6 70 80 S0 160 10 120 130 10 150
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Obtain the gradient from the right-angled triangle.
gradient = 3f = 04
Hence a = 04

The value of b can be found by substituting any pair of values for y and x*
together with a = 04 in the equation, for example y = 60 and x* = 100.
L6004 % 100 +b

b= 60—

40 =120
‘The relationship y = ax* + b does exist; a = 04,5

2.

Exercise 3H

1. Some Celsius temperatures and the equivalent Fahrenheit temperatures
are shown in the table below:

[caime, o] @] ] 5 [m]m]

[ rabventeis | 122 [ w0 [ 167 [ [ a2 2 |

By ploting  sitable raph,show that  rlatinship of the form
F=aC+ bex values of the constants a and b.
Find the Fabrenhel lul\pa'lmn equivalent to

(a) 80°C, (b) 40°C, (c) —40°C.

The number of uifs o gas used i a quarcr and the bil ecivd for
that quarter were noted for a number of households and the
tabulated:

[ww [ o] oo [ ]

[emteraruaon ] @ | 0 [ [0 | o | o]

By ploting s mmble graph, show that a relationship of the form

+ b exists and find the values of the constants @ and b.
Find the quariely il for & household that wses 130 units n that
quarter.

3. A scientific experiment was carried out to investigate how the electrical
resistance of a given wire is dependent on the temperature of the wire.
The resistance was measured at various temperatures and the results
were tabulated:

[Femeaerco v s [n]s [« ]n]a
| Resisance R ms | 16 | ver [ 1o9 [ 176 | 17 | 1w |17 |

By plotting a suitable graph show that a relationship of the form
= a + T exists and find the resistance of the wire at 0°C.
4. In an experiment (o test the volume-temperature law for gases, a certain
mass of gas was heated under constant pressure. The volume of the gas
temperatures was noted and the results are shown in the
following table:
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[Femmuerco [ ] w] @] #] @[]

[[votume v | 1os [ 1on [wis T [z s

By plotting a suitable graph, show that a relationship of the form
V'= aT + b exists and find approximate values for the constants
aand b Find the volume of his mass of gas when the
temperature is (a) 0°C,  (b)

5. The force of wind resistance experienced by a particular car moving with
velacity ¥ was noted for various values of ¥ and the results were
tabulated:
‘Wind resistance R (innewions) | 26 | 60 [ 122 | 135 | 180 | 270

[V ¥ o mesetnss | 4 |0 | 16| 1] | 5]

By plotting a suitable graph, show that the figures agree approximately
with a relationship of the form & = a -+ b¥* and find values for the
constants a and b,

Find the wind resistance experienced by the car when moving with
elocity 15 m/s.

& In a paicular cxpsinct, th o veaables x and y wers noed e the
results bulated.

G ]
Gl el w e = ]

By plotting a suitable graph, show that a relationship of the form

=2 + b exists and find the values of the constants a and 5.

7. An experiment mvulvd noting the time period 7' of pendulums of
various length /. The results were as follows:

[ rongn 1 am [o[0]s]w]ns]w)]
[ ime period 7oy {030 [ 110 | vas | vz [ 174 [ 2o |

It is suspected that these two quantities 7 and / are related by a rule of the.
form T = /! where a is a constant. Plot a suitable graph to show this to
be the

8. In a particular experiment, the two variables x and » were noted and the
results were tabulated as follows:
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By plotting a suitable graph show that the figures agrce approximately
with a relationship of the form y* = ax + b and find values for the
constants a and b, Find the value of x when y =

9. In a particular experiment, the two variables x and  were noted and the
results were tabulated as follows.

By plotting a suitable graph, show that the figures agree approximately
with a relationship of the form y = £ + b and find values for the
constants a and b. Find the value of y when x = 3.

10, The sum of the first three even numbers is 12, of the first four even
numbers is 20 and of the first seven is 56. These and other similar results
are shown in the table below

[eimirom s [ 3] 4] 7 [ 0] n] 5] 3]

[oesom 1t o et | 12 [ 20 | | 2 |1 | 30 | 0]

It is thought that S and r are related by the formula § = an + b, By
plotting a suitable graph, show that such a relationship does exist and
find the values of the constants a and 5. Find the sum of the first ity
even numbe:

3.9 Intersection of lines
Any point on a line has coordinates which will satisfy the equation of that
norder to fd the point in which two lines intersect we have to find a point

with coordinates which satisfy both equations. This is equivalent, from
algebraic point of view, 10 solving the equations of the lines simultaneously.

tes of the point in which the lines x — 3y = | and
2x = Sy + 3 intersect.

Since the point of interscction satisfies both cqgations.
x=3=1 e =6y +2

and 2=y 43 ie. =5y+3
subtracting 0=y~ 1 or y=
Substituting in one of the original equations
x-3

or x=4
Point of intersection is (4, 1)
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There are various methods which may be used to solve the equations
simultancously. Examples 23 and 24 demonstrate the method of substitution.

Intersection of straight line and curve

A stright line mly mmetl a curve at more than onc pmm ‘Thus solving
of the lnc and uld give more than

one answer.

Example 23

The line y ~ 2x + 3 = 0 intersects the curve y = % ~ 2x at the points A
and B. Find the coordinates of A and B.

‘The coordinates of the points of intersection satisfy both equations.
y-22+3=0

yext-2x ]
Substitute for y from equation [2] into equation (1]
X -2 -2c+3=0

or X - ax+

Substituting for x in equation [1]:
y-6+3=0 or y-2+3

e y=3 ie y=-1
‘The points of intersection are (3, 3) and (1, —1).

Example 24

Find the points at which the curves y = 3t and y = x* — Sx — 3 intersect.
As before, the points of intersection are given by solving simultancously the
equatior

y = 3x*
= xt - 5x -3
Substituting for y from equation [1] into equation [2]
3 =at-5x-3

-
el

or 204 5r+3=0
@x+3Yx+ =0
giving x=-3 or
Substituting for x in equation (1]

y=EN-P =4 or y=3(-1p=3
The points of intersection are (—3, 32) and (~ 1, 3).




9 Understanding Pure Mathematics: Chapter 3

Exercise 31

1. Find the coordinates of the points where the following pairs of lines
intersect:
() x + 2y = 2and 3x - 2y = 14
() y+2x=Sandy=3x-5
©y=2-landy=x+1

©y=xandy+3x=4
@) y=2x+Sxandy - x =12

® y=x-4x+dandy =201

(h) y=x*+1and2y = 5x

@ y=xi+x—landdy+2=2x +6x
i -

y
M y=x-3andy+xy=5
2. (a) Find the coordinates of the point where the lines 2y — x = 2 and

y+ x = 7intersect.
(6) Prove that the lines 2y ~ x = 2,y + x = Tand y = 2¢ - Sare
concurrent.

3. Prove that the three lines y = 3x,y = x + 4and y + 2x = l0are

concurrent.
4 1M the three lines y = x + 4,2y + x = 2and y = ax + 8 are
concurrent, find the value of a.
5. Explain why the lines y = 2x — 3 and 2y ~ 4x = 1 do not intersect.
6. For cach of the following pairs of lincs, state whether they intersect or
not: () 2y + x = landdy = 1 —
® x+y-]lnd y=x+,
=2x+3and2y =5+
7. Find the coordinates of the mid-poin o the line AB where A and B are
the poias whersthe e y = 25 + 4 and the cureey =
intersect
8 Thelne y = x + 5 cus the curve y = x* — 3 at two poins A and B
the coordinates of A and B and the length of the straight line
i thse two pote.

@ -m  cauaton of the stesight i pusing trough the point 0, 4 and
r 10 the line y =
® it i o e te o y=3x
() the perpendialr diseace fom 6. 10 the line y = 3x —
10. Fi
(.) equation of the perpendicular from (1, 8) to the linc 4y = 3x + 4,
(b) the length of the perpendicular from (1, 8) to the line 4y = 3x + 4.
1L The curves y = 2+ — 3xand y = x* intersect at two points. Find the
equation of the straight line joining these points.
12. Find the coonicais of thevetos of the iriangl whow ids re given
by the cquations y + x = 1.y = x ~ | and 3y = x ~
3. The lne y = ax — 1 and the curve y = 11 & bx — § intersctat the
points s, — 9 and Q. Find the vaes of a and 5 and he coordinates
of Q.




Coordinate geometry I

14. A triangle has vertices -| A(o 8), B(1, 1) and C(5, 3). Show that the
triangle is isosceles and
(a) the equation of the um.m line through A and C,
{6 the coordiutes of e fock ofthe perpendiclar from B to AC,
(©) the length of the pzrptndlcnllr from B to

Exercise 3J  Examination questions

1. Three points have coordinates A(l, 7), B(7, 5), and C(0, =2).
Find: () the equation of the perpendicular bisector of Al
(ii) the point of interscction of this perpendicular bisector and BC.
(Cambridge)
perpendicular bisector of the line )mnmg the points (1, 2) lnd 1, ;)
meets the y-axis at the point (0, k). Calculate
3. Given that the poinis (4, 2), (1, 6) and (5, k) lic on a straight Ime.
lculate the value of k.
“The line meets the x- and y-axes at A and B, respectively. If O is the
origin, calculate the lengths OA and OB, and the area of the triangle AOB.
UJB)
4. Three points have coordinates A(2, 9), B(4, 3) and C(2, - 5). The line
tirough € with gradicat § et ha o AB produced 1 D. Calaits
() the coordinates
(ii) the equation of et through D perpendicular to the line Sy ~ 4x =
(Cambridge)
. Find the coordinates of the point C on the line joining the points
A(=1,2) and B(~9, 14) which divides AB internally so m-x%‘é -3
Find also the equation of the line through A which is perpendicular to
AB. (London)

& Prove by akuhuon that the triangle formed by the lines
x=2y+1=0,9x+2 ~ 1l =0and 7x + 6y = 53 = 0is
feoscles. Caleulate, o th nearest degree te smallst angle of the
triangle. (AEB)

7. ABCDisa plr-ll:ln[r-m in which the coordinates of A, B and C are
(1,2), @, ~1)and (=1,

ind n.uqu.n ns of AD and CD.

@) Calslnethe area of the parallclogram.
) Find thelengthofthe prpendicar o A 1 BC, keving your
answer in surd form. UMB)

8. P and Q are the points of intersection of the line
X4ra
Iti-tE@>0b>0.

with the - and y-axes respectively. The distance PQ is 10 and the
gradient of PQ is —2. Find the value of a and of b. (Cambridge)
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9. A point P moves in such a way that ince from the point (5, 3) is
equal 10 twice its distance from the line x = o Find the equation or the
locus of P. (MB)

10 Caulate the coordinate of the points of inretion of e ssght ne
3 and the curve x* — 3xy + p? + 19 =

11. Calculate the coordinates or the point of intersection of

(Cambridge)

‘The table shows corresponding values of variables R and v obained in
an experiment. By drawing a suitable linear graph, show that these pairs
of values may be regarded as approximations to values satisfying a
relation of the form R = a + by, where a and b arc constants.
Use your graph 10 estimate the values of a and b, giving your answers to
2 significant figures. (London)

13, The table shows vlues of the variabies x and  which are belived (o be
related by the equation ax? + 3* = b, where a and b are constants.

Show graphically that, for these values, the equation s approximately
satis graph estimate
() values for a and b, (i) the value of y when x = 26, (AEB)
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Trigonometry 1

4.1 Trigonometric ratios of any angle

In section 0.6 on page 13, we obtained certain facts:

X~ tanx, sinx = cos (90" - ), et
We also saw how o obtai sin ¥, cos x and tan x for 0" € x < 180", We
‘must now consider the sine, cosine and tangent of angles greater than 180°.
Consider a rotating arm OP of unit length which traces out any angle 8in
an anticlockwise direction from the linc Ox.
The four positions OP,, OP,, OP, and OP, shown below correspond to the
four angles ,, 6,, 6, and 6,. The x- and y-axes divide cach diagram into four
quadrants: 9, is in the first quadrant, , in the second, 8 in the third and 6,
in the fourth. Perpendiculars are drawn from cach position of P to the x-axis.

‘The trigonometric ratio of any angle is defined as the trigonometric ratio of
the acute angle between the rotating arm OP and the x-axis with the
appropriate sign. The appropriate sign is determined by considering the
irigomometric rato of the sculs ange

c0s 6, = cos PyON, with the appropriate sign

- g—P = 0% 45 0P, s of unt length.
But ON, i g
cos 6 = ~ cos (180" ~ B).
Sy, i 6, = an PyONs ith e apprapite sign

- B
BuLON, and PN, e both negaive
s tan (6, — 180°)

By considering the trigonometric ratios of angles in each of the four
quadrants, we find that all are ponnv: in the first quadrant, only the sine is
‘positive in the second quadrant, only the tangent is positive in the third
quadrant and only the cosine o positive in the fourth quadrant. These results

are summarised in the diagram on the right. tan
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Thus sin 320" = —sin 40" = —0-6428

“The result is negative because only the cosine is positive in the fourth
quadrant; we use sin 40° because 40° is the acute angle that me given angle
makes with the x-axis. A calculator gives this answer direct]

Note that if the arm rotates in a clockwise direction, it is said to trace out a
‘negative angle.

Thus tan (<30 = ~tan 30" = ~-
The result is negative because only the cosine is positive in the fourth
quadrant.

Also. cos (=307 = +cos 30" = %2
“The result is posiive because the cosine is positve in the fourth quadrant.

Example 1

Writecachofthe fllowing us ulganomeiric rtos of acut wngles.
(@) cos 230°, (b) si

(@) cos 230° (3rd quadrant) (®  sin 1407
= cos 0" with appropriate sign = s 407 with appropiate sign
= —cos 50" = +si
230 1400
Example 2

Evaluate the following without using tables or a calculator. Leave your answers as surds
(8) cos 135", (b) tan 240", (©) sin (~45"), (d) sin 480",

(a) cos 135" (2nd quadrant) = —cos 45° = —-)

(b) tan 240° (3rd quadrant) = + tan 60" = +3
(@) sin (~45") (4th quadrant) = —sin 45" = ~—}

(d) sin 480" In this case, the rotating arm will be in the same position as
for 120°,

sin 480° = sin 120° (2nd quadrant) = +sin 60° = +:§

Note that the trigonometric ratio of any angle 8 greater than 360" s the same
as the trigonometric ratio of (@ — 360°).
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Maximum and minimum values of sine and cosine
The vgonomeric ra
acute angles
From the defmiton o the sne and cosine:
the maximum value of sin s +1 (when 0 = 90", 450°

a the minimum vale of i 03 ~1 (vhen = 270 63"

he maximum value of cos s +1 (when
and he o il of co 012 1 (when 0 = 150 SAT

o fall anges differ from the trigonometric ratios of

Example 3

Write down the maximum and minimum values of each of the foll g and

state the smallest value of 6, from 0" to 360", for which these values occur.

(a) 1 = 2cos 6, (b) 3siné - 1.

(a) 1 — 2cos

Note that cos 6 varies from + 1 to — 1, hence 2 cos 6 varies from +2to -2.
us the maximum value of | = 2 cos @is | — 3and occurs when

The minimum value of 1 — 2 cos @is 1 = 2 = —1 and occurs when

cos 6= =
(b) 3sin 60—

Noluhalsm eumfmm +1 10 =1, hence 3 sin 0 varies from +3 to —
‘Thus the m: value of 3sin § = 1is3 = 1 = 2 and occurs when
nna-lma-w

‘The minimum value of 3sin 8 ~ 1is =3 = 1 = ~4 and occurs when
sinf= —lic 0=

4.2 Trigonometric graphs

Note that, for any angle 6, a single value of sin 6 (or cos 6) can be found.
The same applics for tan 0 with the exception of & = £90°, +270"
which values of tan 0 are not defined.

Thus sin @ and cos @ are functions which are defined for all posi
st valuetof 8 an 9  fieron whic s deised for all potlve end
negative values of 6 except 90",

Tis therefore possible to construct s of vaes giving ordered pairs for
these functions and hence to plot their graphs. Such graphs can then be used
1o find solutions of trigonometric equations.

Example 4
() Copy and complete the following table for y = sin x.

[ o [ [ [ [ [ v [ [ [ s s [ e

(30 I 8 73 I A A I

]
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(5 Plot he graph of y = si  and ui your graph to i approsimate
solutions to the equation sin x = 0-3, for 0 < x < 360°

(a) The completed table is as follows:

[ oo [ [ [ [ [as o [ o 2 | [ [ [ [ 0]

[ 55 [om o o [ow o o3 | 0 [-03]-om | -ow1]-ro|-om|-oni|-01] o |

® F

Ify = sin xand y = 043, solving these simultancously gives the solution of
the cquation sin x = 0:3. We can achieve this on the graph by drawing the
line y = 0-3 as shown above. The points of intersection of the curve with
the line give the solutions:

21T or x= 163"

Example 5

(a) Copy and complete the following table of values for the function f: x - tan x.

&) Pt the gk of the function /: x — tan x for the domain
0° < x < 70" and use your graph to find approximate solutions to the
following equations for 0° < x < 70°
() tanx =03, (i) tanx = 2.

(a) The completed table is as follows:




Trigonomerry |
®)

3 J A9 = unx

010 20 0 4 S0 e 700

(i) To solve tan x = 0-3 we require the values of x for which f(x) = 0'3.
rom the graph, tan x = 03 when x & 17°,
() To solve tan x = 2 we require the values of x for which /(x) =
From the graph, tan x = 2 when x % 63"

Example 6
(8) Plot the graph of y = | + sin 2x for 0" < x < 180°
(b) Obtain approximate solutions from the graph to the equations
@) 1 +sin2c= 12, i) sin2x = 07, Gi) | + sin 2x = sin x.

(a) The graph of y = 1 + sin 2x is plotted from a table of values as before.

y
T
]
1
18 =+
T
T
T
-1z
5
5 7
N
N
=, .
o @ w & w o o w1

@ To solve the equation 1 + sin 2x = 12, we need to draw y = 12
on he same graph and find the values of x at the points of

From the graph x = 6 or x & B4
(@ To sl the cquaionsn 2« = 07 compare i it vt
2=

= 1 + sin 2x which we have drawn.
07,1 +sin2x = 1+
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So theimemction ofy = 17 withy = 1 + sin 2x will give the required values of x.
From the graph x & 22° or x % 68"
(i) To solve 1 + sin 2x = sin x, we need to draw y = sin ¥ from a
table of values. The points of intersection of these two graphs will
give the required values of x.

y
201 AT
-

b = |+ sin 2

-+

NG
S
T
i’
Z
f

o w W @ 00 120 W le I

From the graph x = 90° or x = 160",

Exercise 44
1. State in which of the four quadrants each of the angles 4 to E must lie,

(@) both sin A and cos A are positive,
(b) both sin B and cos B are negaive,
(©) cos Cis positive and sin C is negative,
(d) both cos D and tan D are negative,
(€) sin £ is negative and tan E is positive.
2. Write each of the following as trigonometrical ratios of acute angles
@ sin 160" (b) sin zzo‘ (© cos 310°
(e) sin 350° (f) ta (g) cos 220" (h) sin (-40°)
@ cor(o50) G un (— mr) ®sin L-‘ 170 () cos (~160)
(m) sin310° () sin 400° (p) tan 740°
3. Without using tables or  calulator, Wit down the valoes of the
folowing, leaving surds n your s
() sin 150°  (b) cos 2 (©) c0s300° () sin 330"
© @n300 (D) an225 (9 sin270°  (h) cos 270"
(i) sin (=30 (j) tan(~135") (k) cos 390" @ cos 570°
4. Without the use of a calculator or tables, write down (i) the maximum
value and (i) the minimum value of each of the following functions and
state the smallest value of 6, from 0° to 360", for which these val
oceur.

0 (b) 25in 0 © 3cos @) 2+sin6
cos0 () 3+2sin0 (g sin20 (h) cos 20— 1

@
© 3
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5. (a) Copy and complete the following tabic for y = cos x. Tables or a
calculator may be used where necessary, giving answers correct to
two decimal places.
[ o [ [ [ [ oo s s o [ [ st [ [ s [ ]
CITTT I T

(b) Plot the graph of y = cos x for x from 0" to 720° (i.c. twice the
interval used in the above table) using a scale of 1 cm to 50° on the
x-axis and a scale of 4 cm to | unit on the y-axis. Remember that

190" = cos 30",

6 () :;py ‘and complete e following table of values for the function
Jf: x = sin 3x. Tables of lere necessar
giving answers correct to two decimal places.

[ Jo oo Jao Joor Jao Tso T o o [ow oo [ [raw]

o 1T 1]

(b) Use a scale of 1 cm for 10° on the horizontal x-axis and a scale of
4cm to 1 unit on the vertical y-axis, plot the graph of the oncion
for the domain 0° < x < 120,

(¢) From your graph, find approximate solutions to the following.
equations for 0° < x < 1
@ sindx =06, @) sin3x = 06, (i) sin3x = 0.

7. (2) Copy and complete the following tabie of values for the function

Jix =1+ cos2x.

[ o [ [ [ [ [ [0 [ws o [ [ ]

Wl TTTT T TT]

“Tables or a calculator may be used where necessary, giving answers.
correct t0 two decimal places.
(&) Pltth graph of the fncio £ |+ os 2x for the domain
ind use your graph to ﬁnd ‘approximate solutions to
e Tollowing cquations for 0* € x < I
(i) 1 + cos 2x = 13, (||)l+coslx=l)8, (iii) cos 2x = —0-7.
8. (a) Plot the graphs of y = cos x and y = 2 sin x on a single pair of
axes for 0 < x < 360,
®) Uw yuur graph to find approximate solutions of cos x = 2 sin x for
x < 360",

9 @) le!hcg‘phxoly cos x — 1and y = sin x on a single pair of axes for 0" < x < 360",
(b) Use your graph to find approximate solutions to the following cquations for 0° < x < 360°,
@ 2cosx - 1= ~15, (i) 2cos x = 05, (i) 2cosx ~ 1 = sinx.
16. (a) Plot the graph of y = 05 + sin x and y = cos x on a single pair of axes for 0 < x < 360",
(&) Use your raph o fnd sppcosimate sofuions o he Fllowingscquationsfr 0 < x < 367"
@) 05+ sinx =11, (i) sinx = 03, ( sinx = cos x.
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4.3 Graph sketching

In the last section some graphs of trigonometric functions were plotted
accurately in order to obtain solutions to trigonometric equations. However,
the information required by some questions may not require us to ma}

accurate plot of the graphs. For example we may want to know how many
solutions  particular equation has in a given interval and not be required to
find the solutions themselves. In such cases a sketch of the graph showing its
basic characteristics would be sufficient.

Sketch ropha ofy = sin.x = cos ¢ andy = tan xate shown below for
0" < x < 720" They are not drawn on graph paper and could not be used
o obtin sotions o equations with any great egre of scuracy butcach
sketch does show the esseatial features of cach function.

y
y y 3
— cosx 2

! ymsnx ! v
I EACT [TEACIESR
-1 - -2
repeats sl every 360" repeats iself every 360° _

3
vcpens sl every 180"

To make sketch graphs of other trigonometric functions we build up
inferaion shout the gaph il suficcnt s known o enable 8 sketh to

‘made. This will involve far fewer points than are required for an accurate
plol of e groph.

determined poins, or sxample when seiching » = sin <
i use the facts that sin 0° = 0, sin 90'
(6) the imis .. maimum and minimam values o function,

() where the graph crosses the axes,

() whether the graph repeats itself over a certain interval (ic. i periodic),
(¢) whether the curve has any symmetry.

Example 7

Sketch the graph of y = sin 2x for 0° < x < 360", 7

‘The values of y will range from +1to — 1. A

“The period of the sine function is 360" so our x
graph should repeat itself aftr 180°. Th S 10T 70 360

Valies of  for ¢ = 0 90, 180, 270", 360"
are easily marked.
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‘The maximum value of v occurs when ’
e +1] . .
i 2x = 90°,450° ... or x = 45°, 225",
‘The minimum mu: of y occurs when
sin 2x — x
e 26 = 70,60 .. orx = 135,315 w18 0 36
-1 . .
‘Thus the sketch can be completed: b4
+1 5 = sin2c

S e 20 360

Note that if we continue the sketch backwards
10 include negative angles, we would obiain a
sketch for —180° < x < 180" as shown: H

80

‘The graph of y = sin x is symmetrical under a 180° rotation .mx the
origin as we would expect for an odd function (i sin (~x) = —sin x)
Note that tan x i a6 an odd function (.. tan (1) — —tan ) and 5o its
graph would llm ‘be symmetrical under a 180 rotation about the origin.
However cos (~ x and 5o the cosine function is even and is
threfore symmetrcal for  reflecto

Example 8
Sketch the graph of y = 2 + sin x for 0" < x < 720"

‘The values of y will range from +3 to +1,

ie. the curve does not cut the x-axis.

1t cromcathe i when x = 0 .y =

Values of y for x = 0°, 90, 180", ... can easily
be marked.

%0 180 270° 360" 450° sH 630" 720° x
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The sketch can then be completed:

Example 9 S 20 %0 40 S0 60 70 ¥
Sketch the graph of y = cos (x + 30°) for —90° < x < 360"
The values of y will range from + 1 10 1. The graph will repeat itself eves

360"
In his crample the valucs = O, IS, .. will ot esemasly give convenient valos for 3.
consider where the graph cuts the axes.

It crosses the x-axis where y = 0
e v+3‘

60, 240",
W eroses the yass wher x = 0
ie. y = cos30°
Misiman vl o  ocrs hee
cos (x + 30°) = |
ie x+ 30 = 0360, ..
x = =30%330, ...
Misimer e of » o where
cos (x + 307) = ~1
ie x+ 30 = 180,
x= 150,

The sketch can then be completed:

Exercise 4B

1. For each of ) listed below,
graphs () t0 (vi) applies.
tanx, (©) y= —cosx, (y=1+sinx, (@y=2sinx
cosx, () y = sin bx.

® G Gy
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) © )

2. For each of the equations (&) to (¢) listed below, state which one of the sketch
‘graphs (i) to (i) applies.
@y =tn(x+30), ©y=sin(-60), ©y=sin(x+ 60

[0} (i) (i)

90/ 180" % ~ 180°\ - 90" w0 180 x

3. Make sketch graphs of the following for 0° < x < 360°
(@) y=2cosx, () y=1+cosx, () y=cos2x.
4 Maks hech graphe of e fullowig for 0 < x < T
@y=-snx, ) y=1-sinx ©

5. Make sketch graphs of the folowing or - 180" € x & 180
(@) y = sin (x + 30), (6) y = cos(x = 607, () y = 1= sin2x.

6 l)nlllngledun-unshu:h the graphs of y = cos xand y = tan x for

< 360 Hencesats the wumber ofslutions thers e o the
qmlwnmx = tan x in the interval 0° < x < 360"

7. On a single diagram sketch the graphs of y = e an and y = 2 cos x for
0° < x < 360", Hence state the number of solutions there are to the
equation cos 2x = 2 cos x in the interval 0° < x < 360"

8. On a single diagram sketch the graphs of y = 1 + sin x and
= 2cos 4x for 0° < x < 360", Hence state the number of solutions
there are to the equation 1 + sin x = 2 cos 4x in the interval
0 <x 2
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4.4 Solving trigonometric equations

In section 4.2 the solutions of some trigonometric equations were found by
graphical methods. The solutions obtained were consequently only
approximate and the solutions were in the interval for which the graphs were
drawn. In general there will be numerous solutions, so that in any particular
question we need 1o be given an interval for which solutions are required,
20" < 6< 360" In some cases we may recognize the ratios as those of
particular angles (0°, 30°, 45", 60° ... etc.) but in other cases we shall need
to use cither a caleulator or tables (o solve the equations. In all cases, the
mluunm should be sketched in the correct quadrants and then the answers
ing in the required interval given

Example 10
Solve the equation cos x 3? for values of x such that 0 < x < 360"

The acute angle with a cosine of %5 s 30", so solutions will make an angle

of 30° with 1 ‘The fact that the cosine is positive indicates that

sfa
T|c
the x-axs.
there are solutions in the Ist and the 4th quadrants. Thus, solutions can be %
righ ]

sketched as shown on !
For the range 0° < x < 360%, x = 30° or 330"

¥
An alternative method s to sketch the graph ! )
of y = cos x for 0° < x < 360" and of d 7
b= 3 |
reT x
From the graph we scc that the solutions must N 8o o0
occur at 30° and at 360° — 30° = 330° . \_/ e

-1

In the following examples this sketch graph method will not be used

Example 11

Sl the quaton = ' for vl o x ch tht sla
~180° 80",

‘We first ignore the minus sign and find the acute angle with a tangent of /3; Te
this s 60° 5o solutions will make an angle of 60° with the x-axis.

Using the fact that the tangent is negative indicaes that there are solutions

in the an and the th quadrants. Thus soluions can be sketchd as shown «

on the Ca
For tn range 180" € x < 180 x = ~60F or 120



Example 12

Sote the (llawing quatons fo 0 < ¢ < 360"
(a) cos x = 02, (b) si

(8) We require the acute angle with a cosine of 0-2. This is found either by
using the inverse cosine function (written cos™" or arccos) o
calculator or by using cosine tables
cos™' 02 = 7846"
L. otwiony wll ke unange of 7146 vl te s, B e
solutions arc found in the st and the 4th quadrants.
Tis soluions can b skeched as shown o the Aght
For the range 0° < x < 360", x = 78-46" or 281-54".

(b) There are two possible methods of solution.

METHOD 1 is similar to that used above. We first ignore the minus sign
insin x = ~0-

From a calculator or tables sin™ 02 = 11:54",ic. solutions il make

an angle of 11-54” with the x-axis. Because the sin is nzgplwc. mluumu

se

are found in the 3rd and m th qludnnu ‘Thus, solutions cas
as shown on t.

For the range 0 & % < 360 x = 191:54"or U846"

Maion 2 ivolves finding sin™! (~0) direcly from the caleuator:
—11:54" as shown on the sketch. We also know that
Sin x i negative I the rd quadrant, 0 giving the second sohion.
For the range 0" < x < 360", x = 191:54" or 34846",

Mo v igoaomenc fnctions ound on # calcusio sheays e
‘angles that arc within a set interval, dependent on the function being used.

Trigonomery I

3

For sin™" and tan™" the calculator always gives the angle in the range ~90° to +90".

For cos™ the calculator always gives the angle in the range 0" to 180°.

‘These intervals are used because sine, cosine and tangent are one-to-one
functions for these intervals and thus proper inverse functions do exist.
Other solutions 10 an equation can then be found in the usual way using:

‘The inverse functions sin ™", cos ™! and tan~" are discussed in more detail in
chapter 15.

746
846"

T

TS
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Example 13

Solve cos x = —03 for ~180° < x < 180",

Mmoo 1 Fis igner the minus
from a calculator or tables

Betaus te coine 4 negaive, solutions are in the 2nd and the 3rd

quadrants. Thus solutions can be sketched as shown on the right.

For the range ~180° < x < 180°, x = 107-46" or —107-46".

= 10746" from a calculator

in the 2nd quadrant; because the cosine is negative there.
the 3rd quadrant of — 107-46" as shown on the right.
For the rln[: ~180° < x < 180, x = 10746 or 10746,

‘The following examples show the use of method 1 to solve more complicated
equations.
Example 14

Solve sin (x + 107 = ~05 for 0" < x < 360",

sin” 05 ie. solutions will make an angle of 30° with the x-axis.
Because the sine is negative, solutions are in the 3rd and the 4th quadrants:
Thus x + 10°= 210" or x + 10° =

Example 15

Solve cos 2x = 0-6 for 0° < x < 360".

cos™' 06 = 5313, ie. ml\moni will make an angle of 53-13° with the

Because the cosine is pnnllv:. solutions are in the Ist and the 4th quadrants:

“Thus 2x = §3-13", 306-87", 413-13", 666-87".

Notice that we must consider solutions for 2x from 0" to 720 as this will
ired.

give solutions for x in the interval 0° 10 360° as req
i€ x = 2657, 15343", 20657, 33343".

Example 16
Solve 3(tan x + 1) = 2 for —180° < x < 180",
E!plndm! Jtanx + 3 =2

tanx = —.

solutions will make an ange of 18-43" with the x-axis.

'y = 184y,

Betaute the tangent is negative, solutions are in the 2nd and the 4th quadrants:

For the range ~180° < x < 1807, x = — 1843 or I61-57"

10746"

0746°

183
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Example 17
Solve sin? x + sin x cos x = 0 for 0" < x < 360",

Factorising sin x(sin x + cos x) = 0

Thus, cither ~ sin x = 0 o sinx + cosx =
=10 = 0" and 50 solutions sinx = —cos x
x = —1 (dividing by cos x)

Now tan™" | = 45° and, because the tangent is
negative, solutions will occur in the 2nd and
the 4th quadrants:

45
5
x =07, 180°, 360" x =135 or 315
Thus for the range 0° < x < 360°, x = 0%, 135", 180", 315" or 360°.
Note: Tt is important that we factorise sin? x + sin x cos x in the last
example and do not attempt 1o cancel by sin x. Cancelling would lead to
sinx = ~cos x and 50 the solutions arising from sin x = 0 would be lost.
Example 18
Solve 6 cos? x — cos x — 1 = 0for 0" < x < 360",
Factorising (3 cos x + (2 cos x = 1) = 0
‘Thus, either 3 cosx + 1 = 0 o 2c0sx-1=0
x= -} o=
Now cos™" § = 70:53" and, because = 60" and, because the cosine
the cosine is negative, solutions are in is pnﬂuve. solutions are in the Ist and 4th
the 20d and the 3rd quadrans: quadrant
C
055"
70557 0"
x = 10947, 250:53" x = 60", 300"

‘Thus for the range 0° € x < 360°, x = 60°, 109-47", 250:53", 300°.

Note: In some cases, factorising can gve a bracke that does ot lead 0 any
solutions. For example, if we had to sol
cosx — I)cos x — z) o0 < x < 360

cither 2cosx — 1 =0 or cosx-2=0
cosx =} cos x = 2
607, 300" which has o solutions.

giving x
Thus x = 60° or 300° are the only solutions.
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Exercise 4C
1. Solve the following equations for all values of x from 0° to 360",
@ sinx =14 (6) cosx = © anx=1
@ unx= -1 @sinx=-L  Ocwsx=d
2. Solve the following cquations for al values of x from ~ 180" fo + 150"
(@ sinx = -4 ®) cosx = § © sinx =2
(@) anx = /3 (t)emx=7% (ncmxff)?
Sl the Fllowing cquaions for al vl o  rom 0 10 360
3. sinx = 03 cosx=~07 5 tanx= 075
6. costx = | iy B uma-sems=0
oo . 7
L sin2e = = 10, cos 2= 4 1 sin (5 + 20 =~
12. tan (x = 30) = 13. 3cos x = 1) = ~1
M.slnx(l*leosx7=0 15. cos 2 sin x + cos x) = 0
2sinxcos x + sin 17, 4 sin x cos x = 3 cos x
8. 4 cost x + cos x = 0 19, tan x = 4sinx
20, @sinx -~ Dsinx + 1) = 0 2L 2sin*x ~ sinx ~ 1 =0
2 2untx-wunx-6=0 B 2anx- =1

anx

Sclve the Collonng equatons fo all vales of x foms ~ 182 40 + 180"
s 2x

24. cos =3 25. sin 2x = 2 cos
mcos<.r-2|r)=—‘ 2. cosx(sinx ~ 1) =0
28. 3sin? x = 25sin x cos x 29. 2cos’x — Scosx + 2 =0

30. () Factorise the expression 6 sin 6.cos 6 + 3 cos 8 + 4 sin 0
fence solve the equation 6 sin 6cos 6 + 3 cos 6 + 4un9* 2= 0 for ~180° < 0 < 180",
31. (a) Factorise the expression 3 sin 6.cos 6 — 3 sin 6 + 2 cos 0 —
) Hence solve the equation 3 sin @cos 6 — 3sin 8 + zeom- 2for 0* < 6 < 360",

4.5 Pythagorean relationships

In section 4.4 we with the solution of trig ic equations,

iie. we were finding the particular angles for which the eguations were truc.

In this section we are dealing with trigonometric ideatities which are true for ll angles.

In section 0.6 we showed that 351X = tan x and thisis an identity. It is true for al values of x.
Consider the right-angled triangle ABC.

sinx =7 and cosx =< 2 b

Y
T B A

hence sin® x + cost x =
But, by Pythagoras b* + ¢* = %, hence sin’ x + cos® x = & = 1.
This is an identity and

true for alf values of x.
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Example 19
Prove the identity (sin 6 + cos 81 ~ sin 0cos 6) = sin’ 0 + cos® 6.
Consider the left hand side of the identity
LHS. = (sin 6+ cos 61 - sin 0cos 0)

in 0~ sin? cos 0+ cos 0~ sin O cos
ﬂnﬂ*(lfcm'ﬂ)eonﬂéwsG-smB(I—nn‘F) using sin® 0+ cos? 0= |
sin 0~ cos 0+ cos® 0 + cos 0 — sin 0 + sin’ 0
sin® 0+ cos? 0
RHS. of identity

Note:

) Tn the proof of an identity we should start from one side of the
given identity and try to obtain the other side. It s usually best

to start from the more complicated side of the identity and

nump: to simplify it.

The sign *=" is sometimes used for identities. Thus Example 19

could have been w
vae(hll(iin9+ cos s)u - sin Bcos 0) = sin* 6 + cos’ 6,

4.6 Secant, cosecant and cotangent

These three trigonometric ratios can be defined in terms of the sides of

right-angled triangle ABC. o
secant x (written sec 9) = = L

cosecant x (written cosec x) = § = b g

cotangent x (witien cot x) = § = b

‘The reciprocal relationships with sine, cosine and tangent should be noted. It~ B © A

follows that the cosecant, secant and cotangent of angles greater than 90°

will have the same sign as the sine, cosine and tangent of these angles
respectively.

X 1 i divei and auad
Since cosec 0= o, Istand

- i .
sec 0= - thus the secant will be positive in the Ist and 4th quadrants,

Example 20
Without using tables or a calculator, find the values of
(@) cosec 150", (b) cot 240, (¢) sec 225",
; oo 1
(@) coses 150" = e © o 240" = b © %25 = e
=4t =4t g
Eox an 60 o3 45

=+ =-n

= +2
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In addition 1o the reciprocal relationships, it also follows that:
x = cosec (90° ~ x) and cot x = tan (%' = x).
From the identity sin x + cos? x = 1, two further identities can be obtained.

@ Sintx 4 costa =1 i) sin? x + cos? x = |

- N Sty o1 i 2 costx _ 1
dividebycosix Togn+ 1 =gy didebysintx | 4 GTegry
= tanx+ 1 =secix - 1+ cot? x = cosec’ x

Thus the three pythagorean identities are

sin? x + costx = 1
1+ tan? x = sec? x

|+ cot? x = cosec? x

Example 21

Prove the identity tan’ 0 + sin? 0 = (sec 6 + cos O)(sec 6  cos 0).
RHS. = (sec 6 + cos O)sec 0 — cos 0)

= sec? @ ~ sec Bcos O + cos Bsec @ — cos? 8

= sec? § — cos?

= tan® 0 + sin* = LHS.

Example 22
Prove that cot* 0 + cot? @ = cosect 6 — cosec? 6.

LHS. = cot* 0+ cot® §
= cot? O(cot? 0 + 1)
(cosec? 0 — |)(cowc’0) since cosec? 0 = 1 + cot? 6
s.

= cosect 8 — cosec’ 0 =
Example 23
o 1~ cos @
Prove the identity \/(m)-m@-wl 6.
1~ cos §°
L“-s-'\/(m)
- 1~ cos 8\(1 — cos 6
- T+cos\T —cos @
(1~ cos B ma)x (1 — cos
(= cos™ 0) :m'd

_l-cos8

500

_cos
s o
= cosec 0 — cot § = RHS.




Trigonometry I 117
Equations involving sec, cosec and cot can be solved in a similar way to
those involving sin, cos and tan.

Example 24
Solve the equation 4 cos 6 ~ 3 sec 6 = 2 tan @ for ~180° < 8 < +180",
4cos 0 — 3secf=2tan @

3 2sin
doos 0 - oy = 230
Milsng by co 0 gives
0*3-25mﬂ
PR O 3 or 4sin?@+2sin0-1=0
hence Sn0= M
s0 sin 0 = 03090 or ~0809
Now sin~' (0-3090) = 18" and sin~' (0-8090) = 54"
7 s

Thus for the range — 180° < 8 < +180°, 8 = — 126", - 54", 18", 162"

Exercise 4D
1. Without lhe use of ublzs or calculator find the values of
(a) sec 4: (b) cot 45° () cosec 30" (d) sec 60°

(©) cosec s 0] 120 () cosec 330" () sec 240"

@) cot (—1357) (j) sec(—607 (k) sec (~120) () cosec 315"
2. Simplify the following expressions

(@) VI~ sin A1 + sin 4)),

(b) cosec Gtan 6,

1 1
Ot cwa

@ cot 8/(1 = cox’ 0).
3. Prove the fallumnl |d:nhuﬁ
() sin 6 tan cos @ = sec 6, (b) cosec 6 — sin 6 = cot @ cos

(l:)(unﬂfcosﬂ)’*{:mﬂ*cm@)‘-Z (d)(sln9+wsec3)‘-nn‘ﬂ+cnl’8+3,
f x = 2sin fand 3y = cos 0 show that x* +
e o ech of the oloing i of mlluumhlm
= 35sin 6, y = cosec 6,
@ %3t sinty e,

IS o,

6. Salve the folowing qunnmu for ot values of @ from 180 to +180°.
(@) 4 = sin 6 = 4 cos’ (b) sin 0+ cos 8+ 1 = 0,
(C)S-Swsonjtm’ﬂ (@) 8an 0= 3cos 6,

(©) sin? 6 + S.cos? 0= 3, D) 1~ cos? 0= ~2sin 6cos 6.
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7 Salvt |h= ﬁ:\lvwmg equations for all values of 8 from 0" 0 360°.
Iy

o120 = -4,
(e)xcme-uns @ 2sin 0= ~3cots,
(€) 25ec? @~ 3+wn =0, () 2an@=3+Scoth
(g) 4cot @+ 15sec 0= 0, (h) cosec? 0= 3cot 6 - 1,

(1) 21an 0 = 5cosec 6 + cot 0.
8. Prove the fnllwmg identities.

sn6 L 1+cosd
® T oosg T Tsme T 2ol
O ey = s

(6) (1 + cot 0 — cosec O)1 + tan 0 + sec 6) = 2,
(d) cos* 6~ sin* 6 + 1 = 2cos* 6,
(©) sect 0 = sec? 0 = tan* 0 + tan® 0.

9. A vertical mast CO is of height 4 and stands with its base, O, on level
ground. Points A and B lie on the same level as O and are respectively
due south and due east of the tower. From A and B the angles of
elevation of the t0p, C., of the tower are 2 and f respectively. Show that
the distance from A to B is given by hy/(cot? « + cot? f).

4.7 Compound angles

Sine, cosine, tangent of (4 + B)
In the dlll'rlm angles A, and then B, are
deseri i

PN is perpendicular to OB, PM and NR are
perpendicular to OA, QN is perpendicular to PM.
Note that 4 = RON = ONQ

Nowsin (4 + B) = g =

Mo - RN, QP
oF * 0P~ OP * OP
SN O R % b - sindcos B+ cosAsinB

Similarly cos (4 + 8) = O = OR ZRM _ OR ~NQ
ﬁmxw-wxw-m.{msl—iin,{ﬂnﬂ

By replcing &by ~ B we obi
in (4 ~ B) = sin A cos (= B) + cos A sin (= B) = sin A cos B = cos A sin B

and cos (4 — B) = cos A cos (~B) ~ sin A sin (~B) = cos A cos B + sin A sin B

Although these results have been obtained for acute angles A and B, they
are true for all values of A and B.



_sin(d+ B)
(1 + B)

Acos B+ cos Asin B

Since an (4 + B)

n A + ta

In a similar way
Gan (4 - ) ~ (80A = an B

T an 4 an B
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n B
T g (obtained by dividing cach term by cos A cos B)

Thus
cos (4 + B) =

un(Atn):I;hnAllnB

sin (A + B) = sin A cos B £ cos A sin B

(Alternatively some of these results can be obtained by matrix methods, see

page 183, question 6.)

Example 25

Evaluate the following without the use of tables or a calculator: (a) cos 75", (b) tan 15",

(@ cos 75" = cos (30" + 457)
= cos 30° cos 45" ~ sin 30° sin 45"

JRVEINN 3
BV
- o7 = OS2

Example 26

®)

co3-
= tanls ﬁ-ﬁ

Given that ocand f are acute angles with sin @ = % and cos f = - . nd
without using tables or a calculator, sin (z + £) and tan (a + f)

Since sin & = 75, cos @ = Hand tan @ = 4
Thus sin (x + f) =

in & cos f + cos asin f
=hxA+HxH
=i

ﬁu

3
Since cos f = fy, sin f = {§ and tan § = 12
and an (a + ) = AL NP

T TS

-
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Example 27
Solve the equation cos @ cos 20° + sin 8 sin 20" = 0-75 for values of 6 from 0° to 360°.
s 0oou 20" + s 0sin 2 = 075

cos (0 + 20) =
Now s (075 = A| u' and, because the cosine is positive, solutions ar
fn the I aod th &tk quadrants.

141° or 31859 441
ie Do lar o B arar

Example 28
Prove that cos (4 + B) cos (4 = B) = cos 4 = sin® B.
LHS. = cos (4 + B) cos (4 — B)
B ~ sin A sin B)(cos A cos B + sin A sin B)
= cost 4 cost B + cos A cos Bsin A sin B — sin A sin B cos A cos B — sin? A sin’ B
= cost A cost B - sin® A sin®
= oAU - e B) - (1~ cos? A)sin *
- L 8= s 8 o i B
i S A

Exercise 4E

1. Evaluate (a) sin 50° cos 40° + cos 50° sin 40°,
(b) cos 75" cos 15 + sin 75" sin 15",
2. Simplify the following expressions
(a) sin A cos 24 + cos A sin 24, (b) sin 20.cos 8 ~ cos 20sin 6,
() cos 40cos 0 — sin40sin 6, (d) sin Osin 6 + cos Ocos 6,
() 2cos Bcos 0 + 2sin Osin
3. Without using tables or a calculator find the following, leaving surds in
your answer.
(@) sin (45" + 30°). (b) sin 15", () tan 105",
4 Find () the gratet and (i the st values that cach of the following
in take and state the smallest value of 6 from 0° to 360° for
hich the vaes oecur.
(a) sin Ocos 20° + cos Osin 20°,  (b) sin Gcos 20° ~ cos Osin 20°,
(d) cos 0cos 40° — sin Osin 40",
5. The diagram shows the graph of two lines A and B having gradients of §
and § respectively. With a, fand y as shown in the diagram, find
(@ tana, (b) anf (©) tan .

6. 4 and B are acute angles such that sin 4 = 1§ and cos B = §. Without
the use of tables o a calculator find the values of
(@) sin (4 — B), (b) an(4 - B).
7. C and D ar both obtuse anglessuch that sin C = 3and sin D = .
out the use of tables or a calculator, find the values of
(a) sin (C + D). (b) cos (C ~ D).
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& Solvc thg following equations for 0* < 0 < 360",
(@) sin 005 10" + cos Osin 10" = ~03,
(b) cos 40° cos & — sin 40" sin 6 = 04,
(©) sin (8 + 45" = /2 cos 6.

(@) sin (90" — 6) = cos 6, (b) sin (90° + 6) = cos 6,
(©) cos 90" + 0) = ~sin 6, (d) cos (180° - 6) = cas 6,
(¢) sin (4 + B) + sin (4 — B) = 2sin A cos B,

(€) cos (4 + B) — cos (4 — B) = —2sin Asin B,

sin(d + B) _tand +uanB

sin

®

@) sin (A + B)sin (4 = B) = sin? 4 = sin? B,
sin(4 =~ B) , sin(8=C)  sin(C—A)_,
os Acos B ' cos BcosC | cosCoosd
(k) cos (45"~ 6) cos (45"~ §) — sin (45"~ 6) sin (45"~ $) = sin (9+ ).

Double-angle formulae
From the identity sin (4 + B) = sin A cos B + cos A sin B
by putting B = 4 we obtain

sin (4 + A) = sin A cos A + cos A sin A

or sin 24 = 2sin A cos A

Similarly by using cos (4 + B) = cos A cos B ~ sin A sin B
05 (4 + A) = cos A cos A — sin A sin A

€03 24 = cos? A = sin* A
=1 -2sintA (puttingcos® A = | — sin? A)
=2cost A~ | (putting sin® A = | - cos® A)

tan 4 + tan B

Agein vsing wald +5) wn A n B

putting B = A

‘These results are referred to as the double-angle formulae because the angle
on the left of the identity is double that on the right.
Thus we also have  sin 88 = 2 sin 40 cos 40

<08 66 = cos® 30 — sin? 30 ete.
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Example 29
Prove that (a) 15220 = tan 6, (b) cosee 20 + cot26 = cot 0

@ LHS. = 320 () LHS = cosec 20 + cot 20

2'sin 0.cos 8
=1

+2cos

_ 2sin0cos 0
2 cos

]

cos 0
= tan 0= RHS.

Half-angle formulae
From the above double-angle formula for the cosine, it follows that

cos 0= 2008t § ~ 1

=1+cos0

-

and similarly, as

hence 2 cos? y

mﬂ-l—ldn‘g

2sint§ = 1~ cosp

101 - cos 0)

Henee, given the value of cos 0 we can ind sin & and cos 9.
Exercise 4F
In this excrcise, a calculator or tables should nor be used for questions
109,
1. Simplify the expressions () S224.(5) 2 tan 4 cos? 4,
(c) 2sin® A + cos 24.
2. If cos find cos 24.
3 An(l: B = 4,
(a) sin B (b) cos B (c) sin 28 (d) cos 2B.
4. ¥ sin C = |/\/S find sin 2C, cos 2C and tan 2C if
(@ Cis acute, (b) C s obtuse
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5. Eliminate @ from each of the following pairs of expressions.
(@ ¥+ 1 =cos20,y = sin 0, (b) x = cos 20, y = cos I - |,
(© y=3=cos20x =2~ sin6

6. Angle D is acutc and tan D = . Find
(@ sin D, (b) sin2D, () sin (4D).

7. Angle E les between 0° and 360", Find sin (1E) given that cos E is
@1 ® -i

8. () Obtain an expression for sin 30 involving powers of sin 0.

(b) If sin @ = } find the value of sin 30.
9. (2) Obtain an expression for cos 30 involving power of cos 0.
(b) If sin @ = 1/,/5 and @ is obtuse, find the value of cos 30.
10. In t ABC, BAC = @and ABC = 26, 1f BC = x show that

C = 2x cos 0,
i |rin||)= DEF, EDF = 0and DEF = 40.1f EF = x show that
4x cos 0 cos 20.
2 The hres points A, B and C all T on horizontal ground and form a
riangle right-angled at C with BAC = 2. A point V lies vertically above
Band the angle of elevation of V from A is a. If the length of AV is 2x,
show that BC = x sin 2a.
ns for ~180° < x < 180°
(b) sin 2x — 2 cos? x = 0,

(b) 3sin 2x — cos x = 0,
(d) 5 = 13sin.x = 2cos 2x.

18. Prove the following identities
(a) cos? A+cos 24 =23 sin> A, (b) tan 24 - 2tan 24 sin® A =sin 24,
(© cost A = sint A = cos 24, (@) |20 - tani g,
sin 0 + sin 26 3tand—an’o
© T s o s WA O 1m0 Ty
16. Prove the following identities
() 2 cosec 20 = cosec 0 sec 6, (b) tan A + cot A = 2 cosec 24,

© A - s, (@) cot 24 = cosec 24 ~ tan 4,
(c)% cot 6, (1) tan 6 = cot 6= —2cot 26,
© + cot20 = cot 6.

17 Each of e llowing expresionscan e it n (e o

bcos 20 + c. Find the values of a, b and c in each case.

oy Yoo 0t Oeon 0y 2 Deon 0~ 48
(©) 3cos? 6+ sin? 0 ~ 6 sin O cos b

18. Prove that

- _2tan(62)
© sin 0 = 3 Gnr o

@anl=

m
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4.8 Circular measure

Radians

Angles are usually measured in degrees and parts of a degree. A radian is a
larger unit which is ofien used in trigonometry. It is defined as the angle
subtended at the centre of a circle by an arc cqual to the radius of the circle.
In the diagram, suppose that OP is of length 1 unit and that the
arc PQ is also of length | unit, then the angle POQ is | radian.
Since the circumference of this circle is 2 nits, the angle at O
subtended by the whole circumference is 2 radians.

hence 1 revolution = 360° = 2 radians

arc PQ
= 1 unit

or § revolution = 90° = ¥ radians
As 27 radians = 360"
frd

o
1t is very seldom necessary, or desirable, to use this approximate result.
Tt is better to use one of the exact relationships such as 7/2 radians =

1 radian = 32 which is approximately 57"

Example 30

Express (1) 37 radians in degrees, (5) 210" in radians

(@) Since 5 radians = %0 (b) Since 90"
ox radians = ;an' 20
?nduns =% 180°
= 150

Length of an arc, area of a sector

Suppose the circle centre O has a radius of length r and that the arc PQ
subtends an angle 0 rad at O.

The circumference of the circle subtends an angle of 2% rad at O.

arc PQ
Henee  Grcmference of cirle ™ 2
. arepQ = X2
2
“Thus the length of the arc PQ is r6.
“The area of a sector may be obtained in a similar way.
The sector POQ subtends an angle 6 rad at O, A\

=0 Q

o area of sector POQ = mr? ,%

Thus the area of the sector POQ is 136,
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Example 31
Find (a) the length of the minor arc PQ, (b) the area of the minor sector
of the circle centre O, radius 6 cm, in which angle POQ = 13 rad.
() arcPQ = 0 (®) Area = ;,xa
=6x3 x 6 % §

arc PQ = 10 cm Am 30 cm?
Example 32
Salv heFllwing equations for 0 & x < 2, ning your anevers n
terms of
@ cosx =3, () cos2x = Isinx + 2.
(@ dcostx =3 ® cos 2x = Jsinx + 2

ie. cos*x =} S 1=2sinx=3sinx+2

0= 2sinx + Isinx + 1
eiving ‘“”“L or esx= =4 0= (2sinx + Deinx + 1)
sinx = —} or
T b
16 /6 n2
x 5% Ix ll
giving x = £, 38, M or
666 Iz 3x  lx

giving x = 2%, 3 or 1
Example 33

A and B arc two points on the circumference of a circle centre O and
radius 5 cm. Angle AOB = @ rad and the length of the chord AB is 6 cm.
Find @and the area of the minor segment bounded by AB and the circle.

0_3

sing 06 (see diagram)

0= 25in"! (06)
6= 1287 rad

Area of required minor segment
- area ofscor A0B — ares AA0D
=4r0 -
= §25X1- xx-n - msuo 96)
area of minor segment = 409 cm

Exercise 4G
1. Express the following angles in
@ rrad, (b) xl6rad, (© Jxllnd (@ 2473 rad,
(© 1176 ra
2. Express the following angles in radians, feving i your s
(@) 360", (b) 60°, () 45", (@) 150°, (©) 90"
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3. Without the use of tables or a calculator write down Ih: valm of
(@ sin %2, (b) cos 3n/2, (c) tan x/4, (d) cos
(D sin 6, (8 5n S5, (4 cos 5wl () tan 3744, u) cos Sx/4.
4. Express () 70, (b) 250 in radians correct to two decimal places.
5. Express (@) 3 rad, (b) 2-5 rad in degrees correct (o the nearest degree.
6. Using a calculator or tables find, correct to 2 decimal places, the valucs
of (a) sin (1 rad), (b} tan (3 rad), (c) cos (24 rad).
. Incach ofthe olowingfd ) the kmgthofthe e a AB,
(ii) the area of the corresponding sect
(@ ®)

8. Points A and B lic on the circumference of a circle, centre O and radius
cm, and the minor sector OAB has an area equal (0 one sixth of the
area of the circle. Find, leaving x in your answers,
(a) the acute angle AOB in radians,
(b) the reficx angle AOB in radians,
(@) the length of the minor arc AB,
(d) the length of the major arc AB.
9. Find the angle subtended at the centre by an arc of length 3 cm on a
circle of radius 3 cm.
10. Find the area of a sector of a circle of radius § cm if the arc of the
sector sublends an angle of 0-25 radians at the cenre.
1. Find the angle subtended at thecentr by an arc of kengih 6 em on
circle of radius 4 cm.
12. The arc AB is of length 6 cm and subtends an angle of 0-5 r
centre of the circle. Find the radius of the circle.
13. Solve the following equations for 0 < x < 2, leaving  in your

ians at the

(b) 4sin? x = 3

(@) 2sin? x + sinx = 0
@ sintx ~ 3sinx+2=0 () tan’x - 3secx+3=0

14. A and B are two points on the circumference of a circle, centre O and
radius 4 cm. IF the minor arc AB is of length 3 cm find the area of the
corresponding sector OAB.

15. A and B are two points on the circumference of a circle centre O, radius
6 cm. Angle AOB = x/a rld'
(@) the area of the
(b) the area of the minor umnl bounded by the circle and the chord

AB (iake 7 = 314).
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16. A and B are two points on the circumference of a circle centre O and
radius 4 cm. If the chord AB is of lenglh 6cm, find (a) the angle the
minor arc AB subtends at the centre (in radians correct to two decimal
places), (b) the area of the corresponding sector OAB.

17. A and B are two points on the circumference of a circle centre O and
radius r. The minor arc AB subtends an angle 0 radians at O. If the area
of the minor segment bounded by the chord AB and the circle is one
quarter of the area of the minor sector AOB show that 4 sin 8 = 36.

18. In cach of the following diagrams find the area of the shaded regions.
@

N Y

19. The diagram shows a pair of intersecting
circles with centres at C and D and of
radii 4 cm and § cm. AB is the common
chord and CD = 7 cm. Find

(¢) the shaded area.

20. (2) Copy and complete the following table for y = 2 cos x for x from O
to x radians.

AR AREAERAEAEAEAN
(©524) | ©785) | (1047) | (1-571) | @094) | @356) | 2618) | 192)

Lo lefelel T T [T T

(b) Plot the graph of y = 2 cos x for 0 € x < nmnglsclleollcm
ian on the x-axis and 4 cm for | Imllnnl.h:
(©) By draving any addidonal ins nccesary on s r oh
mate veltions 1o the falowing equations 1 1 iterval

=E

CeraE
@ 2cosx = x -2 (i) dcosx = x
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21. (2) Copy and complete the table below for y = 4 sin x using the values
of x shown.

w6 | e | wn | a2 | 2en | 3ma | see | x
©524) | ©785) | (1047) | (1-571) | 2094) | 2:356) | 2618) | (-142)

[ o] =] ]

(b) Plot the lines xand y = x on a single graph using
of 4 cm 10 1 radian on the x-axis and 4 cm to 1 unit on the y-axis.
(©) From your graph write down an approximate solution to the
cquation 4 sin x = x in the interval 0 < x <
@Bny puomn. a graph of y = 4 sin x and y = x in the interval
26, obtain a more accurate Solution to the equation
T i el

Exercise 4H  Examination questions
1. Sketch on separate diagrams for 0° < x < 360
@)y =3cosx, (i) y=cos2v, (i) y = cos(x - 307
(Cambridge)
2. Solve, for ~180° € x < 180", the following equations
@ 3tanx - 2=

() 3tanx - 2cos x = 0. (AEB)

3. Find all values of 0 between 0" and 360° for which
6+ 8cos 0= 5,
giving your answers correct 10 the nearest 0+1° where necessary.
(Cambridge)

4@ 4, 8 amd C arethe aagles of s wiengl e dhatcon d = §
. Without using tables or a calculator find the value of
O tan 24, i) cos (4 + . iy cos

@ Prove the identity 5020 — a0 (Cambridge)

. The angle A lies between 90° and 180°, and sin® A = 89, Calculate,
without using tables or calculator, the value of
(@) cos 4, (b) sin 24, () cos 24, (d) cos 44, (AEB)
6. Find all the angles between 0° and 360° which satisfy the equations
@) (1 + 2sin x) cos 2x = 0,
(i) siny = 3005 (y — 307, (Cambridge)
7. Find all the angles between 0° and 360° which satisfy the equations
) 2tanx =1+ 3cotx,
(i) S sin y cos y = 2. (Cambridge)
8. (a) I x = sin? 20and y = cos 6, climinate 0 and hence express x in
terms of y.
(b Solve the cquation
25?0+ an0-3=0
for values of @in the range 0" < 0 < 180", (SUJB)
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9. (a) A and Bare acute angles such that sin A = § and tan 8 = §. Without
using tables or calculators, find the value of (i) sin (4 + B)
(i) cos (4 + B), leaving your answers in surd form.
che state, with a brief reason, whether angle 4 + B is acute or

® Shw that, for all values of 6,
O g
THerg
Hence, or otherwise, find the solutions in the range
- 180" < 6 < 180° of the equation
cot?
THeorg = 2¢0s 20 (UMB)
10. Prove the identitics:
(@) tan @S + A) tan (45 ~ A =
(i) sin 8 + sin (B + 120" + sin 15 + 240

i) 122w i . (Oxford)

11. Express 8 cos* 6in the [nrm
+ beos20 +
ghing the numerical v o he comurns o, band . (Cambridge)

12. () Calculate the values of x lying between 0° and 360° which satisfy the
equation,
tan (x + 357 = —0-404.
- sin 6 si .
(@) Show that {0 + (T = 2 cosee 6.
Hence, or otherwise, find all the values of @ lying between 0* and 360" which

satisfy the equation,
sin 0 396,
st e
(il Simplify the expression (6) = “""ﬁ 5 e

Find all the values of & between 0° nnd 360° such that /(6) = tan (6 + ).
(Oxford)

13. () Prove the identities
= sin® x = cos 2
n 3x ~ tan x = 25
i) 1T, B ana C are e znlln ofa lnangj:. rov thac

Hence prove that
€05 A + cos (B = €) = 2sin Bsin C. (Oxford)
14. Sketch on the same diagram the curves y = |sin x| and y = cos 2x for
the interval 0 < x < 2, labelling cach curve clearly.
State the number of solutions, i this interval, of the equation
Isin x| = cos 2x. (Cambridge)

29
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15. Solve the following equations for values of x between 0 and 2z, giving
your answer in radians in terms

(@) secx = ~2,
(b) sinx — J3cosx = 0,
(¢) 2sinxcosx + 1= 0. (AEB)

16. A chord PQ of a circle, radius S cm, subtends an angle of 2 radians at
the centre of the circle. Taking 7 to be 3-14, calculate, correct to one
decimal place,
() the length of the major arc PQ,
(ii) the area enclosed by the chord PQ and the minor arc PQ.
(Cambridge)
17. (a) Solve the equation 2 tan 0 — 4 cot 0 = coscc 0, giving answers in
radians in the range — 7 < 6 < .
(b) Prove that the area of the minor segment cut off by a chord
subtending an angle of 0 radians at the centre of a circle of radius r
is 1r%(6 — sin 6). A chord which subtends an angle  at the centre
of a circle divides the area of the circle into 2 segments in the ratio 1:5.

— /3 for values of x
between 0 and # using the same axes. Hence find the value of .
(.U1B)
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5.1 Indices
‘The reader will know that, usin odices. @ o) an be witen s o,
(a % a x a) can be writien as a and 50 on.

"The falowing partcuar cses show how cpressions involving iices can be
simplified.

@ @xa=@xaxax@xa=a

" s.dXaxaxa
@) o - a ——
i) @) m(@xaxax(@xaxa=
The three basic mlcs whlch wcl\me the above plmcullr cases are:
axa Fy =

By applying (hese it Dnmble to interpret other expressions involving
indices.

=aanda® x a” = @ = a, it follows

Since a'? x a'? = a1 = a it follows that'? =
Snm‘lar(y from a" x g x a a7 = g, it follows that

Alm la"’) = (ﬂ"’)‘ = (3’11?‘ or v(ﬂ“l
general a*

g cases, /a or a'?should be taken to mean the posiive root of a and
similarly for a or ", etc.

Zero index
Since @ X a® = a*** = o, it follows that @® = 1.
Thus we have:

@ X at=ar, (@) ™ = Ja" = (Ja)",

@ =1

In certain cases it s possible to evaluate numerical expressions involving
indices as the following examplc shows.
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Example 1
Simplify each of the following:
@5 m e

@ ® 1 @ W@ @GR O 16
-sxsxs =1 -1 = =" 1
=125 " -4 = o

' 1
°r T
-1
8
Example 2

Simpify the following:
@ %" x X (b) x*

X @ X xxT @ @P @ 820

@ x® G (@ xx? (@) (€ 8 + 200
g T pges] o
=0 - -a - T

=

Example 3
Find the value of x in m of the following eq\nllonx
@s =z O FE -2 @er-

@ S ® 2

x 3 .
_. Freu @ ep-e
1 3T g 2=
-3 it x=6
. Lo x=2
50=57 L ox=5
x= -3
Exercise 54

Withou sl abultoe el the toloving

S -,. ,m

1. 87 12 167

16,877 17,27

2.9 2. 1677
2.

2. ¢ . @) 8. (13

31197 32@Hht 6”7 M @h? 3. (£
Elprss mh of the I‘\ﬂlowmg in the form 2*

3. 2

Iy 39,27 x 2
zlxr 2*xz‘ > 2x2¢
w0 2T L S o 355

Simplify cach of the following expressions
X 45 (P 4636 x 6t 4. Gty x ax 48, X
9. (15x*) + (3x?) 50. x* x x™7 SL Sxty x 67 52 3x'y x dyix



‘Express cach of the Iollwmz in me form a
a
5.4 F %axa S

. :é H.@ 0D 6L jaxe o TN

Find the value of x in each of the following
2= 64 6.2 =1

6.2 =05
.27 =025 .3 =4 @ray-r
P LS

- =y = <

T XP=M Bk =5 U T =49
758X ¢ 765550 2 s

. S5 5

5.2 Varlation

‘Consider the stuation of a person buying a number of copies of a book. As
the number of copies bought increaes then the tolal ost of buying the
books increases. We say that the total cost (C) i diresly proportional (o the
number of books () bought, or that C varics dircctly with . This may be
witten
CaN or C= kN for some constant k.

Now consider the situation of a number of cats cating a given quantity of
cat food. In this case, as the number of cats increases,  the time for which
the cat food lasts decreases. We say that the time (7) is inversely proportional
1o the number of cats (N) or that T varies inversely with N.
This may be written

Tocy or T = for some constant k.
Note that in cases of direct variation we can omit the word ‘direct’ and
simply say C varies with N.

Example 4
Given that y is inversely proportional to the square of x and that when
x =15,y =8, finc
(2) a formula giving y in terms of x, (b) the value of y when x = 2/3.
(a) y is inversely proportional to the square of x

yoeg oo y=og

but  y =8 whenx =I5,
k .
] thu:h gives k = 18.

¥ = 13 is the required formula

m
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18
@) Since 3 = 1,
18
when ¥ = 23,y = o
¥ = 15 when x = 23

Joint variation
i relaionships such as y = kx and y = £, where k is a constan, the

e 3 i  fanction of only one variable x. However, in some eltionships
ind Tormulac a varable may be dependent on (wo or mere iher variables.
For example, in the formula for the curved surface area of a cone, 4 = rl,
and A s dependent jointly on r, the base radius, and  the slant height of the
cone.

Example §

Given that  varies joinily with x and with the square root of z, and that
= 2whenx =} and z = 4, fnd (@) a formula gvng y in terms of
¥and 2, (b) the value of y when x = -4

(@)  varies joinly.with x and with the square root of =
ya

2whenx = fandz = |,
X Ui giving k=32

mhy=Rxix b

or 4
The required formula is y = 32x./z and y = 4 when x = § and = = §.

Notetha n this cxample it was o that  vais oty with x and with
the square root of =, but usually the tly” can be omitied without
any loss of clarity. Thus we can say *y varies with x and with the square
100t of .

Partial variation

of the type y = k\x s said to vary partly with x
il wih - The difeience etmeen type of variation and joint
variation should be carefully noted.

In relatio

Example 6

 varies partly with the square root of x and partly with the square o
Given that y = 11 when x = 9 and = = 2, and that y = 23 when x = 25
and 2 = 4.ind (3) a formula giving y i terms of x and =, (b) the value of
¥ when y = 30 an
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@ = kix + kgt
but  y=1lwhenx =9andz
=k 9+ kR

11 =3k, + 4k, e

2= k25 + k

23 = Sk, + 16k e
Solving equations [1] and [z] simultaneously gives

ky =3k =

Y3t );x

3/ + 422, with y = 30 and =
30 = 3/x + H6P
=4

x=16
The formula is y = 3/x + =3 and x = 16 when y = 30 and z = 6.

Exercise 5B

1. Using k (or k, and k) as constants express cach of the following
statements as cquation
(@) y varies directly with x,
(b) s directly proportional o the cube of x.
(©)  varies directly with the cube root of x,
(d) y is inversely proportional to x,
(€) ¥ varies inversely with the square root of x.
() y varies jointly with x and with the sq:
(8) ¥ varies with the square of x and inverscly with
(h) y varies with w, x and inversely with z,
() ¥ varies partly with x and partly with
() varies partly with the square of x and partly with
(&) The variation of y is in wo parts, one part vriesdiecty with the
squarc root of x and the other varies inversely with the squarc of z.
2. Given that y is s ey propartionl 1o the squae o x aod that

¥ 125w
{a) a formula giving i Lerms of x, (b) the value of y when x = 1.
3. Iy varies artly with  and party with 2% " andy = 2wben x = 4 and

2=2.andy = 43 whenx = 2and z

@ a formla giving y inlerms of xand: {b} the value of x when 2 = § and y =
For a given spring, the ly with the magnitude of

e applcd foree .11 = 03 meres when £ = 3 newtons fnd F as 4

function of x and hence find x when F = § newtons.

5. The time period T of a simple pendulum varies directly with the square
root of the length (1) of the pendulum. If 7 = 12 s when / = 036 m find
T as a function of / and hence find / when 7 = 1 second.

6. For a constant mass moving in a circular path of radius r the force .
acting towards the centre of the circle, varies dircctly with the square of
the speed v and inversely with the radius of the path, If F = 240 newtons
when v = 4 m/s and r = 0-1 m express F in terms of v and r and hence
find Fwhen r = 0-Sm and v = 2m/s.

35
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7. The quarterly telephone charge C is made up of two parts; the first part is
second part varies directly as the number of units

used, u. If the charge is £33 for a quarter in which 400 units are used and
£26 for a quarter in which 260 units are used, find C as a function of u
and find the charge for a quarter in which 450 units are used

8. The velocity » of sound waves through metal varies directly with the
square root of the modulus of elasticity  of the metal, and inverscly
with the square 100t of p, the density of the material. For steel
E = 195 x 101" Njm?, p = 7800 kg/m* and the velocity of sound
through steel is 5000 mys. Find v in terms of £ and p and find the velocity
of sound in aluminium for which E = 7436 x 101 N/m? and
P = 2750 kg/m

5.3 Elementary theory of logarithms

Given any two positive numbers a and 5, there exists a third number ¢ such
that a* =

The number ¢ s said 10 be the logarithm of b to the base a and we write
logb = c.

Thus a° = b <= logh =

Tbe loﬂnthm of x to the h.lse ais the power to which @ must be raised to

17 = log.xand g = log.y then o = xand a* = 5.

Thus xp = a”o ie. log(xy) = p+q =| log(x)) = logx + log.y

X oo Nep-gmw X o -
3= e ton(Z) =p = ton(]) = losr - ony

X =a logx" = pn - log,x* = nlog,x
Ifr = logathend = aie.r=1 = loga=1
Example 7

(a) Find x if log,125 = 3. (b) Evaluate log,81.
(©) Express 710g,2 — 3 log,12 + 5 log,3 as a single logarithm.

(@) log,125 =3 () let log,81 = a (© 7log.2 = 3log12 + 5 log.3
= Loor=s = log.2" = log,12* + log,3*
3 -3 2 x 3
=5 3 nu.( e )
Loox=5 Loa=4 = log, 18
Common logarithms

1F the base of the logarithm of x is 10, we refer to this as 2 common
logarithm and we write this as log,ox. Frequeatly the base is omitted and we
write this as logx. If the base is other than 10 then clearly it is essential that
the base is named.



Natural logarithms
We shall see in later duvmn l.hnl a very important set of logarithms are.
those to the base e, where ¢ is a constant rather like . Correct to § dmmal

places, ¢ = 271828, Theselopnlhms, 10 the base ¢, are referred t0
natural logarithms and it is usual to write log,x as In x.

Inverse of logarithmic function

For every positive real number x we can find a unique value y given by
y=

Thus f(x) = log,x is a one-to-one function with domain R*.

‘The inverse function of /:x — log,x is the function which maps log, x
ontox.

‘This inverse function can be determined by the method shown on page 37,

For the function flx) = log,x, let y = log.x
then x = @’

‘Thus, given y, we can return to x using the expression a’.

‘The inverse function /~'(x) is f '(x) = a”.

From section 1.6 on page 44, we would expect the graph of y = a” to be
the reflection of y = log,x in the line y = x, and question 11 of Exercise 5C
verifies this fact.

Example 8
Ute yourcaculato to fid, corest o 2 decimalplaces, the vlue of xIf
(@) log31 = x, (b) logx = I'6, (c) Inx = —

(@) Using the log function () log x = 16 ©  x=-02s
the calculator, " 10 = x Soe e
x =149 ie. x = 3981 ie x =078
Change of base

Itis possible to express the lnpnlhm of 1o the base b in terms of
logarithms to some oth

Suppose ¥ =logia
then -

log 5" by taking log, of both sides
= ylogb

I

putting ¢ =a gives logya = %

37
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‘The technique of taking the logarithm of both sides of an equation can be
useful when solving equations involving x as a power.

Example 9
Solve, giving your answers correct to 3 decimal places, (a) 3°*' = 15, (b) (08)* = 045.
(b) (08) = 045

: 10g(0-8)* = log 045
2x log(08) = log 0-45
log 045
I

(@

Example 10

Solve for x the cquations (2) 5*' + 4 = 21 x 5%, (b) logyx + log.9 = 3.

@ SHt 4 4220 x5 ®) logyx + log9 = 3
or §x 5% -2 x5 +4

letting y = 57,
SR -2y +4=0
Sy =D -4 =0

=% o y
Sed o 5rm4
=57 xlog §
. ~ log4 _
ie. 1or x= (B = 0n6
Straight line graphs

We know that if y is plotted against x for the equation + ¢ mand
¢ constant, a straight linc is obtained. The gradient of this line is m and it

constant)
= loga + log x"

Since tis i of the form ¥ = mX + C, where log y
by plotting values of log y against log x we shall obtain a slmghl line ylph.
this way we can verify the existence of such a relationship and, by
‘measuring the gradient and the Y-intercept of the straight line graph, we can
‘obtain approximate values of the constants # and log a.
Sy, mooses relationship of the form y = ab is believed o exist,
og(ah" = log a + xlog
ic. leu Sxogh ¢ loga
which is again of the form ¥ + C. Plotting log y against x will again
produce o siraight lne graph i the relationshp does i fac cxst. The
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y-dum will, in this case, be log b and the line will cut the Y-axis at
Y=loga.

‘This is of course the same technique as was seen in section 3.8 page 89 but
niow, with our knowledge of logarithms, more involved relationships

involving two variables can be tested by sceing whether a straight line results
when suitably chosen expressions arc ploticd against cach other.

Exercise SC
1. Write cach of the following statements in the form a” = y.
@ logee =d () logp =q () log @
2. Find the value of x in each of e lallowmg

(@) log8 = x (b) log; (@) log,216 = 3

() log,16 = 0-5. © l 5 () logex = 5%

(®) logi16 = x ® log -« @) ~logyx = 075
3. Evaluate the following

(@) log:32 () log36 (© log,625 () log,(})

(©) logs(d) (0 log,} (g) log.a (h) logs2

@) logs(d) () logx3 (k) loggh O logx(d)

4. Express the following in terms of log a, log b and log c.
(@) log(abe) ®) log(a’be) (¢} log(@*t*c)  (d) log(ay/b)

© m("?") ® |og(;’7:) ® ln:(,—’,,) ® .f,,(,, \/(%))
(@) log(10a6%) (i) M(AHL))

5. Express as a nngk Togarithm
(a) 2 log,S + - log,10 (®) 210g,3 = log,15 + log,5
© log,12 - q h;,v + §log8) (d) 2log(d) + 3log4 — logt)
6. Express each of the following in the form log, [R)]

(a) 2 logx (b) log.x -+ log.(x + 3)
(© logx + 1) - log.2 (@) log.(x* — 1) - log(x + 1)
(€) 2 log,x — log,x(x + 1) () 3 log,x + log(x + 1
(® 4logx — log.(x* + x?) () § Togx + log(x + 1) = log,/x
7. Find the value of x in each of the following
() 3logsd = x (b) 2log8 = x (© 4log2 = 05
8. Use your calculator to find x correct to 2 du:xmn-\ vl
(@) log23 = ®) In23 = ) og x - 032
(@) logx = 14 (©) log x = —065 u) Inx =31

® Inx =013 ) Inx = ~045
9. Given that log 2 = 0-3 show that log 5 = 0.7. Using these values find
the values of the following:
@ log2%) (&) log4 (© log25 @ log 32
© log@5) (0 logsS 510
i = 1'6and In 11 = 2:4 find the values of:
(@) In 625 (®) In 55 ©@he) @ m2s
@nO) OO  (® logll

39
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11 (@) Wi

ithout the use ofa ulcuhwr copy and complete the following
table of values

(b) Copy and complete the following table of values for y = log,x.
(Use a calculator and give values correct to 2 decimal places where
necessary.)

o [e oo T ]

(I I A A

(©) Potthe graphs ofy = 2*and y = logxon the same et of axcs,
using a scale of 2 cm to | unit on each &

12. Show that log b x loga =

(@) log x log9. (b) log,sa x uo;‘zs (n) Tog,e8 * log,1000.
13. Given that log 2 = 03, log 3 = 048 and log 17 = 123 evaluate

(@) log:3.  (b) logs17.
1. Staw graphically that the following figures support the belief that a
ip of the form y = ak" exists and use your graph to find
nDpVoxuml: values for the constants a and k.

N I N EN KN ER KR KN

[ s [ao [oo [ o6 [1ss 309 [ 2]

15. Show graphically that the following figures support the belef that a
relationship of the form y = gk exists and use your graph to find
approximate values for the constants a and k.

Lo ol = [

[ e [ [ [ [rom < o [sam =0

16. Show graptically that e folowing, ﬁ.um support the belief that a
ionship of the form = ax” exists and use your graph to find
appvonmal: s fo e consants  and

et
17. Show graphically that the following figures support the beief that a
rtlillmuhlp of the form y = a (2 + x)* exists and use your graph to
find

approximate values for the constants a and .
[T s T o [ = [
U [sa [ [os Jroa e [ [153
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18. Using the In or log function on a calculator solve the fallowml
(@ 4 = 3 B 5= zh ' (i) 6 = 7

19, Solve the ollowing squatons (o pars (8 and € you il e t e
caltor and shoud g youranswescorct 1 3 gt B

() B3 x 2 -4 =0 (b) 4 + 4707 —
() 3% + 3 =10 x 3* () 4% - 4 = !ﬂ

N7 x 24 6 o1
OV =T X2 6=0 ()14 lops =

20. Solve the following logarithmic cquations

(@ logx + log.4 ~ log,5 = log,12 (b) log,x — log7 = §
(©) logex + logyx? + logyx® + logyx® = (d) logs# + logyx = 3
(©) logsx — logyx = 4 () logyx + 2log,s =

21. Solve the following simultaneous equations

(@ 2log,y = 1 (b) 6log,x + 6 logyy = 7 © ylogs
Wy =64 Alogyx + 4logy = 9 24 = 8192
@logx —log2=2logy (9 57+ 7" = 3468 @ logss + 2log = 4
x-Sy+2=0 7576 2y =52
® 6 +In(x—3)=2Iny (h) 2 + logy(2x + 1) = 2logyy
y-x=3 x=2-y
5.4 Quadratics
Sketching
Example 11

For the curve y = x! — 2x — 3, find () where the curve cuts the y-axis,
(b) where the curve cuts the x-axis, (c) the coordinates of any maximum or
‘minimum points, and (d) hence sketch the curve.

() On the y-axis, x = =0

The curve cuts the yrazi ot T poml A, -3).
® On the x-axis,y = 0.
0=

(¢) Since y-x’»Zx—s
= (x ~ 1)? = 4 (by completing the square, see page 11).
when x = 1, the value of y is a minimu
There is a minimum point at D1, —4).
(@) Knowing the coordinates of the points A, B, C and D a sketch of the
curve can now be made.
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Note Frequently a satisfactory sketch of a curve can be made without i
having the coordinates of any maximum or minimum points. In Example 11
we could have made a reasonable sketch without having the coordinates of

the point D.
Chapter 11 deals more fully with the techniques of sketching curves.

Inequalities

From the introductory chapter, we are familiar with simplifying inequalities

ofthe form ~9 < 2 — 3'< 7, 10 give & range of posbe vaus or 5

in this

o following exampls show that i i lso possbe o find rangeof vl

for x when we are given a quadratic inequality. These ranges can

by shting (Fasmple (2).b camining e ignsofthe fuctors (Elampk ),
or by completing the square (Example 14).

Example 12
Find, by sketching, the range (or ranges) of values that x can take if
20+ 0.

Let p=2x 4 5x -7
26+ x — 1) (310
Graph of y = 28 + Sx ~ 7 cuts y-axis at (0, =7)

and cuts x-axis at (=34, 0), (1, 0).

From this information a sketch can be made.

Thus for y < 0, ic. for the curve to be "below’ the x-axis, we must
have =3} < x < 1

Example 13

By examining the signs of the fuctors of the expression, find the range of
value x can ake for e following ineqalie 0 be trs

(@) %+ 3x = 18 > 0, (b) x! —

Tn this method we use the fact that y = (x = @) (x — ) will change sign
when 15 graph cross the =, 4 W x = @ 4l

(@) X+ 1820
e (x+ 60 = 3> 0
= (x + 6)x — 3) cus the x-axis at x = —6and at x = 3, Construct a

Tabie Showing the signs of (x + X - 3 on cither sid of thes valven.
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x X< -6 “6<x<3 >3
x+6 —ve +ve +ve
x-3 “ve e +ve

(= 3+ 6) +ve —ve +ve

Thus for (x + 6)(x = 3) > 0 (i.c. not ~ve)
~6orx >3
® X -x-8<4
¥ -x-12€0
ie (- 4(x+3) <0
¥ = (x = 4)x + 3) cuts the x-axis at x = 4and at x = =3, and y will
change sign at x = 4 and at x = 3. The table shows the sign of  on
ither side of these values.

« xe-1 | dex<d | x4
-4 —ve —ve e
x+3 v e e

(- e+ 3 +ve —ve e

Thus for (x ~ 4)x + 3) € 0 (ic. not +ve)
-3<x<4

rmatively, the required ranges could be obtained as follows:-
@ (x+6)(x— 3) > 0= citherx + 6> 0andx — 32 0=>x >3 _
or x+6<0andx-3<0=xg —6f TXSTorx>3
(b)(x-n(x+3)<o-mheu»c> dx+3<0=nosolution 1 3oy
or x-4<Oandx+3>0=-3<x<4 d

Example 14

Find therange of vaues can e for the I'n\luwml inequalites 1o be true:
@+ 2 +330 (b)x*~

® X Hw+IB0 ® B-3x-520
LR HMEI-14330 PO T o

B} xH 14230 E Modwrgogmsa0
suunummfonnml X N 2

+ 20+ 3 > 0 for all real x. i (’5 -F=20

O]

"’i) >7

R A
R EN: R R
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Exercise SD
Quadratic sketches
1. For the graph of y = x! ~ Sx + 4 find the coordinates of
(2) the point where the line cuts the y-
(8) the points where the lin cuts the xaxts
(c) any maximum or minimum points.
Hence make a sketch of y = x* ~ 5x + 4.
2. For the graph of y = 4 + 3x — x* find the coordinates of
(a) the point where the line cuts the y-axis,
(b) the points where the line cuts the x-axis,
(c) any maximum or minimum points.
Hence make a sketch of y = 4 + 3x = xi.
3. For the graph of y = —4x? — 12x — 5 find the coordinates of
(a) the point where the line cuts the y-axis,
(b) the points where the line cuts the x-axis,
(©) any maximum or minimum poin
Hence make a sketch of y = —4x? — 12x = 5.

Each of the statements in questions 4, 5 and 6 refer to the graph of

» = a(x = b)x ~ ¢). Find the values of a, b and ¢ in each case (b > ¢).
4. The curve cuts the x-axis at (1, 0) and at (2, 0) and the y-axis at (0, 4).
S. The curve cuts the x-axis at (~2, 0) and at (3, 0) and the y-axis at (0, ~9).
6. The curve touches the x-axis at (2, 0) and cuts the y-axis at (0, 12).

Quadratic inequalities
7. Use skeichingto determine the ango {or rangs) of vahes x ca ke for
cach of the following inequalities.

(@) (x = S}x+3) 20 (b) x* ~8x+ 1550
(€ x* ~4x =530 2 -5x =320
() 3x - 9x +6<0 (f)i—)x—Zx‘

. By examinin the /g of thefuctars of the exprecons, indthe rasge
(or ranges) of values that x can take in each of the raunwm; inequalities.
@ x+5x-6<0 (b) x? + Tx + 12>
©x s <o @3 -2x+3530

) 6x7 — x > 15 M1+ x-6x >

5. For cach o te following inequlies vse the method o complein the
square 10 find the range (or ranges) of valucs that x can
@ X +ax+130 ®)x-5x+3<0 oo axt 530
(@2 ~3x <1 () 2x* - 3x > -2 (f) 3x* 22 - 2x

10, Show that x? + x + 1 is positive for all real x [hint: use ‘completing the
n Shaw um 3xt + 4x + 2 is positive for all real x [hint: use ‘completing

el
2 Use e melhod of sompltog thesquars i i th Tngs of valus &
can take if x* + 4x + k — s positive for all real x.
13. Use the method of mmpmin. the square to find the range of values k
can take if x* + 2kx + 2 + 3 is positive for all real x.
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‘The discriminant
On page 11, the formula mwnwwwlwl
quadratc cquation, The formul sppie o the genral quadratic cquation

@z + by + ¢ = 0. The value of the expression (6% — 4ac) will determine
the sature o the ot o the equtin, s clled the dicrieas of
the equat

If the discriminant is zero, i

b* — 4ac = 0, the roots of the equation are x =
IF the discriminant is positive, ic. 52 = 4ac > 0, the roots are unequal

wndx = EENE b0 o L zbo Y da)

If the discriminant is negative, i.e. * ~ dac < 0, mm are no real roots of the equation.

- two duine roos o e o
@>0
‘The three diagrams of the curve y = ax* + bx + ¢ (a > 0) show the three possible cases.
In (i) the curve touches the x-axis, ic. for y = 0 there are two equal values of x,
In (ii) the curve cuts the x-axis, i. for y = 0 there are two real distinct values of x,

In (i) the curve does ot cut the x-axis, .. for y = 0 there is no real value of x.

Similar diagrams exist for the curve y = ax? + bx + ¢ (a < 0). The value
of the discriminant will again determine the nature of the roots of the
equation ax? + bx + ¢ = 0.

Example 15
Find the discriminant and state whether the equation will have two real
distinct roots, no real roots or a repeated root in each of the following cases.
(a) 3x* = Sx + 2 =0, (b)4x? — 28x + 49 = 0, (¢) 5x* — 7x
(a) CUmvnmll.\x' -5x+2=0
with axt + bx + ¢ = 0, gives a =
e dicinineat s 3

=-Sc=2

dac
s}‘ o
Since b* ~ dac > nnhwz-u

n will have 2 real distinet roots.
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(b) Comparing 4x* — 28x + 49 = 0
with waxusu.ymasu- ~28,c =49,

The discriminant s h’ -
zx)’ e

Since b — dac = 0 mc cquation will have two equal roots, i.c. a repeated root.

(©) Comparing 5x* = 7x + 3 = 0
with axt + bxorno,gimax Sb=-Tc=3
The discriminant is b

«s;s

49

Since b7 — dac < 0 Ihu equation has no real roots.

Example 16

Find the range of values f§can take for the quadratic expression
x4 4fx + B 1o be positive for all real values of x.

“The discriminant of x + 4 + Bis 1662 — 4B,

‘The graph of x* + 4fix + B will not cut the x-u
ic.4pdp - 1) <0

if 1662 - 46 < 0

G p<o |0<p<i| B>}

4 v +ve +ve
g1 v —ve +ve
4B - 1) e -ve +ve

From the table 45(4p — 1) < 0if0 < fi< 4.
Thus x* + 4fic + fis always positive or always negative for 0 < f <
A 4x + 5= Putich i podifoc < < .

required range is 0 < f < §.
Alternatively, this eumplc could ave becn answered by ihe method of
completing the square.

Example 17

Find the range, or ranges, of values K can take for Kx? ~4x+ 5~ K=0

1o have two real distinct roots.

‘The solution to this question needs care since for K =~ 0, the given equation

is not a quadratic. This special case is considered separately in the working below.

Compariag et ~ dx +5 -~ K =
u‘+hx+r-09vc:a~Kb=74mﬂr=(5*K)
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IFK # 0, for 2 real distinct roots " K=o
16 — 4K(5 ~ K) >0 ~4x+5=0
ie. Ki-SK+4>0 A
or (K= NK-4>0 ic. only one solution.
K = 0 does not
X k<1 f1<k<s| K>4 give two real distinct roots.
v +ve +ve
-ve —ve +ve
®- k-9 v v +ve
LK<1LK>4
‘The required ranges are K < | except K = 0 and K > 4.
Example 18

Find the range, or ranges, of values K can take for Kx* — 2xK = 3K = 12 = 0
whave e rnl 00!

Not hn.-e *has real mou should be taken to mean *has cither two real
duum:l oot ora repeated root”)

Complnnlxx‘ 2K - 3K~ 12=0
axt + bx +c = Ogivesa = K, b

~ 2Kand ¢ = (~3K - 12).

1f K # 0, for one or two real roots, i K=0
4K* - 4K(-3K - 1) 2 0 ~12= 0 which is impossible.
ie KK +3)>0 L K#0
K K<-3 [-1<Kk<o0[ k>0
K e v +ve
K+3 v v +ve
KK +3) +ve -ve +ve
5 K< -3K20

The required ranges are K < ~3and K > 0.

The range of a quadratic

oo graph of the qudrac unction

S0 = own in the diagram.
o s we can st ht o e

x & R the function can only take values > 2,
ie. for real x the range of f(x) is

[RIE]

peRy>2).

Using the discriminant this range can be
determined without having to make a sketch
of the function.

¥ =)

0.3

Y
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Example 19

Find the range of the function fix) = x* + 6x — 1 for the domain x  R.

Let =i hx- 1
then O=x+6xr-1-y
Comparingwith 0= axt + bx + cgivsa = Lb=6c= ~(1 + )
- dac >0
i.e. 36+Ax|x(l+y)>0
> =10

S for real x the fnction ) = PR has range {y € R: y > — 10,
Alternatively, this range could have been determined by completing the
square:
Sl = % d 6 - 1

=X a6 t9-9-1

Sy -10
Now (x + 3)

@) > 10 rum-lx/rx)mr.nmyen ¥

~10).

Exercise SE

1. The graphs of the quadratic functions y = f(x), y = g(x) and y = h(x)
are shown below,

N ¥ - &) v
\ ’/)xlm /

= b
State which of the equations f(x) = 0, g(x) = 0 and A(x) = 0 will have
() no real roots, (b) two real distinct roots, (c) a
IFall of the functions arc of the form
them (@) @ > 0, (e) @ < 0.
2. Each of the following quadratic equations are in the form
axt + bx + ¢ = 0 (or can be expressed in that form). In each case find
the value of 5% ~ 4ac and hence state whether the equation wil have two
real distinct roots, no real roots or  repeated root.
@ rie-2=0 - kbI=0 @ l-2e0
@9 +6x+1=0 (9 3= lx+7 (0) 26 + 5x + 4
12490 ()7 lx+S5=0 @) - lx-

ed root.
ax? + bx + c, find for which of




3, Find the range of each of the following
functions for the domain x €
(@) i) = 2+ 4x - 2
O f(x) = x* +3x+ 5

2
= 8x + 2 = 0 has a repeated root
find the value of a.
5.0f23 + bx + 50 = 0 has a repeated
root find the possible values of 5.
6. Find the range(s) of values b can take for
9x* + bx + 4 = 010 have two real

inct roots.
7. Find the range(s) of values & can take for
+ 0+ D x + 1 =010 have real

roots.
8. Find the range(s) of values k can take for
22 + (3 - k)x+k+3=0thave
two real distinct roots.
9. Find the range(s) of values k can take for
@ ke +dx+3+k=0
1o have real roots.
O ke +3x+k-4=0
10 have two real distinct roots.
©@ke +2+1-k=0
10 have two real distinct roots.
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@ ke + 30 = k) + 3
to have real roots.
(@) kx? + k = 8x - 1xk
to have two real distinet roots.
() kxt + 1 = 4kx - 3k
10 have real rool
. Use the dmmnmm o find the range of
values that f ca
X+ Sp + ﬂlspos e or sl e x,
11 Prove that y = x — 3 is a tangent to the
y=x = 5x + 6 and find the
coordinates of the point of contact.
= 4x = 9is a tangent to
¥ = dx(x - 2) and find the coordinates of
the point of contact.
13. For cach part of this question, state which
of the following statements apply:
@) the straight line is a tangent to
i, th stright i euts the curve
in two distinct points, (i) the straight
line mm« cuts nor m\mhcs the curve.
(a) Cu 3xt -

Suaigh s 5

Swaigh o 2 3G+ 3)
~ A+ 1)
Suaight ne y +10x 4 11

Sum and product of the roots of a quadratic equation
l!alndﬂnvmemm.lah)nequﬁwnnx‘ + bx + ¢ = 0 then

- - ) =
PRI a4

Comparing this equation with ax? + bx + ¢ = o(

wesee that o+ p= bap = £

nex*+°—‘4—xo)

We can therefore state that if @ and f are the roots of the equation
=0

axt+bx+c

-+ B(he sum of the roots) =

ap(the product of the roots) = £

@
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We can use our knowledge of the value of (a + f) and @B to find the values
o other symmetrical expressions in a and . An expression is symmetrical in
@and fif writing a for #and f for  leaves the expression unchanged.

Example 20

If and f are the roots of the equation x* — x
(2 + p) and (aB) and find the values of

@ e+ pL ) @ B @« P

0, state the values of

Comparing < = x =3 = Owilhax! + bx + ¢ = Ogies
o= -

Hence uﬁ-‘a =1 and aﬂ-%-

@ o + ®) @~ py © at+
(nﬁy—m =2t~ 2p + = (@ p) - 3p ~ Jap
=1 (a+ﬂ}’—laﬂ*2ﬂﬂ =(a+ P - ap(a + p)
o3 -1 - k- e
=1
Example 21

If @ and f are the roots of the quadratic equation x* — 3x — § = 0, find
the uadratic cquation that has roots of

@a=3p

© 23

TF + T @

If @and Bare the roots of x* — 3x — 5 = Othena + f=3and aff = 5.
In each case the method will be to find the sum and the product of the
required roots and hence to write down the required equation.

(a) sum of new roots = a — 3 + f = 3 lb)snmofn:wmousal|+ﬁi_l

cyrh-e _Btlta+d

3 @F @ T

. @t p+2

product of new rools = (a = 34 = 3) Brprati
3@+ p+9 ]

e R ) Y
1 product of new roots = (l* I)(m)

“Thus in the required equation . f

e aumae s ERrzy ol

a

SFIFT

Witha =

u
X+ x-S0 Hence the required equation is.
X+ sx- =
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@ sum of new roots = J + 73 product of new roots =

E
1
b

Hence the required equation is x* ~ 5x + 20 = 0 or 252 = 19x+1=0.

Nor: that, although from any quadratic equation we can write down the
‘product of the roots of that equation, these two results will not
of themseves help us to find the roots of the equation.

If  and B are the roots of the equation x3 — 7x + 9 = 0, thena + = 7 and af =
Sobvig these two cuatonssimilancouly:
a=17-p hence (7- Bf=

78— pF = 3 e Bt~ 7B +9 =0 whichis the original equation.
However, if some additional information about the roots is available, it is
possible 1o solve the equation by this means as Example 22 shows.

Example 22
Find the roots of the quadratic equation x* — 6x + k = 0 given that one
root is three times the other and that k is a constant. Find also the value of k.
Let the roots of the equation be  and 3a.
Then from the equation x* — 6x + k = 0,
a+ 3a e
@

and a(3a)
From [1}, a = 13 and therefore 3a = 4.
From [2). k = 3 = 33)* = 3.

The roots of the equation are 15 and 4'5 and the constant k = 675.
Exercise SF

1. State (i)vlht sum and

i) the product of the roots of each of the following
@ X +9x+4m0 ®x-2-5=0

@3 -9x-3=0

)7 +x-1=0

() 552+ 10x + 1 =0

this question, the
of a quadratic. In each case, ind the quadratic equation in the form
ax® + bx + ¢ = 0 with a, b and c taking integer values.

@ _® © @ (© @ (l} ()

roots
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3. If aand Bare the roots of the equation
X%+ 11x + 2 = 0 find the values of
(a) af ® a+tp
© (a+ B¢ @ o + p2
©3-a=-p () ap+apt

40r aand ﬂam Ihe roots of the equation

ﬁnd lhc valm of

aﬂ
(c)f+3uﬂtﬁ“ld]a‘—]nﬂ¢ﬂ’
@aprap O gl

I and fare he roots of the equation
6xt + 2x ~ 3 = 0 find |h= vnlm:s of

@g+t © g+
2 T
© @z F
H
© o+ p [0} L—,v '3;

6. 11 the roots of ax? + bx + ¢ = 0 differ
by 3 show that 5* = 9a + 4ac
7. If 2and f are roots of the quadratic
equation x* — 4x + 2 = 0 find the
quadratic equation that has roots of:

() a?, p* ) a%p, pra
©ap © 33
@ @+ 2.8+ 20

P
(h) Ba

8. Find (he roos ol the quadratic equation
3 and the value of the
Constant k given mn one oot of the
equation is twice the other.

9. Find the roots of the quadratic equation
x* = 3x + k = 0and the value of the
constant k given that one root of the
‘equation exceeds the other by 2.

10. @) Fmd the restrictions on k if the

vation kx? + 4x + k ~ 3 = 0 has
feal roots.
® Il' mm  fouts areof. oppositcsign find
ions on k noy
1. @ Fmd me esricions on  if the
).x‘ - x+ 1

() lr llme et rots are distinct and are
both positive, find the restriction on k

@a+2,p842 mﬁ.}, now
5.5 Polynomials in general
/() = ax* + b X2 4+ .+ k.a # 0, then f(x) is said to be

polynomial of degree (or order) n in the variable x.
(x) = 0 this will have up to a real roots.

If we consider the equation /(

In particular, i) is @ cubic functon wx + bx° + cx + dthen the
equation /(x) = 0 can have up to three real roots. The number of real roots
d d

will depend upon the values of a, b,
‘The diagrams show the various possil
fx) = 0. fora >

ties for the number of roots of

n/

2 distinct real roots of

3 distinet real roots

1 real oot which one is repeated
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Remainder theorem

If the function f(x), a polynomial in x, is divided by (x ~ a) until the
remainder does not contain x, a constant, then the remainder is
equal to fa).

Proof:

Suppose that when fix) is divided by (x — a) the o quotient is g(x) and the
remainder is k, then f(x) = (x —a) X g(x) +
Substituting x = a in both sides of this -dmu:y

fia) = 0 x ga) + k
@) = k
So th remainder when f(e is divided by (x — a) i cqual 10/t
By a similar argument, when /(x) is divided by (cx — a) the remainder is f( )

Example 23

Find the remainder when 83 — 4x* + 6x + 7 is divided by
@x—-1, (b)2x+1

@) flx) = 8x* - 4x* + 6x + 7 (®) flx) = Bx> — dx? + 6x + 7

‘Using the remainder theorem, ‘Using the remainder theorem,

when f(x) is divided by (x = 1), when flx) is divided by (2x + n
remainder is /(1). the remainder is f(— 1),

S = 8(0) ~ A1)+ 6(1) + 7 A9 = 8-~ 4=4p + (b + 7
= +17 =-l-1=-3+7=+2

The remainder is + 17. “The remainder is +2.

Factor theorem

As a dircct deduction from the remainder theorem, we can say that for a

polynomial f(x), if f(a) = 0, then the remainder when fLx) is divided by

(x = a)is zero, i (x = a) is a factor of f{x).

‘This result is known as the factor theorem and can be used to factorise a polynomial.

Example 24

Factoris theexpression * — Sx* + 2x + 8 and hencs calulate the ranges
of values of x for which 2x + 8 > 5x* —

SOy =x - S ¥ 2+ 8
then J)=1-5+2+8
=6

A==

Other factors can either be found by fu

(x = 1) is not a factor
~5-2+8

(x + 1)is a factor
e usc of the factor theorem or by long division.

53
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factor theorem: Tong division:
2)=8-20+4+8

X -6+ 8
0 . (x - 2isa factor. X+ P -Se T+ 8
24

Noticing that if’ »
f)=x - 5¢ + 2+ 8 e
6% — 6x
=G+ D= ke - p) s
then p must equal 4 so that Tae 8
(+1X=2)=p) gives

the constant term, 8. and x* = 6x + 8 = (x — 2x = 4)
Thus x* = Sx? + 2x + 8 = (x + Dx = x = 4)

For 26+ 8 > 5x = x* we can consider
S+t 0

or (x+ Dx = x - 4 >0

As before, consider the signs of these three factors for ranges of values of x:

x X<l | -lex<2|2<x<4 | x>4
FET] v e e | v
-2 v e | e
-4 v e [
G- - | e e e v

Thus 2+ 8> 5 - if —l<x<2 orif x>4

Notes_Consider the cubic f(x) = ax’ + bx* + cx + d.Fora = 1, when
searching for values of x for which f(x) = 0, we can restrict our attention to
the last example we kno
immediately that /(3) # 0 because (x — p)(x — g}x — 3) will not give 8 as

the constant term.
Fora # 1. the i ot 13 cary 30, hvingfound one fuctor it s
adisabl to use long division t fmd any others

Relationships between roots and coeflicients
We Baveslready s o pge 14, i e e ot of he
Landap =

quadratic equation ax? + bx + ¢ = 0, then a + =

Simla eaionshpsexst betwen the rots nd coeficients of polynomials
of order higher than
Suppose that . f iy the roots of 1 cubic cquaion of the type
ax’ + bt + cx + d = 0. By the factor ais a root of
the cubic quation = e mis e Factor and in o ilar way, 0 must
(x = B)and (x —

s (x = aXx - AXx = P =
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By expanding these brackets and comparing the result with
ax + bx? + cd + d = 0, the following results are obtained.
ak pry= gyt ars ap=Candapy - 4

The m..u of the proof are et as an execise for the reader:see question 15
of Exercise 5G.

Exercise 5G

1. Find the remainder when

(a) 668 + 7x? — 15x + 41s divided by x ~ 1,
(b)zﬂ—xxnsn:.sdmdeﬂw“;
© x* = Txt + 6x + x-3,
(d)5+6xé7x’7x’nd.| byx+z
(e) x* = 3x* + 2 + Sisdivided by x — 1,
() B = 10x% + 7x + 3 s divided by 2x — 1,
(® 9x* + 4s divided by 3x + 2.

2. Factorise the following expressions
@x -2 -5x+6 @27 -1 -2
(© 26+ 3¢ - 1Tx + 12 (@ 6x° — 5x — 17x

(© 24470 — 176 = Tx 4 15 (1) 6x% + 300 + 573 + 4dx + 12
3. Factorise the expression x* — 3x* — 4x + 12. Hence calculate the
ges of values of x for which x* = 3x* > 4x — 12.
4. Factoie the expression 663 — 71— x 4 2. Hence cleulate the ranges
of values of x for which 2 — x < 7x% — 6x"
“The remainder obtained when 2x* + ax? — 6x + 1 is dividod by
(x + 2) s twice the remainder obtained when the same expression is
divided by (x ~ 1). Find the value of a.
6. The remainder obtained when 3x® — 6x3 + ax — 1 is divided by
(x + 1) s equal (o the remainder obtained when the same expression is
divided by (x — 3). Find the value of a.
7. Given thal (x + 2)is a factor of 2 + 622 + bx = 5 fnd the
remainder when the expression is divided by (2x — 1).
The expression 3 + 25 ~ b + ais divisible by (x ~ 1) but leaves a
pemainder of 10 when divided by (x 1), Find the valussof a and b
9. The expression b + ax — 4x* + 8x* gives a remainder of — 19 when
divided by (x + 1) and  emainder of 2 when dvided by (2% — 1.
Find the values of a and b.

10. The expression 6x° — 233 + ax + b gives a remainder of 11 when
divided by (x — 3) and a remainder of ~21 when divided by (x + 1).
Fi the vaues of  ad b and bence fctorie the expresion.

LI + hx + cand x* + dx + ¢ have a common factor of (x ~ p)

show that p =

e-c

=a

12. Find the coordinates of the points where the curve » = x* + 6x% + 11x + 6 cuts
(a) the y-axis, (b) the x-axis.
Hence make a sketch of the curve and state the ranges of values x can
take for x* + 6% + Ilx + 6 < 0.
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15, Fnd thecoaninatesof the poios whcre the curve 7 = X - Syt 26+ Bouts

(@) the y-axis, (b) the
make 8 sketch of the curve and sae the ranges of values x can
take for x* — 5x + 2x + § > 0.

14. Factorise the cubic expression 25 ~ 5x* — dx + 12,

Give the coordinates of the point where y = 2x® ~ S — 4x + 12
(a) cuts the y-axis, (b) cuts the x-axis, () touches the x-axis.
Henee sketchthe curse » = 2% — 5% ~ dx + 12 and state the ramge

ofvalues x cam take for 200 — ¢  4x +

15. If a, fand ymmzlhm:meuoﬁh:mhncar‘ Yhetex+d=0

prove that

16. 1f o, fand yare the three roots of the cubic x* — 2x = dx + 5 = 0
results of question 15 to find the values of:
®) apy

@a+p+y
© @y + afty + apyt (d),‘;g';“;
(©) (@+ IXB+ Nr+ 1) (f) & + p* + y*

1f @, Band y are the three roots of the cubic 2x* + Sx* — dx — 10
use the results of question 15 to find the values of
) T
e [N
© apy ®atpty 1(? e
1
Illd;.

L
ay
Hence find the cubic equation having roots of -,

e

Exercise SH  Examination questions
L1657, 25 = 1 and 3*".9” = § calculate the value of x and of y.
(Cambridge)
2. A variable R is directly proportional to the squarc of P and inversely
proporionlto L, where P and L are two otber variabis. Given that
when P =3 = 18, determine R when P = 5 a
Py (5.ULB)
A vasiable, r, is inversely proportional to the square of another
variable, 1. Given that r = § when ¢ = 2, find the positive value of

twhenr = 3. (S.ULB)
4. Find the values of p, g,  if
) log81 = p. (i) log,64 = 2, (i) logy = —4. (S.ULB)

5. Use the substitution » = 2* to solve for x the equation
2 Uk =2t (AEB)
6. Find the value of x for which

bt o 3ees,
giving three significant figures in your answer. (Cambridge)
Solve the equation

4 ine =8 (London)



8. ) Simplify:

(a) log x* — log xy, (b) log z + leg—l-,
© i @, 1og (og y*) ~ log (og ).
(ii) Solve the cquation (4-381)*° = (8.032)". (Oxford)

9. The variables x and y satisfy a law of the form x"y = k, where n and k
are constants. Measured values of x and y are given in the table below.

By plotting a suitable straight-line graph, estimate the values of n and k.
Use your graph to estimate the value of y whea x = 3. (AEB)

10. The charge g coulombs on a capacitor is given by the formula
g =316 x 27277,
‘where ¢ is the time in seconds.
Calculate
() gwhen t = 0; (i)) gwhent = 02, (iii)  when g = 158.
Attime ( = T, g takes the value Q.
Prove that, when g takes the value §0, 1 = T +

log2
T X Iog 271’
(Oxford)
11 Given that log,x + 2 Jogay = 4, show that £y = 16 Heaos e for x
and y the simultaneous equat
h.,.(x +y) =1
log,x + 2log,y = 4. (AEB)

12. Establish the formula log,x = ﬁ&

Solve the simultancous equations
=3,

log,y + 2 log,x
logyy + logyx = 3. UMB)
13. (a) Find the range of valms ofafor which
@- t@-ax+2=0

has no real roots.
(b) Find lhevnlusofk I‘Mwhmhl.helxuy = x + kisa tangent to
the o+ oxy + (Cambridge)

" l[r‘.ndﬂ'u:lhzmuol‘x‘ = 21x + 4 = Oand aand are both
posi :

@ aB; @) a+ B (i) the cquation with roots 2 and ,‘, SUJIB)
15. Given that a and f are the roots. oll.heeq\ummx‘ bx+c=0,

(a) show that (#* + 1)(;1 1) =(c- IF + b
i d ¢, a quadratic equation whose roots are

(AEB)

Algebra 1

57
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16. Find the real values of k for which the equation x* + (k + 1)x + k=0
(a) real roots, (b) one root double the other. B)

17. The roots of the qn-dulu:  cquaion
2 - 2kx =0,
where . non e el comstont, are dented by crand f. Obtain a
quadratic equation whose roots are o* and f. Find a quadratic
quation whos rotsar /y aad /6, whers 7 and & ar the roos
= (London)

18. The cubic polynomial 6x* + 7x* + ax + b has a remainder of 72 when
divided by (x ~ 2) and is exactly divisible by (x + 1). Calculate a and .
Show that (2x — 1) is also a factor of the polynomial and obtain the
third factor. (SUJB)

19. (a) The expression 63° + x + 7 leaves the same remainder when
divided by x ~ aand by x + 2a, where a #
Calculate the value of a.
&) Givn hat 2 4 ps -+ g and 3¢ + g hav 3 common o 5 ~ 5.
1e p, g, and b are non-zero, show that 3p? + 4q = 0.

(Cambridge)

20, Given that f(x) = 3 = 7x + 5% — x*, show that 3 ~ x is a factor of

fx). Factorize f(x) completely and hence state the set of values of x for

which f(x) < 0. (London)
21. Express the polynomial

X) = 2t + 3 = x4 Bx
as the product of two fincar factors and & quadratic factor 4.
Prove that there are no real values of x for which g(x) = 0. (A.E.B)
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Matrices

6.1 Basic Concepts

Information can often be conveniently presented as an array of rows and
columns.
Bes ictatcs, octbllengac el and comesin abcs ohcn w ths

orm of presenttion. Suchan arangement of iformation s caled a ‘matrix,
‘The matrix on the right shows the number ST eevons and $opl dup2 sop3
ideos s0d n thres shops i a paricuar month. The matrx has | T.Y. 7 13
rowsand > coomns 5 st bs3 % 3 mavte ora i (31
matrix of order 2 x 3. Ann X m matrix would have n rows
and m colums.

9 10

It can be useful to combine several matrices. For example, if we had the

matrix that showed the numbers of T.V.'s and video's the three shops had

0 in the previous month,we coud add the matries 10 ive the numbers

each shop over the two-month period. It is assumed that the reader is

l'lnulur with the rules for combining matrices but the following statemeats,
examples and exercise should serve to reffesh the memory.

1 matrices A, B and C are defined as follows:

(4B (el i oK
A(d)n('h)mac(/mn
ate bs Only matrices of the same order can be
then A +8 = (c+; 4+h) added or subtracted.
el Thus A + Cand B % C cannot be determined
LR A because A and B arc 2 x 2 matrices and C is
c-g d-h bogause
* 3 matix.

A= (-:r m)

a8 Matrices can be multiplid together if the
c number of columns in the irst matrix cquals
ae + D' dj b the number of rows in the second matrix.
- ) Thus AB, BA, AC and BC can all be found
""" ‘/“" but CB and CA cannot.

Lmon said to be conformable for multipli

AC= i Matrices that can be multiplied together arc
p tion.

ci+dl o+ dm ck+dn
The transpose of a matrix A is writien AT and is found by interchanging the rows and columns.

i
Thus A'-(” ’); n'-=(’ !) and c'-(/ m)
b d Sk, k n

_(anu o + bm .,kum)
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2 X 2 matrices
“The determinant of a 2 x 2 matrix is obiained as follows:

a b a b
m-(‘ ‘)lhtndelA(mlAlnrc nD-ad-u.
(]

Two particular 2 X 2 matrices are Z, the zero or null matrix = (

o

s Lee

and I, the identity mateix = (")

Notethat for any 2 x 2 matrx A, A £ Z = A nd IA = Al = A,
“The inverse of a matrix A is writen A~ and i such that
AA“U= A“IA = 1, the identity matrix.

. e A [ d b ddet A —bjdet A
ra (c d)"“"" - br(—c a) or (—z‘lduA aldet A
ie. to delermine the inverse of 8 matrix A, interchange the lements of the leading diagonal of A,
«change the signs of the elements of the other diagonal and divide by the determinant of the matrix.
Note 1f the determinant of a matrix is zero, the inverse cannot be determined because 1/0 is

meaningless. Any 2 x 2 matrix with determinant zero is called a singular matrix as it has no
inverse.

A= (,f),n - (“, “y)mac (_'; ’)m,wm«u»eynm
£ mBC @ BA @ AB () CB. (0B (0 4B,
(h) B, (I] the 2 X 2 matrix D such that

(@) A and B are not of the same order and so A + B cannot be determined.
|4\ (13 2) (13436 2412
“”’C'(o ))(»v —3)'(0—27 0- 9)
(9w
-z -9
(LAY (34
© ""(n J)(_[) (D_’)
()
(@ AB = (j)(“] ‘;) which cannot be determined.
13 2\1 -4\ _ (1340 -52+6
“]“'(49 »)(o ])-(79+D 36»)

(59



v )
mm-:? x3) - ©x -4)
w1 o )

() We require D such that (5 ',)(D) - (_’3 _%)

Premultplying both sdes by B~/ and remembering that B-'B = I:
10 3 413 2
(o 1 “"*(« 1)(79 ~J)
=33 29

Thus the required matrix D is (_; :f)

Example 2
Solve the simultaneous equations  4x —
-2

e |2 by matrix methods.

First we must express the equations in matrix form:
4N - (2
-2 3

Premultiplying both sides by the inverse af( b

)
(o G)=#C )
r) - “’(;0)

Thusx = I:Sand y = §

LIIA-(_: 'f),n-(g :).e:(ié é)nnd

120
n=( [ )ﬁm,wﬂmmzyexin,
-1 1

@A+B  ®A-B (24 @c+D
(€ 2B-A () AB (®) BA (h) A*
@ BC G cB () CD @ DpC

@ A~ @ B~ ©) AT ®cr

Marrices
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2, Determine all the possible products that can be formed using any two of
the following each time

) pe() ()

3. Five football teams took part in a leaguc competition in which they cach
played cach other once in the first half of the season and again in the
second half of the season. The results matrix for the first half of the
season is shown below:

Won Drawn Lost
Aces 2 1 1

:Aces 0

Aces D:!mlm 2:Bruisers 3
Construct a results matrix for the whole seasor
If points are awarded: 3 for a win, | for a draw and 0 fora los, use the

3
‘points matrix ( |) to determine the league positions at the end of the season.
9,
‘What would the league positions be if points were awarded: 2 for a win,
1 for a draw, 0 for a loss?
4. Find the values of x and y in each of the following matrix equations.

@ 9696 ) “’>(Z)’(§)<(—2)
@)+ (-() o
oG -E)  w
Wl -0 w
o (2 30)- (o

S
S
—_

'
~a
D
]
=
=3



Matrices
5. By letting A = (f Z)nnd B= (;’ ’:) prove that (AB)" = BAT and
that (AB)~ = BY'A",

am-(; ;),n-(ﬁ ;).c-(:; i)nndl)=( 4 7)5..4

the 2 % 2 matrices X, Y and Z given that AX = B, BY = Cand

7004 = ( H 2) find the values of m and n given that A* = mA + nl

where s the identity matrix (r" ‘I’)

8. Find the possible values x can take given that A = (‘" 331)
B= (3 5)-nd AB = BA.
5. Slethe allwingsimlancous equtions by matixmethods.
®

@ x-y=5 —3y=3 @ x+y=1
+2p=5 5179y=l| x-dy=1

-3 2 -y -4 -3 s
10.1fA = 2 - 3)andB=| -5 -4 7 | find AB.
-1 1 1 1 -1,

Hencs find the values of x, y and : satisfying the three cquations
—4x — 3y + 5z =3
=5x —dy + 7z =4

xty-z=0

6.2 Transformations

A transformation of a plane takes any point A in the plane and maps it
onto one and only one image A', also lying in the plane.

We say that the point A(x, y), position Vecler( ) has an image A, ),
position vector (;) under the transformation.

‘The nature of certain transformations can best be scen by considering the
effect the transformation has on the unit square OABC. Examples of some
of the common types of transformation are shown below.

63
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() Translations

eg. OABC — O'AB'C’ by the translation cg. DEF — D'E'F" by the translation vector
3

er(l) )

(b) Reflections

(©) Rotations
eg. Reflection in the x-axis eg. Rotation of 90" anticlockwise about the
OABC - OA'BC origin (o 270" clockwise sbout the origin)
OABC - OABC
y
o e Ll ~.
i X
oA x B_Afc B )
o1& i v
o T o[ AT
(d) Enlargements (or dilatations)
eg. Enlargement, scale factor 2, centre (0,0) e, Enlargement, scale factor 2, centre (0, 0)
OABC ~ OA'BC ABC - ABC

Note A transformation that reduces the size of a shape, c.g. all sides halved,
would be an enlargement, scale factor 4.
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(e) Stretch in a particular direction (f) Shear with some line fixed

eg. Stretch parallel to the x-axis, X3 g Shear with x-axis fixed and (0, 1) - (3, 1)
OABC — OA'BC ABCD - ABCD'
y y

—

N A B

A transformation i said to be linear if any linear relationship between
posiion vectors s conrvedunder the rrsformation
transformat ion vetor 8 onto its image A” position
vector #', and W Tolows thar o = 3 +

For cuample, suppoe hat A and B aretwo ponts with posiion vctors &
and b respectively and Q s a point with position vector

o= In = 2b, 1 under some hncar ransformation T the m\nm AL B and

Q have position vectors a', b and g’ then ¢’ = 34 + 25/

Al linear mml‘mmlimu of the plane can be expressed as a pair of equations of the form
¥ = ax + ting this in matr ) _ (@ b\(x
AT ST T ——CN )

‘ ‘Thus, every lincar transformation of the plane has an associated 2 x 2 matrix.
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Proof: Consider a lincar transformation that maps the point with position vector (",) onto the point
with position vector (‘;) maps the point with position vector (‘l') onto the point with position

vector (Z) and maps the point A with position vector (;) onto A’ with position vector (;‘)
Writing (‘) lsx(;) + y(?) it Follows that (i) - x(‘:) + ’(Z)

ie. {; e ;3 or, in matrix form (;) = (‘; Z)(;) as required.

The following points should also be noted:

1.| The associated 2 x 2 matrix can be determined by examining the images of ((')) and (?)

1(2) = 2) 50 (2) = (2 em e st i 2 )

2. Under any lincar transformation, the origin (0, 0) maps onto itself.

3. Under a translation by the vector ( "), the transformation equations are {y i

Thus a translatior

not a linear mmromuuon.

Example 3
Find the matrices corresponding to each of the following lincar transformations,
(@) a rotation of 90" anticlockwise about the origin,  (b) a reflection in the x-axis.

Bl me0-00-()

—_— sl
o (¢ Y)

®
o Under this transformation (rln) - G) and (‘I‘) - (,?)
SR DO

Ths the required matrix is (; _“)
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Example 4

2 ')) Find (o) the image of the

A linear transformation T has matrix

point (2, 3) nmdcr T, (b) the coordinates of the point having an image of
(7, 2) under

10 (', ) s the image of (x, 3) then (;) - (f - :)(;)

@ hiscase () = @3) (;)-(f ’:)G)

)
()
Thus (1, 5) is the image of the point (2, 3) under T.

B

Premultiplying both sides of this cquation by the inverse of <f - :)

(- 2)3) =60
(-9-6)

(b) Tn this case (x', ')

Soox =1
Thus (3, ~1) is the point having an image of (7, 2) under T.

Example 5

Find the 2 x 2 mlmx that will transform the point (1, 2) 10 (3, 3) and the
point (~1, 1) to (-3, 3).

Let the matrix be (” ‘)
)

- f)

a+

Solving {1] and (3] simultancously gives a = 3, b = 0.
Solving (2] and [4] simultancously gives ¢ = —1,d = 2.

The required matrix is (_? g)
“The following fact regarding transformation matrices should lso be noted:

1. 17 maten T rangforms some shape ABC 10 s image A'BC’ then the
inverse matrix T~ maps A'B'C back onto Al



168 Understanding Pure Mathematics: Chapter 6

2. 1 matrix T corresponds to a certain linear transformation, then det T
gives the scale factor for any change of area under the transformation,
i if T transforms ABC — A'B'C and det T = 1, then
arca A'B'C = |1] * area ABC.
Thus any matrix with a determinant equal to 1 leaves the area of a shape
unchanged. What happens if the determinant is zero, i.c. a singular matrix?

Consider the transformation matrix G j) and the images of various
poinis, say (1, 3) 2, 5) and (=3, 1).
12y 7 1 2\2\ _ (12 1 ay-3\ (-1
2 4 3, 14, 2 45 24, 2 4 1 -2
tice that all the images lie on the linc y = 2x.
Tﬂ show that all points are mapped onto this line, we consider the general
point G,

»
(x’)E(I 2)(x)=(x+2">
v)7 2 s 20+ 4y,
()= (%)
v) "o+ 29) e
ingular matrix maps all points in the planc onto a line.
transforms (x, y) to (+', ') and matrix Q transforms (x', ')

‘matri
" 10 (x”, "), then the single matrix equivalent to P followed by Q . the
matrix that will transform (x, y) — (x", y") direct] is given by QP.

G = ) o)
() -or) wowe

image points lie on the line y = 2x.

Exercise 68
1. The points AG, 2), B(~ 1, 4). CQ2. 5) and D(1, ~ 1) are transformed to
A, B, C, and D' by the transformation matrix (? »‘;). Find the
«coordinates of A’, B, C', and D'.
2. Under a certain transformation the image (x', y) of a point (x, y) is

obtained by the rule:
SRR
y) sy
Find (a) the image of the point (2, 1), (b) the image of the point (-1, 3),
(c) the point with an image of (1, —6), (@) the point with an image of (~1, 11).

3. Find the 2 x 2 transformation matrix that will map the point (=2, 3)
onto (~7,6) and (1, ~1) onto 3, = 1).

4. The square ABCD is transformed to A,B,C, D, by the transformation
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matrix (j 1) 174, B, C and D have coordinates (1,0, 6, 0
(3, 2) and (1, 2) respectively find (a) the coordinates of A,, By, C,, and D,,
(b) the area of A,B,C,D,,
(c) the matrix that will transform A,B,C,D, back to ABCD.
5. Find the 2 x 2 transformation matrices P, Q, R and § given that
(@) matrix P represents a reflction in the y-axi
(&) matrix Q represets 50 cockose refation abou e rign
(c) matrix R represents a reflection in the line
@ matrix S transforms the pint 2, ~3 to 4, 14)and the point (1,3
(11, -2).

Use your answers to (a), (b) and (c) to show that a reflecti
y-axis followed by a 90° clockwise rotation about the origin is equlvuknl
to a reflection in the line y = x.

6. The linear transformations shown below are shears transforming OABC
10 OA'B'C. For each lum{om\tuorm write down
() the associated 2 x 2 mal
(i) the equations of the ranstormaton i the form < = ax + by

¥ o= ex+dy.
@ ®) 3
y
I
c iy _jic lm C/s
¢
5[ A o A

7. A lst shape is transformed to a 2nd shape by the transformation matrix
(f 3) and a 3rd shape is obtained from the 2nd shape using the

transformation matrix ( H 2) Find the single matrix that would
wransform the It shae (0 the S shae it I e 1t i bas an
area of § q. units,fnd the areas of the 2nd and 3rd shapes.

to the followml linear i
u-e erign. us) enlargement e fctor 3, cete 0, 0
- treich (x 2) parallel to the y-axis, x-axis fixed,
© :hnrwll.hx-lxlsﬁxuﬂnnd(o n- 0,0, (n Shear with = - < fxed and 1,0 = 0. =),
(8) stretch (x 3) perpendicular to y = —x and with y = —x
by shear with » = x fxed and (0.2 (6.
() shear with y = 2 fixed and (0, 4) - (2, 0).
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9. Give a geometrical description of the effect of each of the following
transformation matrices.

) 5 0 30 0 0 ()
@) of 5) @@ @) o6
) 0 3 () 2 s (-2 3

o) @By o) ol o(3d
10. Prove that the transformation llmrix( 3 _5) maps ait points of he

x-y planc onto a straight linc and find the equation of that line.
11. The diagram shows the unit squarc OABC

and, under a certain transformation, its

image which is the parallelogram OA'B'C’. €. 1|

If A’ and C' have coordinates (a, ¢) and

(b. d) respecively, prove that the area of
OA'B'C” s (ad — be) 5q. units.

12. A particular transformation takes any point A(x, ? and first refects the
point in the y-axis and then translates this new point by 2 units in the
direction of ve i 50 3 unit i the direcion o the postive
y-axis to give the image point A’(x', ). Represent this transformation in
the form

EA T CEAYES * X =ax+ by +c
@w()=CN0)+(0)  eriaiei
. A certain transformation maps a point A(x, ») onto its image A'(x', ')
according to the rule:

%" 303, (-4
(¢)=( -06)+ ()

Find (a) the image of the point (2, ~ 1),
he point with an image of (~7, 6

),
() the coordinates of the point that is mapped onto itself by the
transformation.

6.3 Further considerations

Invariant points

10 tanalormaion ape ome it A ) oo el then A i id o be
an invariant point of the transformation.

Example 6

Find any invariant points of the transformations given by

@ ; tyop ® (j) - G ’})(;) + (_;)



(a) I A(x. y) is an invariant point, then x = 2y = 3
and y=x+1

Solving simultaneously gives x = | and

Thus the point (1, 2)is invariant under the transformation {y o

- -6 ()

and  y=3x+dy-3
Solving simultancously gives x = —1 and y =2

(b) If A(x, ) is an invariant point, then (;)

Thus the point (~ 1, 2)is invariant under the transformation (’;) - G

Transformation of a line

Alinear tnatormation will map the sraight lne with vector equation
r= 0 the straight line with vector equation £ = &' + AV, ic.
anypoit lym; o=t b will be transformed to a point on the image
line r =

AN parsil oo il ave image lines that are parallel.

Any line that maps onto itself is said t0 be an avariant line of the
transformation. It s important to realise that any line which s invariant
under a certain transformation need not necessarily be made up of points
that are invariant under the transformation. For example, under a stretch
parallel to the x-axis, the x-axis itself is an invariant line (as indeed is any
line of the form y = ¢). However on the x-axis, only the point (0, 0) is an
invariant point under this transformation.

Example 7
All points on the line y = 2x — 3 are transformed by the matrix

(§ ﬂ') Find the cquation of the image linc.

Any point on the fine y = 2x ~ 3 will have coordinates of the form
*2% -3

™ ()-( 4)(:“:)
-@25Y-(43)

i X =4k-3 and y=k+3
Eliminating k from these two équations gives 4y’ = x' + 15, Thus all
images (x', ) lie on the fine 4y = x + 15.
line 4y = x + 15 is the image of y = 2 ~ 3 under the
2 1
3 -1
Alternatively we could take two points on the line y = 2x — 3. find the

transformation

Marices

<)

)

17
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images of these points under the transformation and then find the cquation
of the straight line passing through these two image points. The reader
should verify that this method does again give the answer 4y = x + 15.

Example 8
Al points on the fine r = (;) + 1(’:) are transformed by the matrix

(_f :) Find the equation of the image line.

Nowr = a + Abwill map ontor = &' + AV’

In ths case .-(;) and b'(il)
() ()
-6 -0)

Thus the image line will have vector equation r = (;) + A(z)

Example 9

Prove that the line y = 2x — 1 is mapped onto itself under the transformation (i i:)

Any point on the linc » = 2x — 1 has coordinates of the form (k, 2 — 1)
X\ (3 -1\ K
e (r)’(‘ St l)
Y- 2k + 1\ _ (k4T
w-2+1) " (41
e X =k+1 and y=2k+1

Eliminating K from these two equations gives y’ = 2x' — 1. Thus any image
t (x', ') lies on the lin y = 2x — 1.y = 2x — 1 is mapped onto

Feelf 2 required.
Example 10

Show that the transformation matrix (j ‘;) maps all points on the line
- (;) + AG) nto a single point and find the position vector of this poiat.

r=a+ Abwill mapontor = &' + 1

b G e
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e ()i (9 4)
NS

; z)mptlllpoinuwnlbclingr- (;) + l(;)nmon

The matrix (
single point, position vector (';)

Example 11

Find the equations of any lines that pass through the origin and map onto
themselves under the transformation whose matrix is G :)

Any straight line passing through the origin has an equation of the form
¥ = mx and any point on the line will have coordinates of the form (k, mk).

x" =3 2\ k - 3k + 2mk®
Thus (y) (; 4 mk) (3k+lmk)
Now if y = mx maps onto itself then the point (3 + 2k, 3k + 4mk)
‘must also lie on y = mx.
ie. 3 + dmk = m(k + 2mk)
giving 3+ dm o= 3m + 2m?

O=2m —m~3
0=(@m = 3)m+1)

m=3 or
‘Thus the required lines are y = §xand y = —x.
Check: G : l:)-(g:)whichlmuny-ix

R R

Example 12

Find the equations of any straight lines that are invariant under the
transformation

¥\ (-6 3% 4
()= (% -)6) ()
Any straight line will be of the form y = mx + ¢ and any point on the line will
have coordinates of the form (k, mk + ¢).
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s (%)= (76 )k &) (—6k + dmk + 3c + 4
W) mk+e) TA-1 4k = 2mk =2 - |

Now if y = mx + s invariant, then this point (x', ') must also lic on y = mx + .

. = 2mk — 2c = | = m(~6k + Imk + 3c + 4) + ¢
iving k(l*lm—!m’)-!mt*-lm‘*}c 1 L.

‘This equation must be true for all values of  (i.c. cquation (1] is an identity in k).

Thus 4 + dm ~ 3w =0 and 3me + dm +3c+ 1 =0 .
e n

=3 or
From [21itm = —.c = Janditm = 2.c = ~
“This gives the required lines as y = —3x + ,m; 20—
However we must check this solution:
checking y = —3x +

(j) - ("2 ,:)(,ik"* a) + (_:) - (;i"f;) which lies on y = —3x + 3.
“Thus.

~3x + {is invariant under the transformation
x -1

N\ (-6 3y N
()= (% St ) ()= ()
Thus all points on the line y = 2x — | are mapped onto the point (1, 1)
and 50y = 2x — Lis nof an invariant line

‘The line 3y + 2x = 5 is the only invariant line under the transformation.

Note: The above method will not detect invariant lines of the form

X = ¢, a constant (i, lines parallel to the y-axis). Such invariant

lines may exist if the 2 X 2 matrix involved has a zero i the “top right"
ition. The existence of such invariant lines must then be tested for:

-2 0\, (6 ~x+6
e (T 00) () (w55
Foc ll ahis ol y the x<oondizas will b unchanged by this

transformation if x = —2x +
Thus ¥ =2 would b an imvariant e for me transformation.

Eigenvectors and eigenvalues

Example 11 considered invariant lines that passed through the origin. Now

under any linear transformation, the origin itself is an invariant point.

ot A s an aniavacint n pusin troughth orign,then s imge
‘The position vectors OA and OA’ may be of

iflerent magaitodes b wil b 1 the same,or xacty oppositc drections,

o - (3] s - (£

it follows that (;) - AC) for A posiive or negative constant.

The vector ("

y) is called an eigenvector for the transformation and A the corresponding eigenvalue.
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Now for the transformation with matrix (? ), we know that (/) = (2 £)(*
) v)= e q

S

Thus if values of x, y and A can be found such that (‘: : )f) - A("), then (;) is
an eigenvector for the transformation, 2 is the associated cigenvalue and
the point (x, ) lies on an invariant line passing through the origin.

Furthermore if 2 = 1, then (Z ZX'V) - (y) and the invariant line consists of invariant points.

Example 13 below is similar to example 11 but the method of solution uses the idea of cigenvectors
and eigenvalues,

Example 13
Find the equations of any lines passing through the origin that are mapped

onto themselves by the transformation defined by the matrix (; ;)

If A(x, ) lies on a line that passes through the origin and that maps onto

itself, then the vel:lﬂl( )wnll be an eigenvector. Thus (] 2)( ) - A( )
ic. 4x+y=Ax giving
and x4+ 2y=Jy giving

dividing:
ford 0= -1 -5
A=1ors
With 2= 1, (x+y-Ax becomes 3x + y = 0
With 4 =5 dx+y=4x becomes y=x

Thus any point with position vector given by the eigenvector (;) must lie

on3x +y = 0ory = x, and so these are the required lines.

Notice that the eigenvectors are not unique. In the last =umplc any point

lying on the line 3x + y = 0 will have a position vector that is an

eigenvector with eigenvalue 1,

g (_;) (_g), (‘;) arc all eigenvectors with cigenvalue 1:
0 ) (Y 2) ool 2). (4 Y1) =7t
3 2\ -3 =3)* \3 2/\ -6, -6)" \3 2, 3 3,

Similarly (1, 1), (3, 3) and (=2, —2) all lic on y = x and so the position

vestors (:) (3) and ( j) are all cigeavectors with cigenvalue 5:

(63026 6 96)-6) 6 334
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Exercise 6C
1. Find any invariant points of the transformations given by

CYiEe @ ()60 ()
©)-(2 30)-()

2. Two transformations P and T transform the point (x, ) to its image
(x', ') according to the following
YA Uy v-3
)y =x =1 =-1-x
Exprens e ansormatons P, T PT and TP i he form
W\ (0 ) [+
y) =)o)t
Find any invarian poinsunde the tansormation
@P T © PT. @
3. Find the equations of the image hlws formed when the lines y = 2x + 1
and 3y = 2x — 1 are transformed using the mavrix (_| 3.
ind the cquation of the image line produced by translating all of the
points on the line y = 3x = 1 by the vector ().

5. Find vector equations of the image lines formed when the lines

( )+ a( )-ndr - (') + 1(_f)mm:om»aun.uwmm(;

6 Find the 2 x 2 alormaion matei T bt maps 3, 1) anto
(13, ~7) and (=1, 3) onto (1, 5). Find the equations of the lines
Cbtinad when T Spphed 65 = %y - e m S and 3 o Bt 3,

7. The transformation matrix (; :f) transforms a line L 10 the line
y = 2x + 3, Find the equation of L.

8. Find lM vector equation of the line which, when transformed by the
matrix (2 3) has an image line £ = (:) + A(‘ :)

9. A transformation T assigns to any point (x, ») an image (x', ¥')
" ®\ (-1 2\(x), (-2
serang o e (3) = () 2)3) + ()
(e Find thecquation ofthe mage s obained when ul poists on the
ines y = 2xand y = x — 3 undergo the transformation T.
© Prow tht theline = 3x + 1 mapsonto sl nder the
transformati

Prove that the transformation mnrix( 3 ‘2) ‘maps all points on the

line y = 3x onto themselves.
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11, Prove that all lines of the form y = x +  are mapped onto themselves
under the transformation given by the matrix (; :f)

12. Prove that the lines y = x + Sand y + 3x = | are mapped onto
themselves under the transformation that maps (x, y) onto (x', ¥')

according to the relationship (;) - (‘; ;X;) + (_;),
13. Show that the transformation with matrix (A \ _;) ‘maps all points

on the line r = (:) + z(_f) onto a single point and find the position

vetor of this point.

4

14. Show that the transformation with matrix (’ . 7§) ‘maps all points

ontheline r = 21 + 3} + A( + 2]) onto a single point and find the position
vector of this point.
15. Prove tha al poits on the e y + 3+ 2 = 0 are mapped o
single e e ranormation tha mape (s ) omes (' 3

A AR e

coordinates of this single
16. Find the equations of any straight lnes that pass through the orign and
that map onto themselves under the transformation defined by
‘matrix

® ( 3 f) ® ( H _2) © (: ,',)

17. Find the 2 x 2 matrix that maps (1,2 nmn ( 3, 0) and (-2, —3) onto
(2, =1). For the transforms matrix, find the
equations of two invariant straight lines plmng through the origin.
‘Which of these two lines is a set of invariant points under the
transformation?

18. 1 y = 4x is mapped onto itself under the transformation (: :;) find
the value of a and the cquation of the other line that passes through the

origin and is mapped onto itself by the transformation.

Find any straight lines that are invariant under the transformation that

‘maps (x, y) onto (x', ') according to the relationship

o@)-(E9) G )60
@)= (00 () @) 303
0 ()6 0+ 6

m
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6.4 General reflections and rotations

A general rotation about the origin
‘The diagram shows the unit square OABC
rotated through an angle @, anticlockwise
about the origin, o its image OA'B'C’.
As we can see from the diagram
1) | (cos 0 g (0) L (~sin 0
0)~ Lsing, 1 cos 0
Thus the matrix representing this

- ‘cos 0 —sin 6
transformation will be (m o o)

co. 1)

L\

The determinant of this matrix is cos* @ + sin? 6, which equals 1, as we
would expect for a transformation that has no effect on the arca of a shape.

[ Thus any rotation of the x-y plane about the origin can be represented

| by @ matrix of the form (:

i)wh:rta‘ the

A general reflection in a line through the origin
T disgram shows tho it square OABC
refed in the ine »
an 0,10 it image OA' o
s e o o Fom the diagrar

0
0 sin 19)»

and -

(I) (—ws 20,

Thus the matrix representing this
520 sin 2
n20 —cos 20,

transformation will be

(1.0}

&

ot 0

Again the determinant is as we would expect for such a transformation,

‘Thus any reflection of the x-y plane in a straight line passing through the

origin can be represented by a matrix of the form (;

b) where a + b =
-a

Suppose now that we wish o find the matrix representation of a rotation

about some point other than the origin.
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Example 14
Find the matrix representing a rotation of 90" anticlockwise about the point A (3, 5).

First take some general point with position vector ;

‘We now translate the planc so that point A is moved to the origin. Thus our
(X x -3

o p— )

‘We now rotate the plane 90" anticlockwise about the origin (‘: - "Xj - ;)

and translate the plane so that point A moves back to (3, 5): (? ol ’) + (’)

ofy -5,
Thus if (x, y) has image (x', ) under a 90" anticlockwise rotation about (3, 5).

A\ (0 ~1Y(x - 3) , (3
¢)=0 9696
TS
x=3+5
.
x+2
Thus a 90" anticlockwise rotation about the point (3, 5) can be defined by
the cquations ;, Z721S onin matrx form (;) - (? ‘;X;) + G)

Notice that this s simply a rotation of 90° anticlockwise about the origin
followed by a translation.

79

1 (: 5) represents a rotation of angle 0 about the origin, then the composite transformation

of this rotation followed by a translation (;) e (;) - (: 3)(;) + (}) represents

a rotation of angle 0 about some other point.

II‘(: 3) represents a reflection in some line y = mx, then (‘: ZX;) + (;) will represent

cither a reflection or a glide reflection in some line parallel to y = mx
(a5 shown in the diagrams on the next page).
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Diagram showing the effect of Diagram showing the effect of
X\ (0 1Y) 4 (-2 X\ L (0 1Y%, (0
o)~ oy, 2 )T oly) T2
on the square OABC on the square OABC
©,0) = (=2,2) (1,0)=(-2,3) ©,0) = (0,2) (1,0) - (0,3)
D=L} ©ON=(-12) ,D=03 ©n-02
y pe >
A B e Al
ol
)
[ / o]
< B d
L
| A x 79 0 T
ie. a reflection in the line y = x + 2. ie. a glide reflection along the line y = x + 1
with 0, 1) ~ (1,2).
Example 15

Find the matrix equation representing an enlargement, scale factor 3, centre (~ 1, 4).
First take some general point with position vector (;) and et the point (— 1, 4) be A.
Then translate the plane 5o that A is moved to the origin, ic. (;) becomes (; + })

Now perform an enlargement, scale factor 3, centre the origin: (3 °)(" * l)

0 3)\y-4
and translate the plane to move A back o (~ I, 4): (3 9 v + l) + (‘:)

Example 16
Find the matrix equation representing a reflection in the line y = x + 4.

MeTHop |

x + 4 cuts the y-axis at point B (0, 4)
Translating B to the origin takes (x, ) to (x, y = 4).

" 0 1y x
Now reflect in the line y = x: (I “)(7')

e s s (0074 ()
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DR EMY
(0 (9)
'METHOD 2
We know that a reflection in the line y = x + 4 will be of the form:
(5) = (emeton™)(5) + » mtain
()=C a0)+ ()

Now under this refection, any point on y = x + 4 must be invariant,
Considering the point (0, 4)

U6 - oo oee

“Thus the required matrix cquation is
x" 0 1yx )
)0 96+ (9

Example 17
Give & full geometric description of the transformations defined by the following equations.

ONER THE N

This s a rotation of 90" clockwise about the X X\ (0 1\(x), (3
origin followed by a translation and will b " Matrix form thisis (y) - (I 0)()') * (s)
equivalent to a 90° clockwise rotation about ‘This is a reflection in the linc y = x followed
some other point (a,5). by a translation and will be equivalent to a

‘The point (a, ) must be invariant reflction (or glide refection) in some line

under this rotation. y=x+cThusy=x+ cwill bean
(.-)=( o |Xn) +( 7) invariant line.
bt 9 ¢)-C et 0)
giving (@, b) as the point (2, ~5) o) ok +e) T s
(k+e+3
k+s
Thusk + S=k+c+3+¢ ie c=1
Thusy =.x + | i an ovaint e with
kk+ 1) = (k+ 4k +

a glide
refcion n he lne 5 = x + 1 with (0, 1)
going to (@, 5).
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Example 18

R ———
Writing the cquations in matrix form: (;) - (_: _"X;) + (:)
-1 0\/2 0\/x" 3
-(5 - 90)+ 6)

180" rotation  Enlargement  Transiation.
about origin.  (x2) centre the
origi

Now a 180 rotation followed by a translation is eqmval:nl toa |xn' rotation
‘about some other point. Thus if we can find a point that iant under
the transformation, s il be the centre of rocaton and the cente of the
enlargement. If this point is (a, &) then

(;) - (_é -QX:) * (é) givinga = land b = 2.

T2t 3 resent a rotation of 180°

about the point (1, 2) and an enlargement, scale factor 2, centre (1, 2).

Thus the cquations ¥, =

“This result is confirmed by the behaviour of the unit square OABC.
x' = =204 3 (0,0) = (3,6)
under {y' =-%+6 (LO~(16
(1) = (14
On=a8

Exercise 6D

1. Find the matrices which represent the following lincar transformations.
(@) a rotation of 30" anticlockwise about the or
(b) a rotation of 45" anticlockwise about the onpn‘
(©) a rotation of 120" anticlockwise about the origin.

2. Find the matrices which represent the following linear transformations,

(©) a reflction in the line y = 2x.
3. Give a geometrical description of the transformations corresponding to
the following matrices

4 -t (o 3 -4
® (, i) ® (! _ ,) © (. 3)
4. Find the matrix equations representing cach of the following transformations,

(a) a rotation of 90" anticlockwise about the point (~ 1, 4),
(b) a rotation of 180" about the point (3, — 1),
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(©) an enlargement, scale rmmx e @ -n.
(d) a reflection in the line y =
(©) 3 gide rellection in he e » < ¥ + 5 wth the point (0, & mapped
onto (3, 8).
5. Find cquations of the form ¥, = %3 B < o cach of the following transformations.

(a) a rotation of 90° mucleckwwe about the point (1, ~1),
(b) an enlargement, scale factor 2, centre (- 1, 3),
(©) a rotation of 90° clockwise nho\n the point (4, ~ 1),

(d) a reflection in the line y + x
(€) a glide reflection in the line y + x = 3 such that (0, 3) maps omo 0.0,
6. Use the fact that a clockwise rotation of the x-y plane about the o

through an angle 6 can be represented by a matrix of the form

‘cos @ ~sin 6

sin@  cos 6,
sin (6 + ) = sin 0cos a + cos Osin @ and

<05 (6 + a) = cos Bcos a — sin Osin a

7. Give a full geometric description of the single transformation defined by
cach of the following. For part (g) give your answers as a combination of
two transformations.

x 0 ~1\/x 3 £ 0 1y~ 3
©()-0 )0 () ©6)-6 o))
x" 1 0)/x' -6 X' =5x-4
oG-t A-() wiosis
X = X =y+3 x=-3y+8
My "xls @yo3ig
8. The transformation T maps the point (x, y) onto (x', y) according to the
uations x' = —2 — landy’ = —2x + 4,

) to obtain the standard trigonometric identities

(a) Find the coordinates of the point in the x~y plane that s invariant under T.
(b) Find the equations of the two lines that aré mapped onto themselves under T.
() Give a geometric description of the effect of T.

Exercise 6E  Examination questions
)

L (’ ‘ _’;}(3) - (‘;) find the values of a and b, S.UJB)
o

T
2. (@) Arrange the matrices @ 0 3 4), (o), (f : ’;) 50 that they are
2
conformable for multiplication and evaluate their product.
() Find the inverse of (3 1) and heace fnd matrices A and B such that

0t )-8 s P (29

(Cambridge)

]
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3 @) Given that A = (_: f) find () A - 3, G) A - 2L, Gi) A* ~ SA + 6I.

(I
(b) Evaluate all possible products of the matrix A, where A = (2 - l) with one of the
0 3

100 2 o
matrices B, C, D, Ewhere B = (0 ~1 1 'C'(o z),b-(s DE=Q 2
0 11
(Cambridge)
4. (a) Find the value of k for wmn the simultancous equations
~ky =2,

;x+(k+1)y-4

have no solution.

2 -1 - 312
®) GiventhatA={ -1 1 0)andB=(3 2 2}, cvaluate AB.
-2 13, 1o

Henes slve thesimultaneous s oquatons
x+z=5. (Cambridge)
5. (a) By means of a matrix method solve the simultaneous equations

6 =23 +8r
(b) Given that A{ y | = 7| q -mmn|y=p+5q 4r, find A"
z O Ipg- s

(Cambridge)

6. Write down
the s A which imprscas electon n the oz,
the matrix B which represents reflection in the line y
) the matrn C which represents otaton through 180 about the origi.
sing matrix find
(iv) the image of the point (5, 2) afler reflcction in the x-axis followed by
rotation through 180° about the origin,
) the point whose image is (6, —4) afer reflection in the line y = x.
(Cambridge)
7. By using a diagram on graph paper, or otherwise, find the images of the
‘points (1, 2) and (2, - 1) when they are reflected in the line y = 2x. Use
‘your results to find the 2 x 2 matrix R which carries out this reflection,
and evaluate R,
After this reflection a quarter-turn is made clockwise about the origin.
Writc down the matrix which represents the quarter-turn, and hence find
the matrix which represents the combined transformation.  (Oxford)
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8. Write down the matrices M, M, and R which carry out a reflection in
the x-axis, a reflection in the y-axis and a half-turn about the origin
respectivel

T, = (:) andT, = (_f) are translations parallel to the coordinate
axes. P is the point 3, b).

Find the coordinates of P,. Py, Py. Py, Py which are the images of P
under the following five operations:

@) T, followsd by M, () T, followed by M, (i) R followed by T,
(%) R ollowed by M, (v) M, folowed by M, folloved by R.

For cach o the fve case ind ai valoes of & and b such hat P concides
with is image. (Oxford)

9. () Calculate the inverse M~ of the matrix M = (; = '). where y # 0.

Find the values of x and y such that (2) M"G) - (,2); ® M(;) - (,‘;)
(i) The lines y = x and x + y = 2 are transformed by the transformation

S

10. Find the matrix of the |r|n;lormnnon T which maps (1, 3) and (2, 1)
onto (5, 11) and (5, 7) respectivel
ow that the line y + x = l)umppedonwmdfby'l‘.lndﬁndthe
equation of the other line through the origin that is mapped onto itseif.
(Cambri

11. Find the matrix of

the transformation P that represents enlargement by scale factor 3,

(i) the transformation Q that represents refiection in the line y = x,

(il the transformation R that represents an anticlockwise rotation of &
about the origin where tan 0 = 3.

Hence find

(iv) the matrix of the transformation T that represents P followed by Q
ol

folloy L
(v) the image of (15, 5) under T. (Cambridge)
12. The matrices A, B, C of the single transformations 4, B, C are
. _1 _:ég
a=(d Ne=(® Ne-( 2
0 3) 1o) VY
2 2

(.) Give a geometrical description of each of A, B.and C.
the smallest values of m and r for which B* = C* = L.
Give a geometrical description of the inverse of each transformation.
(Cambridge)
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13. A reflection M in the x-axis is followed by a transformation R which

N
which carries out the reflection M and find the single matrix which
carries out the combined operation RM. Show that points of the linc.
y=xBare mapped on o themscives by RM. Describe he
transformation R.
Describic also the single transformation which has the same effect as RM.
(Oxford)

is carried out by the matrix ( Y 3). Write down the matrix

z

LetM = (} :Z) letp = (j) be the position vector of a point P,
and let P' be the point with position vector Mp.

Prove that the direction of PP’ is constant, and find a fixed vector in this
direction.
Letq =
‘point with pmmon ve:hyr Mg. Prove that OQ is perpendicular to PP',
where O is the o

Caleuhate the wangent o th angle QOQ. (Oxford)

15. L P = (1 3). Verity thar P2 = P,
(3 §)-veer

2) be the position vector of a point Q and let Q' be the

Letr = () be the position vector of a point A with respect 10 the
origin O, and let A’ be the point with position vector Pr.
Prove that

() the vector AA' is a multiple cl(_;), (i) OA + A’A? = OAZ,
Prove also that A' lies on a line of the form y = cx, where c is
constant whose value s to be found. (Oxford)
16. A reflction in the ine y = x — 1 is followed by an anticlockwise
fotation of 90" about the point (~ 1, 1). Show that the resultant
transformationhas 3 variant e, an gve te quation of i e
ibe the resultant transformation in rel this line.  (Oxford)
17, Find the invariant points of the transformation T, of the plan, given by
X2y,

ol A
and give 2 full geometrical desciption of T,
ress in form the transformation T;, which consists of a
refcion n the ne x + = 1 Express also in a similar form the
Irlmfurmllmn T, which consists of T, followed by T,. Show that Ty
be expressed as a reflection in the line x = § followed by an
Crlrgermen, and give the enir and scle facor of this

t
(Oxford)
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18. The cigenvalues of the matrix
1-(" Z) 6>0.c30
are equal. Prove that a = dand ¢ = 0.
T g e oo (-2l e o 1. 2, prov s
= 3)
and find the image of the line y + 2x = 0 under T. (Oxford)
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7.1 Successive operations

IF there are 3 paths joining A to B and 4 paths joining B to C, then there are
(3 % 4) or 12 different ways of going from A, through B, to

o — -
—°= -

1 there are 2 paths joining C 10 D then there are (3 4 x 2) or 24 ways of
going from A, through B and C, to

This idea can be extended indefinitely s0 that in general:

IFthere are 7 ways of performing one npeulmn‘ sy of perfnm\mg a second

opertion, 1 ways of peforming  tird oper

then there are (- % X 1 X+ differns ways of pcrfom\mg the

operatons n succesion.

Note that this multiplication rule only applies when the operations are

independent, .. the choice made for one operation does not affect thy

choice made for any of the other operations.

Em.pu 1

rc S roads joining A to B and 3 foads flning B to C. Fnd tow
many diffren: oute there are rom A to C v

CELE
e A

There are two operations to perform in succession:
At ways
BtoC  3ways
Number of routes from A to C = 5 x 3

15

Example 2
A man has threc choices of the way in which he travels to work; he can
walk, g0 by car or go by train. In how many different ways can he arrange
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his travel for the § working days in the week?
On Monday he has 3 choices: walk, car or train.
On Tuesday he has 3 choices: walk, car or train.
imilacly on each of Wednesday, Thursday and Friday he has 3 ch
Hen= there are 5 successive operations, cach of which can be performed in

Toul number of arrangements = 3 x 3 x 3 x 3 x 3
= 3% (or 243) ways.

7.2 Permutations

Consider the three letters A, B and C. If these leters are written in a row,
one after another, lhcm are six different possible lrmngtmm st

BAC BCA CAB
Each lmngtmem isa pomble permutation of the e . B3nd C and 30
there are six permutations altogether.
“The following reasoning shows how (o calculate the number of permutations
‘without having to list them all:
The first letter to be written down can be chosen in 3 ways. The second
letter can then be chosen in 2 ways and the remaining letter is written down
in the third position. Thus the three operations can be performed in
(3% 2% 1)or 6 ways.

‘This can be stated in general terms as follows:

“The number of o of amangin n diflrent tings in 8 o s

nln = 1) shorthand way of writing this
expression is n‘ et e fannnll).

Thus4l =4 x 3x2x 1, Sl=5x4x3x2x landsoon

Example 3

Bvaluate @) 3o, ) gragy

o x5 xax3x2x1
@ 5%~ Tﬁ(yxaxsxgle

=15 = 105.

Example 4

Five children are to be seated on a bench. Find (a) how many lel Aht

children can be seated, (b) how many arrangements are possible if

'youngest child is to sit at the left-hand end of the bench. .

(a) Since there are § children, the child to sit at the left-hand end can be 5 4 3 2
sen in 5

The child to be scatcd next can be chosen in 4 ways, the next child can
be chosen in 3 ways, and so on.
T are S operpion and the ot e ofarangements
= 5! or 120 wa

Tx6x5x4x3x2x1
EEEEFERERCER
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(b) IF the youngest child is to sit at the lefi-hand end, this place can be filled
in
‘The next i then be chosen in 4 ways, the next in 3 vaysa andsoon. .
There are 5 \ypenuons and the total numhu of arrangements i o4
x3x2x 1 =1 x4 or24ways.

Example 5
Three different mathematics books and five other different books are (o be
armanged on a bookshelf. Find (a) the number of possible arrangements of
the books, (b) the number of possible arrangements if the three mathematics
books must be kept together.
(a) Since there are 8 books altogether, the one to be placed at the left-hand
chosen in § ways, the next book can be chosen in 7 ways.
and so on.
There are 8 operations and the total number of arrangements is
X6%5x4x3x2x 1 =8 or 40320 ways.
(b) Since the 3 mathematics books are 10 be together, consider these bound
together as one book. There arc now 6 books to be arranged and this
can be performed in 6 x 5 x 4 x 3 x 2 x | = 6 = 720 ways.
Now in each of these arrangements the 3 mathematics books are bound
together: these mathematics books can be arranged in 3 x 2 x | = 3! ways,
= 6 ways.

Total number of arrangements = 720 x 6 or 4320 ways.

Circular arrangements

Tn Example 4(a), we saw that five children can be arranged in a row in

51 ways. Suppose. instead, that we wished to arrange the children around a

circular table. The number of possible arrangements will no longer be 5!

because there is now no distinction between certain arrangements that were
distinct when written in a row.

For example, A BC D E is a different arrangement from E A B C D,

A 0 E A
but is not a different arrangement from

D T

With dmlllr arrangements of this type, it is the relative postions ofthe
items being arranged which i ne item can there fixed
and nm remiicing items arranged around it. The number of lrnnnmznu of
therefore be (1 — 1)! In those cases where
s arrangements are not considered o be different,
{his reduces o Ko — 1) (See Example 7.
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Example 6

Four men Peters, Roges, Sith and Thomas ar o be seaedat & creuar
table. In how many ways can this be dor

Suppose Peters s seated at some. plmculu place.

‘The seat on his left can be filled in 3 ways, .. by Rogers, by Smith or by
‘Thomas. The next seat on his lef can then be filled in 2 ways and the

ing seat in | way, i.e. by the remaining man.

“Total number of arrangements = 3 x 2 x | = 3! or 6 ways.

Example 7

Nine beads, all of different colours are 10 be arranged on a circular wirc.
Two arrangements are not considered to be different if they appear the same
when the ring is turned over. How many different arrangements are possible?

When the ring is turned over, LA g B_A
the arrangement H, c would appear as c, J

@ D
L T

‘When viewed from one side, these arrangements are only different in that
one is a clockwise arrangement and the other is anticlockwise.

If one bead is fixed, there are (9 ~ 1)! ways of arranging the remai
beads relative to the fixed onc, ic. 8! ways. But half of these armangeatots
will appear the same as the other half when the ring is turned over, because
for every clockwise arrangement there is a similar anticlockwise arrangement.
Hence,

‘number of arrangements is §(8!) = 20 160 ways.

Mutually exclusive situations

When two situations A and B are mutually exclusive then, if situation A
‘occurs, situation B cannot oceur. Likewisc, if situation B occurs, situation A
cannot occur.

In such cases, the number of permutations of cither situation A or situation B
‘can be obtained by adding the number of permutations of
situation A o the number of permutations of situation B.

Example 8
How many different four-digit numbers can be formed from the figures 3, 4,

5, 6if each figure is used only once in cach number?
How many of these numbers (a) end in a 4, (b) end in a 3, () end ina 3 or a 47

91
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The first digit can be chosen in 4 ways, the second in 3 ways, and 5o on.
Thus there are 4 x 3 x 2 x | = 24 different four-digit numbers that can
be formed.
(a) The last digit can be chosen in 1 way as it must be a 4; the first digit can
osen in 3 ways, the second in 2 ways and the third in | way.
Thus there are 1 x 3 X 2 X | = 6 of the numbers that end in a 4.
(&) By ressoning sia o that e in (8 the will
the numbers that end in a 3.
© m nnmbers um end in a 3 cannot also end in a 4, 50 these are
mutually excusivesttions. Thus 6 + 6 = 12 ofthe urmbers end
cither in a 3 o
Alermatiely () i b solved s fallows.
“The last digit can be chosen in 2 ways (a 3 or a 4); the first digit can
then be chosen in 3 ways, the second in 2 ways and the third in 1 way,
i€ 2% 3% 2% 1= 120f the numbers end in a 3 or 4.

The permutations in which a certain event A does occur wil clearly be
mutually exclusive with those permutations in which that event does nor oceur.
hus:

‘number of permutations in) |, ( number of permutations in ‘number of permutations in which
which event A does occur ) * { which event A does not occur ) = { event A cither does or does not occur
_ (total number of
permutations

which can be arranged thus

(vmamber o permuators . ) = o b of pemsaions) — (

‘mumber of permutations in’
which event A doss not occur,

which event A does occ

Example 9
In how many ways can five people, Smith, Jones, Clark, Brown and White,
be arranged around a circular table if
(@) Smith must sit next to Brown,  (b) Smith must nor sit next to Brown?
(@) Since Smith and Brown must sit next to cach other, consider these two
ind together as one person. There are now 4 people 10 seat. Fix one
of these, and then the remaining 3 can be seated in 3 x 2 x | = 6 ways
relative to the one that was fixed.
In each of these arrangements, Brown and Smith are seated together in a
particular way. Brown and Smith could now change seats giving another
6 ways of arranging the § people.
Total number of arrangements = 2 6 = 12 ways.
(b) IF Smith is not to sit next 10 Brown, then this situation is mutually
exclusive with the situation in (a).
Hence

(nnmber of permutations in wmzh) ( total number ) _ (numb" of permutations in which)

Smith does not st next to Brown | = | of permutations, ‘Smith does sit next to Brown
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‘Total number of arrangements of § people at a circular table = (5 = 1)!

Required number of arrangements = 4t ~ 12
=u-2=12
Number of arrangements in which Smith does not sit next to Brown is 12.

Exercise 74
LBl @ 5 ©) yog ©
2. Express the following in terms of 5!
p ;
[CENCE @ @ @6 -
M 2x6-3x5 @3x4+Tx4 MN-6 )

ERUES-ES

3. There are three roads joining town X 1o town Y:; three more roads join
Y 10 Z and two roads join Z to A. How many different routes are there
from X to A passing through Y and Z?

4. In how many ways can a group of ten children be arranged in a line?

5. In how many ways can cight diflerent books be arranged on a bookshelf?

6. The letters a, b, ¢ and d arc 10 be arranged in a row with each letter
being used once and once only. In how many ways can this be done?

7. The front doors of five houses in a terrace are 10 be painted blue, brown.
black, green and red. In how many different ways can the painting be
done if no two doors are to be the same colour?

8. How many different four-digit numbers can be formed from the digits
5,7, 8 and 9 if each digit is used once only in each number? If repetitions
of the digits were allowed, how many arrangements would be possible

9. With his breakfast a man sometimes has tea, sometimes coffee and
sometimes fruit juice, but never more than one of these on any one day.
Find the number of possible arrangements he can have in a period of
4 days if (a) he always has a drink of some sort,

(b) he may choose not to have a drink on certain days.

10. In how many different ways can the letters of the word THURSDAY be

arranged?

11 The letters of the word TUESDAY are arranged in a line, each

arrangement ending with the letter S. How many different arrangements
are possible? How many of these arrangements also start with the letier D?
12-In how maay wayscan fv wosen b sated o Gl abl?
13. How many numbers geser than 000D can be formed uing the digs
51545 and 6 each dig s wsd only on 1 <ach mum

14, How many numbers greater than 40000 can be formed using o he digits
2.3,4, 5 and 6 if each digit is used only once in each number?

15. How many odd numbers greater than 60000 can be formed using the
digt 2.3 4.5 and 6 i each digt s usd only once i cach number?

16. Three boys and five girls are to be seated on a bench o that
yousgest boy and theyoungen i st net 10 exch et o how many
Ways can this be done

7. There are nine different books on a shelf, one of whic ionary

and one an atlas. In how many ways can the books be arranged on the
shelf if the dictionary and the atlas are to be next to each other?
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18. On a bookshell I have a four-volume encyclopacdia and ten cber books

that arc all different. In how many ways can the fourteen books

arranged on the shelf if the four volumes of the encyclopaedia

() need not be kept together,

(&) st be ket topether and must bein th oder 1,23, 4; (o revese
order is not acceptable),

(€) must be kept together, but not in any particular order?

Seven boys are to be seated on a bench 50 that the oldest boy and the

youngest boy sit next to each other. In how many ways can the boys be

Seated? If, instead, the boys were seated around a circular table, with the

same restriction as on the bench, how many arrangements would be

ssible?

In how many different ways can eight differently coloured beads be

arranged on a ring if a particular order arranged clockwise is not

considered different from the same order arranged anticlockwi

In how many ways can six boys and two girls be arranged in a line if the

two girls must not sit together?

. How many cven numbers greater than 40000 can be formed using the

digits 2, 3, 4, 5 and 6 if each digit is used only once in each number?

. Mr and Mrs X, Mr A, Mr B and Mr C are to be seated at a circular

table. In how many ways can this be done if

(3) the married couple sit next to each other,

(b) the married couple do not sit next to each other?

Find the number of ways that Mr and Mrs Smith, Mr and Mrs Brown
2nd M and Mrs Wite can e sniod around » lciar e

Find in how many of these arrany

(o0 M and Mrs it st ne 16 cch other,

(b) Mr Smith is not sitting next to Mrs Smith,

(©) Mrs Smith is sitting between Mr Brown and Mrs Brown.

25. To a mecting involving four companics, cach company sends thrce
representatives—the managing director, the chief accountant and the
company secrctary. In how many ways can the twelve people be
arranged around a circular table if the three people from cach company
it together, with the managing director between the accountant and the
secretary in each

Ann and Harvey are fifth year pupils; Sarah, Jef and Hoxher ary
fourth year pupils; Alan, Rosemary and John are third year pupils. In
ow many ways can thee pupils b arranged in a line i he pupils from

each year are kept next to each other?

2

B

Bop R

®

1

Permutations of objects selected from a group
In how many ways can we arrange two different letters chosen from the five
letters A, B, C, D and E?
The first letter can be chosen in 5 ways and the second letter can be chosen
in 4 ways.
Hence there are (5 x 4) or 20 possible arrangements and these are:
AD AE BC BD BE CD CE DE
BA CA DA EA CB DB EB DC EC ED



Permutations and combinations

Thus we say there are 20 possible permutations of two letiers taken from
five different letters.

‘Suppose we wish 0 arrange r objects chosen from » unlike objects:

“The first object can be chosen in n ways, the second object can be chosen in
(n = 1) ways, the third object in (n — 2) ways and so on until the rth item
which can be chosen in (n — 7 + 1) ways.

“Thus the number of permutations of r Shjcts chose from  unlike objecs

A= n = 21 = 3) .. (n = 1)

_ nln = 1o = n ~ 3) (n'r*!){n”)l’l”’” x 1
W r=T . Tx

We usually say that the oumber of permutaions of  abjects selected from
‘munlike objects is

where P, =
Thus in the case of arranging two letters chosen from the five letters A, B,

. D and E mentioned above, this gives °P; = 3

20 as required.
Note that we already know that there are n! arnnymcnu of m objects
chosen from n objects. Thus "P, must cqual !, ic. (7
and we therefore define 0! as 1.

Example 10
Ten athletes are (o take part in a race. Tn how many different ways can the
1st, 2nd and 3rd places be flled?

15t place can be filled in 10 ways or, using 'P,
2nd place can be filled in 9 ways Number of permutations of three things
3rd place can be filled in § ways 0!

from ten is 10P, =

number of permutations of Ist, 2nd and
3rd places = 10 x 9
There are 720 ways in which the 1st, 2nd and 3rd places can be flled.

=10

Arrangements of like and unlike things

Suppose the ke ettty by by e armanged

en the numb:r of possible arrangements is

ll‘wt :mmdn these n ! arrangements and remove the suffixes from the letters

‘a"we shll have wriien down th samo arvengenent several timee, ot
arrangement

example the arras
a ca
a Lay
a s

95
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will all be the same once the suffixes are removed. Indeed, we shall have
repeated this particular arrangement r! times where  is the number of a's.
In a similar way we can consider the b's and c's

Hence the number of arrangements of n things, p of one kind, g of another,

r of another .. is

Example 11

In how many ways can 4 red, 3 yellow and 2 green discs be arranged in
sow, if discs of the same colour are indistinguishable?
There are 4 + 3 + 2 = 9 discs
the number of arrangements = 3915
= 1260
“The discs can be arranged in a row in 1260 ways.

Example 12

Find (a) in how many different ways the letters of the word ALGEBRA can
ranged in a row, (b) in how many of these arrangements the two A's

are together, (c) in how many of the arrangements the two A’s are not

together.

() There are 7 letters including two A’s

)
total number of arrangements = 1+

(b) 1 the A's are ket together, there are cff
number of arrangements = 6!
=720

ly 6 letters to arrange, hence

() Number of arrangements when A's are not together = 2520 ~ 720
= 1800

Example 13

How many different arrangements are there of 3 letters chosen from the
word COMBINATION?
There are 11 Jetters including 2 O's, 2 I's and 2 N's.
To find the total number of different arrangements we consider the possible
arrangements as four mutually exclusive situations.
@) Armangements in which all 3 leters are differen.
re § x 7 x 6 (or *Py) of these, i.c. 336.
(i) Arrangements containing two O's and one other letter.
‘The other letter can be one of seven letters (C, M, B, I, N, A or T) and
can appear in any of the three positions (before the two O's, between
the two O's, or after the two O's)
ie.3 X 7 or 21 arrangements that have two O's and one other lettr.
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(i) Arrangements containing two I's and onc other letter
By the same rasocig 4 i (3) thee will b 21 arrangemens that have
.nd one mhﬂ )g
(iv) Arrangeme: two N's and one other letter
Similarly lhm w:n be 21 ‘arrangements that have two N's and one other letter.
‘Thus the total number of arrangements of three letters chosen from
the word COMBINATION will be 336 + 21 + 21 + 21 = 399

Exercise 7B
1. Find the number of permutations of two differeat letters taken from the
letters A, B, C, D, E and F.
2. In how many ways can six books be arranged on & shelf when the boaks
are selected from 10 different books?
3. How many code words, each consisting of five different letters, can be
formed from the letters A, B, C, D, E, F, G and H?
4 Hw o many three-digit numbers, with all thee digits different, can be
rmed from the figures 7, 6, 5, 4, 3 a
s ‘mm-d  mumbers are formed from th figures 3, 5, 6 and 7. How
many ieren mamberscan e formed if
(8) no figure is repeated in a number, (b) repetitions are allowed?
6. How many different three-digit even numbers can be formed from the
figures 2, 5, 7 and 9 if repetitions (a) are not allowed, (b) are allowed?
7. How many numbers greater than 300 can be formed from the figures 4,
3,2.and 1 if each figure can be used no more than once in each number
and al the figures need not be used each time?
8. In how many different ways can a first, second and third prize be
awarded to a group of 15 pupils if no pupil may win more than one prize?
9. A box contains 14 coloured discs which are identical except for their
slour Thersare S dic, 4 gren, 3 e 2 yellow I Bow saany
‘ways can the 14 discs be arranged
10. 1o how many ways can he eters of the word PARALLEL be arranged
ina row?
11. In how many ways can the letters of the word PHOTOGRAPH
armanged in a row? How many of these arrangements start and e
with an H?
12. (3) In how many ways can the letters of the word GEOMETRY be
in a row?

(b) Tn how many of these arrangements ar the two E's together?
(©) In how many of thesc arrangements are the two E's not together?

13. How many even numbers greater than 300 can be formed from the
figures 4, 3, 2 and 1 if each figure can be used no more than once in
‘cach number and all the figures do not have to be used each time?

14. In how many ways can the letters of the word BANANA be arranged in
a 1ow? In how many of these arrangements are the N's separated?

15. Ten coloured beads, 4 red, 3 blue, | orange, | white and | green, a
be threaded onto a circular wire, Find the number of ways in which this
can be done if beads of the same colour are indistinguishable and a
particular order arranged clockwise is not considered difrent from the
same order arranged anticlockwise.
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16. Find the number of different three-letter arrangements that can be made
from the letters of the word PYTHAGORAS.

17. Find the number of different three-letter arrangements that can be made
from the letters of the word COMMON.

18. Find the number of different three-Jeter arrangements that can be made
from the letters of the word ISOSCELES.
How many of these arrangements will contain
(@) no E'satall, (b) at least one E,
(©) no vowels at all, (d) at least one vowel?

19. In how many ways can the letters of the word PERMUTATION be
arranged? In how many of these arrangements are
() the T's together, (b) the vowels together?

0. I how many was an he betes of the word ARRANGEMENT be

? In how many of these as

@ the A's togethers (b the vowel mpm,m

21. Find the total number of permutations of four letters selected from the
word PERMUTATION,

22. Find the total number of permutations of four letters selected from the
word ARRANGEMENT. How many of these permutations contain two R's?

7.3 Combinations

A combination is a selection. In making a sclection from a number of items,
only the contents of the group sclected are important, not the order in which
the items are selected.
We saw on page 194 that there were 20 possible arrangements of two letiers
chosen from the letters A, B, C, D and E:
BC BD BE CD CE DE

BA CA DA EA CB DB EB EC ED
However, the number of combinations of two letters chosen from A, B, C, D
and E s only 10 becausc AB and BA are the same combination, as also are
AC and CA etc.

Example 15
Find the number of selections of 2 letters which can be made from the three
letiers a, b and c.
We can in this simple case write out the possible selections:
i be: ca

There are 3 possible selections.
I, n he b cxample,w consderd the ramber of pemutations of the 3
letters taken 2 at a time, there woul

%P5 = 3y = 6 possible arrangements.
‘We can sec that the number of permutations, o arrangements, is twice the
‘number of combinations, or selections, because there are 2 ways of arranging
each pair of letters selected.
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For the general case, we know from page 105 that the number of
arrangements of  things taken  at 8 time is

oo

=
But al:h ‘selection of 7 things can be. lmnld in r! ways, so each sclection is

times in the P, arrangements, hence
P, '
number of selections = —* = Gy

‘Thus the number of possible combinations of n different objects, taken r at a

nt

time, is given by °C, also written as (’,') where °C,

Example 16

How many selections of 4 letters can be made from the 6 letters a, b, ¢, d, ¢
and 7

The number of selections it is 'C wh«e ris the num&r of things selected from
a group of n. Henee for - Gandr

There are 15 selections of 4 letters. whxh can be made from the 6 letters.

Example 17

How many different committess, cach consisting of 3 boys and 2 girls, can
chosen from 7 boys and § girls?

Number of ways of choosing 3 boys from 7 = °C, = /% = 35

Number of ways of choosing 2 gils from 5 = *C; = 325 = 10

Number of committees which can be chosen = 35 x 10 = 350

N that 35 s gl by 10 since e choonof e boysand thechoios
of the girls are independent operations.

Example 18
(2) Find the number of different selections of 4 letters that can be made
from the letters of the word SPHERICAL.
(5) How many of these sclections do not contain a vowel?
(a) There are 9 letters, all of which are different.
‘Number of selections of 4 letters = °C, =
(b) There arc 3 vowels in the word SPHERICAL
Each selection cither does or does not contain a vowel.
If the selections are not to contain vowels, the selection of 4 letters must
be made from the 6 consonants.

199
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Number of sclections of 4 leters, not containing a vowel = *C, = 70
=15
“The following examples illustrate other techniques which may be used in
questons involving sclections

Example 19

(o Find the b of ifrnsslion of 3 e that can be ade
from the letters of the word SUCCESSF!

(b) How many of these selections contain at pe—

() There are 2 C's, 2 U's, 3 §'s and 3 other different letters. We must
consider all the mutually exclusive sclections of 3 letters; these are:
‘number of selections containing 3 's = 1 sclection
number of selections containing 2 C's + 1 other letter = 1 x 5C, = 5
‘number of selections containing 2 U's + 1 other letter = 1 x IC, = §
number of selections containing 2 s + 1 other (non §) = 1 x *C, = §
number of seletons contining 3 diflznt et (iom 6 = °C; =
Total number of selections of 3 leters

(5 Without the vouels, there re 3.5, 2 C, T EamaiL
Asin @) 3§'s = 1 selection
2Cs + lother from 35, F, L) = 1x°C, =3
28 + Lother from 3 (C,F,L) = 1x°C, =3
3 diferen eers from 4 6, G F. L) = *C, =4
Number of selections without any vowel n

Hence number of selections with at least 1 vowel = 36 = 11 = 25

Example 20
A team of 7 playes i tobechosenfrom a group of 12 players. One of m 7
is then to be elected as captain and another as vice-captain. |

ways can this be done?

]
Number of ways of choosing 7 from 12 s 11C; = 42

792
In eachchosen tam threare 7 ways of choosing 8 capmm. and
ere are 6 ways of choosing a
(alternatively we say he captain and vice-captain can be clred in P, ways).
Total number of selections is 7 x 6 x 792 = 33264,

Example 21
A group consists of 4 boys and 7 girks. In how many ways can a team of five
be selected i i s to contain (a) no boys, (b) at least onc member of each
sex, €) 2 boys and 3 girls, d) at least 3 boys?
(@) No boys are sclected, s the team is chosen from the 7 gils
Number of ways of choosing S gils from 7is °C, = 375
=2
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) Comidering mupually exclusi: proup
1 of selections with no boys = 21
Number of leions with no girls =0 (ax there are only 4 boys)
Total number of possible selections =

«s
‘Thus, number of selections with at least one of each sex = 462 ~ 21
=441

(2 boys can be chosen from 4. in *C; = 6 ways
3 girls can be chosen from 7. in °Cy = 35 ways
These are independent events. 5o
‘number of teams with 2 boys and 3 girls = 6 x 35 = 210,
(@) IF the team is to have at least 3 boys, then there must be either 3 or 4 boys.
1 of teams with 3 boys and 2 girls = 4C, x 'C; = 84
‘Number of teams with 4 boys and | girl = *C, x 'C, = 7
These are mutually exclusive events, 5o
number of teams with at least 3 boys = 84 + 7 = 91

Example 22
How many permutations are there of the leters of the word
PARALLELOGRAM? In how many of these arc the A's separated?
The word has 3 A's, 3 L's, 2 R's and 5 other lettrs.

Number of permutations of these 13 letters = -2

= 86486400
10!

EE]

Number of permutations of the 10 letters (omitting the A's) =

¢ A’s have now to be placed in any 3 of the available 11 spaces; the order
in which the three spaces are selected is not important. so this can be done.
in 1C, way

‘Thus, number of permutations in which A's are separated = 11C, x
= 49896000

Exercise 7C
1. How many different teams of 7 players can be chosen from 10 girls?
How many selections of 4 books can be made from 9 different books?
3. A gardenct has space (0 plant 3 tres.In how many vays can he make
his sclection rom 5 different trees
4 A boy can choose aay 7 samps rom a setof 11 stamps. How many
different selections can he mal
ree pupils are 10 be pmmnwd from a particular form. If five pupils
are under consideration for promotion, in how many ways can the group
10 be promoted be selected?
. A lerian chocas 16 books foe  group of 20 books tht el 0 be
d. Tn how many ways can the 16 books be s
7. Fiow many difirent hands of hre cards can be chosen iroma pack of
rds?
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8. Four boys are 10 be selected from a group of 10 boys. How many
eent groups can be sclected? If instead 6 boys were chosen, how
‘many groups could be selected?

9. From the numbers 1,2,3, 4, ... 15, five 0dd numbers and three even
‘numbers are (o be selected. Find the number of different groups of cight
numbers which can be chosen.

10. From a pack of 52 cards, how many

rent groups of 3 spades can be

11, A man decides to plant 3 shrubs and 4 trees. In how many ways can he
make his selection if he has 5 shrubs and 6 trees from which to choose?

12. How many different groups can be sclected from the letters a, b, ¢, d, ¢,
1. g, b i if each group s to include 2 vowels and 3 consonants?

rarian has to make a selection of 5 newspapers and 7 magazines
from the § newspapers and 9 magazines which are available. In how
many ways can she make her selection?
M. (8 Find the mumber ofdifecentslctons of § eters that can be wade
m o etrs of e wurd CHEMISTRY.
(b) How many of these vowel?
15. @ Find the number of i scecions o 2 lters tht an be made
m the letters of the word METHOD.
) How many of these slections contan o consonanis?
16. (a} Find the number of different sclections of 3 letters that can be made
from the letters of the word METHOD.
(b) How many of these selections contain no vowels?
. (ul Find the number of differcnt selections of 2 lettrs that can be made
l'mm the letters of the word STATISTICS.
w many of these selections contain no vowels?
18 (ar Find th mambes of s slokons of 3 eiors tht can be made
from the letters of the word STATISTICS.
(b) How many of these sclections contain no vowels?
() How many of these sclections contain at least one T?

19. How many different selections of 2 beads can be made from
conaining ten beads, two of which are red and the other cight are of

different colours’

20. A team of 6 pmym i 10 be sclected from a group of ten with one of the
six then being nominated s captain, and another as vice-captain. In how
many ways can this be done?

21. A group consists of § boys and § girls. In how many ways can a team of
four be chosen, if the team contains
(@) no girls, (b) no more than one girl, (c) at least two boys?

22. A team of 5 managers is to be selected from a group of ten managers—

5 from company A, 3 from company B and 2 from company C. In how
many ways can this be done if the team must contain at least one
‘manager from cach company?

23. In how many ways may a commitice of § people be sclccted from 7 men
and 3 women, if it must contain
(@) 3 men and 2 women, (b) 3 women and 2 men, (c) at least | woman?

24. In how many ways can & committee of 7 people be sclected from 4 men
and 6 women if the committee must have at least 4 women on it?

1A
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25, A group consists of 5 boys and 8 girl. In how many ways can a team of
five be chosen if it i to conlain
(@) no girls, ) no
(©) at least one boy, @ at oo ane memberofcah st

26. A tennis club has (0 sclect 2 mixed double pairs from a group of § men
and 4 women. In how many ways can this be done?

27. How many permutations are there of the letters of the word AARDVARK?
In how many of these permutations arc the A's scparated?

28, How many permulations are thee of th leers of the word VILLIFIED?
In how many of these permutations are the I's separated?

29, How many permutations are there of the letters of the word NONILLION?
In how many of these permutations are the N's separated?

7.4 Selections of any size from a group

“The number of possible selections of any size that can be made from a group
of unlike things. dm special consideration.

Example 23

How many
First metl
‘Number of sclections of 1 letter

Number of selections of 2 letters.
Number of selections of 3 letters

rent selections can be made from the five letters a, b, c, d, €7

555

s
Total number of possible selections = 5 + 10 + 10 + 5 + 1 = 31.
With a larger number of objects to select from, the above method is tedious.

Second method
In any given selection, the letter a is either inchuded ornot i,
iic. there are 2 ways of dealing with this lettes
Smuur]y e eter b s either ncluded or not ncluded; agan there are 2
dealing with this lettr.
Emndm; this to all five letters, we see there are 2 x 2 x 2 X 2 X 2 ways
of dealing with the letirs, but this includes the case in which none of the
lette jed, and this is not a selection.
‘Thus, number of selections = 23 ~ |
= 31 as obuained in method 1.
In general there are 2" — 1 selections which can be made from r unlike items.

Group containing repeated items

It may be that |h= group from which the selections are to be

some ems. Supposc, for example that a group of ity
3a’s. Thscmnbcdell(wuhml“ys cither no a's, 1 a, 2a’s or 3 a's are.
included in a particular selection. The different letters can then be considered
as before.

203
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Example 24

How many different selections can be made from the letters of the word

OSMOSIS?

There are 3 §'s, 2 O's and 2 other different letters.

‘The S's can be dealt wi

The O's can be dealt with in

The M can be dealt with in 2 wxys ¥ and the 1 can be dealt wnh in 2 ways.
Total number of selection:

ys‘

7.5 Division into groups

‘We now consider examples in which a number of letters are divided into two
or more groups of differing sizes.

Example 25

The letters a, b, ¢, d, e, f, re 10 be divided into three groups

containing 2, 3 and 4 letters respectively. In how many ways can this be
done?

‘The 2 letters for the first group can be chosen in °C, way
The 3 letters for the second group can then be chosen in 7, ways and the
remaining 4 letters form the third group in | way

Thus number of ways = °Cy % Cy x 1 =

s

pEE
= 1260

In general, the number of ways of dividing (p + g + r) unlike things into

three groups containing p, g and r things respectively is
(E +g+n)

10 may b that the groups into which the hings are o be divided arc notof
different sizes.

Example 26

Find the number of ways that 12 people can be arranged into groups if there

are 1o be (a) 2 groups of 6 people, (b) 3 groups of 4 people.

(a) The first group of 6 people can be sclected in '*C, ways, but the second

up of 6 peop b hen sucmuaicaly e up of thoms uot i e

group. So there is only 1 way of selecting the second group.
But these 11C, ways wilnclude th case when a8 . - 801 in
the first group and a, n the sccond group and ice
Jersa So we must divide ey e mumber of ways in which the 2 groups
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can be permutated amongst themselves, ic. 2!

Number of ways of dividing into two groups of 6 = =

462
(b) The first group of 4 people can be selected in e, ways.
The second group of 4 people can then be selected in *C, ways.
The third group can then be selected in 1 way.
The 3 groups can be permutated amongst themselves in 3! ways,
15, x 5Cy x
thus number of ways of divding into 3 groups = —Ce XS Ce X 1

- - .

Exercise 7D

LA g of 15 children are 10 be divided into three groups of 4, 5 and 6

ren. In how many ways can this be done?

2. A gardenct makes a slcton from 7 diffrent shrubs he s shown at
nursery. In how many ways can he make his selection?

3. How many selections can be made from the letters a, b, ¢, d, ¢, f?

4. Of 11 girls, 4 are t0 play tennis and 7 are (o play netbll. How many

ways are there of forming the two groups?

5. FHow many ways are thee o diiing 13 pople o three groups
containing 2 people, 7 people and 3 people?

6. For a group of 13 people, whilst 3 people are swimming, 4 will be
playing tennis and 6 will be spectating. Find in how mmy ways the 13

‘people can be organiscd.

7. A boy has one of each of the following coins: 1p, 2p, 5p, 10p, 20p and
50p. In how many different ways can he make a contribution to a
charity?

8. How many different whole numbers are factors of the number
2x3x5 3

9. How many different selections can be made from the letters ay, 5, a5,
a3, b, ¢, &7
10. Tn question 9, how many selections are possible if the suffixes are
removed from the a's?
11. How many different sclections can be made from the letters of the word

ELED?
2. How many different selections can be made from the letters of the word
INABILITY?

13. Find how many different selections can be made from the letters of the
word POSSESS.

14. Obtain a formula for the number of different selections that can be made
of one or more letters taken from  letters, p of one type, ¢ of another
and the remainder being different.

15. Find the number of ways that 9 children can be divided into
@) 3 group of 5 and a group of 4 chidren.

{b) three groups of

16. Find in how many ways 11 people can be divided into three groups

containing 3, 4 and 4 people.

25
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17. In how many ways can 15 people be divided into three groups of 5
Ie?

18. A group of 15 boys are to be divided into two teams of 7 and the

ining boy to act as referee. In how many ways can this be done?
19. Find how many different selections can be made from the letters of the
ANA.

Exercise 7E Examination questions

1. How many different ways are there of sclecting an executive commitiee
of three from a general committee of eighteen members? (S.UIB)

2. To mark a cub leader’s retirement, ex-cubs were asked (o send three
photographs for inclusion in a scrapbook to be presented to the leader.
How many different ways could an ex-cub who had 13 suitable.
photographs select 37 (S.UIB)

3. When the scrapbook in question 2 was nearly complete the person
compiling it had 9 photographs left but only room to include n of them.
He calculated that there were 84 different ways of selecting the # from
the 9. Find n, given that it is an even number. (S.UJB)

4. Find how many four digit numbers can be formed from the six digits
2,3,5.7, 8 and 9, without rcpcllln: any digit.
Also find how many of these
(@) are less than 7000, (b) are odd. (London)
5. How many different 6 digit numbers greater than 500000 can be formed
by using the digits 1, 5, 7. 7, 7. (Cambridge)
6. An athlete owns six pairs of running shoes. How many different ways
are there of selecting
@ 4shos from the 12; (b) 2 et shoes and 2 righ shoes; (c] 250

7. Seven students o cligible for ulecuen t0 a delegation of four students
from a school to attend a cor Two of them will not atiend
together but each is vr:uud m (o atiend in the sbacneeof he oher. In
bow many different ways can the delegation be chosen? (London)

Calculate the number of different 7-letter arrangements which can be
made with the letiers of the word MAXIMUM.

In how many of these do the 4 consonants all appear next 10 one
another? (Cambridge)
9. How many different words of five letters can be formed from 7 sifecent

comonaris and 4 different vowels if no two consonants or vowels ca
gcthr and no repetiion ar allowed? How many can b formed
Feach e could be repeated any number of times? (S.UJB)
10. Given that a triangle can be formed by joining three non-collincar
points, find the number of diferent triangles that can be formed using
the points A, B, C, D, E, F, G, H, I, J K, L, if ABCDE and
EFGHIJKL are two straight lines. (London)
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11. Find the number of different permutations of the 8 letters of the word
LABUS.

Find the number of different selections of S letters which can be made
from the letiers of the word SYLLABUS. (London)

2 n i givn dhat the number ofdiffrent vays in which n people can be
table is (1 —
Two of the n veopk (n > 3) are 1o be kept separate in the seating
arrangement. Find the number of different ways in which this can be
done. (Cambridge)
13. T have six balls, three red, one blue, one brown and one green. Tn how
‘many ways can | arrange them in a line?
In how many of these arrangements will no two red balls come together?
(S.UJB)
1 A umll holiday hotel advertises for 2 manager and 7 other members of
. There are 4 applicants for the ger and 10 other
peepla apply for the other jobs at the hotel. Find the number of different
ways of selecting a group of people for the 8 jobs
The hotel has 4 single rooms, 6 double rooms and § family rooms. For a
particular week, 4 individuals book single rooms, 3 couples book double
rooms and 3 families book family rooms. Given that all the rooms are
avslabe forthat week, fad e nasber of dilcat st
ts of bookings amongst the rooms.
One ueraoon, 12 guets organie 8 gam requiring 2 teams of 6. Find
the number of different ways of selceting the teams.
Given that the 12 guests consist of 6 adults and 6 children and that each
tenm st contain t s 2 aduls, i the mamber o diferent ways o
sclecting the tea ¢
15.0 Al book club offers a choice of 20 books of which a member chooses
d the number of diflerent ways in which a member may make

Given the 1 of the 20 bookson ofer are nocl and tht the oter
8 are biographics, find the number of different ways in which
member chooses 6 5o that
(@) he has 3 novels and 3 bw!rlphlu,
he has at least 4 biographies.
() A group of 6 boys and 3 gl arc o be photographed ogether. The

girls arc to sit on 5 c ced in a row and the boys are to stand
e lne bekind them. Find e mumber of llrent possivle
arrangements.
For a second photograph, the boys and girls are to be arranged with
3 boys and 3 girls standing whilst 3 boys and 2 girls are seated on
the chairs in front of them, and in each row the boys and girls ar to
occupy alternate places.
Find the number of different possible arrangements. (UMB)

07
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Series and the binomial theorem

A et of umbers, siated i 2 dfs onder, uch that cach e can be
obiined from the previous numr according o some e, i  seguece
Each number of the sequence is called a
Consider the following 3,5, 7,9, 11,
1.4,9.16,25, ..
1,2,4,8,16,
Each of these i g
* at the end of each sequence show that cach one could go o
md:ﬁml:ly. i the scquence 1 iniite. Foweve, ff we wished 0 restric our
attention 1o a limited number of terms of a sequence, we could writ
3,5.7,9, 11, ... 47. The final single full stop shows that the sequence
ends when the number 47 is reached. Such a sequence is said to be fnite

An expression for the nth term (written u,) of a sequence is useful since any
specific term of the sequence can be obtained from it. The th term of the

==
=2
=3=9 et

and 15244 R 165 e all camplesof seris.

8.1 Arithmetic progressions

Consider the series 3 + 5 + 7+ 9 + 11 + _.... The first term of the
series is 3 and cach subsequent term is obtained by adding a constant, 2, to
the previous term. We say that the terms progress wihmctally ad » sy
of this type is called an Arithmetic Progression or A.P. In the general case, if
the first term is denoted by a and the constant (called the common difference)
is d, the general arithmetic progression would be:

Gt atd) @t 2d)+at )t et (- D]
where [a + (1 ~ 1)d] is the expression for the nth term of the series.
It should be noted that the common difference @ may be negative, in which case
the terms of the progression would decrease, .g. 15, 13}, 12, 10,

Sum of the first  terms of an A.P.

Wriing the sum,of the it trms of an A.P. a3 ..t follows that

d) + (a+2d) + o Tl 0D

Rewriting s terms n the revers order
S=latm-Dd+lat(-2dl...+@+d +a

m
@
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Adding (1] and (3]
25, = [2a + (n — I)J]‘[Iaﬁ(n* d] + +(2a 4+ n = )] 4 [2a + (n - Dd]
\ = nj2a + (n = ]
fa+ - n.:]
The nth term, fa + (n — 1)d],is the last term involved in the sum to n
terms. Writing this last term as /, we can write

©

S, = (@ + 1) as an alternative form for 5, in which / = [a + (1 = 1)d]

Summary
For the Arithmetic Progression @ + (a + d) + (a + 2d) + (a + 3d) + ...
the nth term is given by u=a+n-1d

Toa+ (- ) or Y+ b

the sum 10 1 terms is given by S,

Example 1

Find u,, and S, of @) the AP.2 + 5 + 8 + 11 + ... (b) the AP.in
which the first term is 37 and the common difference is — 4.

@a=2 d=5~-2=13 !b)u-37d -4
using w,=a+ (- d sing  u,=a+ (n - d
wy =2+ (15 = D3 s = 37+ (15 — 1)(—4)
=44 = -19
uwing S, = 30a+ (- D) uwing S, = 5Ra + (1~ )
5= 3o + 6 -0y 5, = §een + 6 - -a)
= 100 184
Example 2

Find the sum of the Arithmetical Progression 8:5 + 12 + 155 + 19 + ... + 103,
The mth term is 103 . @+ (n~ 1) =103
but a =85 and d = 35
85+ (1 X59) = 103
giving =

glza + (n - ]
=ZBes+ 109 Bws) + @8 - 1x39)
= 13561 = 1561

using S, = ;(a +1)

@

I suficient information about a progression is given, it is possible to
determine the frst term a and the common difference .
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Example 3
“The fifth term of an A.P. is 23 and the twelfth term is 37. Find the first
term, the common difference and the sum of the first eleven terms.
us =23 wy =37
atad=2 .0 Loa+Nd=37
Solving equations (1] and [2) simultancously gives a = 15and d = 2.
Using S, = 52a + (n = 1]

Su= —z—(zus) + (1 =12 =275

The first term is 15, the common difference is 2 and the sum of the first 11
terms is 2

Example 4

Inan AP.u, = 3and S, = 765, find a, d and the smallest value of

such that §, < 0.

Using  w, = a+ (n = 1)d Using S, = §2a + (n — 1)d)
wo=a+9d S, = §pa + sa)

Thus 3=a+9d and 765 = 6a + 15d

Solving these cquations simultancously gives a = 16:5and d = — I°S.

Now suppose 5, = 0 ic. 2t - D)= 0

then 333 + (1 = (=15 = 0
3045 = 15m) = 0

or P -m=o
Thus for S, = 0, cither 7 = 0_(clearly not the required solution in this case)
Thus for 5, < 0 we require n > 23,
“The first term s 16:5, the common difference is 15 and the smallest value
of n for which 5, is negative is 24.
Exercise 84

1. Write down the next two terms in each of the following sequences:
(@) <8, -5 21,47, . () 1,4,9, 16, 25, 36,

(©) 01,001, 0001, 00001, __, @ 3132331 4}

2. Write down the first term and the common difference for cach of the
following A.P.

@811+ W17+ B D+25+27+29+ ..
© 19416+ 13+ 10+ . @) 134 + 15+ 16} + 18 +
@ ~115-9-65-4— .. SR B R
@® -6-5-. W 6+3+0~
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3, Find the number of terms in each of the following A.P.s.
@S+8410t10t . +916
) 1464 114+ 16+ .+ 501 + 506
() —193 - 189 ~ 18 = .. =21 = V7.
(d) 20 + 243 + 3% + ...+ 20} + 204
4. Find the 18th term of a series that has an nth term given by (2 + 3n).
5. Find the Jat e o e that st erm given by 4(1) 4 2.
6. Find the 50th term of a serics that has an nth term given by 4(32 = n).
7. Find the 6 a 70 e of wsere that s an i given by (- 172 + 1
8. Find an expression for the ath term of each of the following A.P.s.
use your answer (o write down the 100th term of cach serics
@srErnsis
® s 1-4-
@ i 194 + 23 +
9. For each of the ollowing AP, state which is i el exceed 1000,
@7+ 12+4174+22+27+ —24 - 21519 - 165 - 14 -
10, For aach of the following AP s whih 1 e e 10 50 negative.
(8) B4 + 836 + 29 + §22 () 563 + 554 + 545 + 536 + ..
11 Staethe vl o 0 tnd i exch ofthe folloing A,
indicated.

(-yﬂeuquu, Sy D I0FB+6LA+ S,
@45+ 6475 +94 . @5+ I3+ 94 s,
LGP lEbs ool U SCRBIRSS

® -~ Sis
12. Find nu o ofcachof the following AP
® 2 e
w)loo*vuwnuw 2.
@4rioriornsny . L,
() 5k + 44+ 3
A 1y = V4 find 0, d and 5,
=75 and uyo = 11; find 0, d and 5,

= IS and uy = 7 find g, d and 8,
= —4and u, = ¥;find g, d and 5,
12.and 55 = 18; find a, d and u,.
05 and S, = 21; find a, d and s
' Tand S, = 18; find a, d and ue.
20, The sum of he it ten tevms of an AP, 130 and the sum of the frst

twenty terms is 840. Find the sum of the firt thirty terms.

n A.P. has a common difference d. If the sum Lo twenty term;

" twenty-fiv times the first term, find in terma of d the sum to |hlny terms.
2. Inan A = 2:5; find the least value of  such that 5, > 0.
B InanAP.a= 6l andd = & nnﬂlh:lul Jue of n such that S, > 0.
24. An AP has first term 10 and sommon differonce 0.25. Find the least
aumbe ofterma the AP, can e, ien that the s of th fems

300,
5. An A.P. has first term — 5 and common difference 1-5. Find the greatest
number of terms the A.P. can have, given that the sum of the terma does
not excoed 450.
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26. The sum t0 1 terms of a particular series is given by S, =

() Find an expression for the sum to ( — 1) terms,
(b) find an expression for the th term of the serics,
(6) show that the series is an Arithmetic Progression and find the first

term and the common difference.

27. Three consecutive terms of an A.P. have a sum of 36 and a product of
1428, Find the three terms.

28. A particular A.P. has a positive common difference and is such that for
any three adjacent terms, three times the sum of their squares exceeds
the square of their sum by 37-5. Find the common differcnce.

29, Find the common difference, the ath term and the sum to 7 terms of the
following A.P.

log3 + 10g,(3%) + Iog,(3") + log,(3*) +
0. Find expresions or the bt the e o » terms of the A.P.
Tous(a) + log.(abty + Tog.(ab" + lo.(ab) *

17n = 3n2

8.2 Geometric progressions

Consider the series 2+ 6 + 18 + 54 + 162 +

Each term of the series can be obtained by multiplying the previous term by 3.
In the general case. if the fist term is denoted by a and the ratio of one

term 10 the previous term is r (called the common ratio) the scries can then

be written

tartat bad + .
1t fllowstha the s tm i .

1 ks ype is calld 8 Geomeric Seris or Geometre Progresion,
abbreiated (0
T sl e o that the common ratio - may be positive, negative and/or
fractional

Sum of the first a terms of a G.P.
‘Wriing the sum of the fst 1 terms of a G.P. as S.. i follows that
s,

a+ar+tat+ . +ar 4 oar!
hence rS,,- /far“ar“»* +ar + ar
subtracting
or SL =)= D(I -
O B
terms of a G.P. t term @ and

1f the common ratio r is greater than 1, it is more convenient to use this
result n the alternative form: S, = %°=_1)

Example 5

Find u, and S of (a) |thP AN
GP|nwh|d|a-27and/-§
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o3 =g
.
'4;’7-7(”‘
us = S
wing s, = =1

s So=108 X
) = 3093 Thusuy = 5} and S, = 704
Thus ws = 183 and S, = 3093.

Example 6

A geometric series has first term 27 and common ratio §. Find the least
‘number of terms the series can have if its sum exceeds 5:

a=21 r=t
Now suppose that S, = 550  ie.

then

=
@ = 1=

wanglogs nlos.) =
hence

&(W) log.($)
Thus for S, > 550, we require n > 7136, ie.n = 8.

If suficient information about a geometric progression is given, it is possible
to determine the first term  and the common ratio r of the progression.

Example 7

InaGP.uy, = 32and u, = 4 find a, r and the sum of the first cight terms
of the G.

uy=art =32 and u, = art = 4
a4 ] 1

L=y e =y gving r=j
lubsm\nmg for rin iy gves o = 128

wing 5, = %

- m;(L

= 2!
Thus @ = 128, 7 = } and the sum of the first cight terms is 255.
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Arithmetic mean and geometric mean
If some number x is inserted between
x. b are in arithme
aand b.
Tt follows that ¥ = a = b= x
a+b
el
‘Thus for any three consecutive terms of an A.P. the middle term is the
arithmetic mean of the other two and is equal to half their sum.

of numbers a and b such that a,
progression, then x is said to be the arithmetic mean of

or x=

If some number y is inserted between a pair of numbers p and ¢ such that p,
¥, g are in geometric progression, then y is said to be the geometric mean of
pandg.

It follows that 1-1
oy = /i)

“Thus for any three consecutive terms of a G.P., the middie term is the

geometric mean of the other two and is equal to the square oot of their

product.

Example 8

For the numbers 4 and 9, find (a) the arithmetic mean, (b) the geometric mean.
. 4+9

(@) Aithmetic mean =+

(b) Geometric mean = /(4 x 9)
=6 6
Gic. 4,64, 9 arc in AP) (ic. 4.6, 9 are in G.P)

Sum to infinity of a G.P.
Consderthe infite geomericprogreason
+ 018 + 0018 + 0:0018 + 000018 + .
The s term s 16 and he common rato ri .
For this G.P. 53 = 191

55

= 19998

:
§

value of n, we can make S, s near 0 20 as we wish,
(20 - 5.y a5 small a5 we wish. We say that 5. tends towards a nnm. value
of 0asn lppmachu infinity and this is written
nsw@ or lms,
Consider the ynml mﬁmu GP.
tartar kad tat+
and suppose also that 1 < 7 < 1, ie. 1] < 1
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The expression T’L gives the sum to infinity of a geometric series with first

term a and common ratio r. It must be remembered that ., nn|y exists for
infinite geometric series in which |#] < 1. The terms of the series will

7> I then,asn = , " = © and S, = +a or e dependent on
the sign of a,
ifr < =1 then, as n — oo, S, alternates between being large and positive
and being large and negative,
ifr-llhﬁ!ennbsnmun+a+n+af . and 5, = na. Hence,
®©, S, =+ twor — dq:nd:m on the sign of a,
ilr>*l‘|hemmhecmn a-a+a-a+a- S, =0
for cven n, and S, = a for odd n.
Any series whose sum docs not approach some finite limit as n — oo is said
10 be divergent. Thus any geometric series for which [r| > 1 is divergent.

Example 9
Find the sum to infinity of the geometric series 16 + 12+ 9 + ...

a=16 r=ti=1

Thus Ir| < 1; hence the series is convergent and S, will exist.
16

T-rTT-1

=64
The sum to infinity of the series s 64.

Example 10
Express the recurring decimal 0-235 as a fraction in its lowest terms.
35 = 02353535 ... = 02 + 0035 + 0-00035 + 0:0000035 +

= 02 + an infinite geometric serics with a = 0035 and r = 1h
=02+,
a
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Summar,
For the geometsic seies @+ ar + art + ar +

the nth term is given by -ar!

the sum to 1 terms s given by S, = 4L=1) "’ or 5, =% =1

and for [r] < I the series is convergent with S,

Exercise 88
1. For each of the following G.P:s, state the common ratio and the next
two terms:
(@) 4+ 20 + 100 + 500 + ...
(b) 24+ 1246+
(© 45+ 15+ 5+
ar - 1)
2. Using the formula 5, = “ 1) find 5, for the G.P. 2.6,18, 54,

3. Using the formula S, = 40~ find s, and 5, for
the GP. 18, -9, 43, . mdlmwedudm the value of uy.
A=), find s for the G.P. in which

4. Using the formula S,
@a=dandr=4 @ a-jamdr

5. o the vie o the common st of the .. that has i trm
equal to 6 and cighth term equal to 1458,

& Fid thevalue o the common cto of the .. that has secon tema
equal 10 4 and fifth term equal

7. Ina G.P. the seventh term u]uxlx 8 and the ninth term equals 18; find
the possible values of the common ratio.

8. In a G.P. the fourth term equals 6 and the eighth term equals 96; find
the possible values of the common ratio and the corresponding values of
the first term.

9. Find the sum of the first ten terms of a G.P. that has a sixth term of 3%
and a seventh term of 13§,

10. Find the sum of the first seven terms of a G.P. that has an cighth term
of § and a fith term of 18

11 Find th aihmeio mesn of ech o the following pais of umbers:

-2, I .

@ 8, -5, ) 3,12,
12. ¥ind the geometric mean of cach o th Following pars of aumbers:
@ 4,16 ®) 8,18 (© 13,5 @ 13,7

13. The geometric mean of two numbers a and b{6 > a) is equal to four-
fifths of the arithmetic mean of the two numbers. If a = 6, find the
value of b.

14. For cach of the following series state whether they are convergent or
divergent and, for those that are convergent, find the sum to infinity

@1 +4+7410+ 13+ B 16+ 8+4+2+ 1+ .

(c) 88 — 42+ 21— 10§ + 5} — ... @125+ 25+ 5+ 1+

(€) 8+ 124+ 18 + 27 + 404 + M6 —16+4—1+5- ..
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15. For cach of the following geometric seris, find the range of values of x
for which the sum to infinity of the series exists:

@x+x bR b [CREE £5 25
@itedade @E+D+ G+ P+ s+
16. Find the sum to ifinity of the G.P. having a second term of ~9 and
ifth tem of 4.

17. The fourth, eighth and fourteenth terms of an A.P., common difference
05, are in geometric progression. Find the first term of the A.P. and the
common ratio of the G.

18. The fourth, seventh and sixteenth terms of an A.P. are in geometric
progression. If the first six terms of the A.P. have a sum of 12, find the
‘common difference of the A.P. and the common ratio of the G.P.

19. The third, fifth and seventcenth terms of an A.P. are in geometric
progression. Find the common ratio of the G.P.

20, A mathematical child negotiates a new pocket money deal with her
unsuspecting fathes in which she recives Ip on the first day of the
‘month, 2p on the second day, 4p on the third day, 8p on the fourth day.
16p on the fifth day, ... until the end of the month. How much would
the child receive during the course of a month of 30 days? (Give your
answer (o the nearest million pounds.)

21, Find m common ratio of a G.P. that has a first term of 5 and a sum to

infinity

12 P e o e of G2, that bas common ratio of  and a sum to
infinity of 40.

23, Find the third term of a G.P. that has a common atio of ~ § and & sum
to infinity of

sum of the fist two terms of a G.P. is 9 and the sum to infinity of
" the G.P. i 25. If the G.P. has a positive common ratio r, ind r and the

first term.

25, A geometric series has first term 2 and common ratio 3. Find the greatest
number of terms the series can have without its sum exceeding 125.

26. A geometric series has first term S and common ratio 3. Find the least
‘number of terms the serics can have if its sum exceeds 2000,

7. Bsprcs thefollvin rcaring decinal s rctons fn their lowest

(a) 07 (5) 030 () 0452 (d) 0360
Prove that the arithmetic mean of two different positive numbers excecds
the geometric mean of the same two numbers.

8.3 Summation of other series and proof by induction
‘The sums of certain fiite series can be proved by the method of inducion.
‘This method can only be used to prove that a given cxpres

required sum because the method does ot produce the xpresion el The
following example illustrates its use.
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Example 11

Prove that the sum of the series 12 + 28 + 3 + ...+ n?

85+ 0+ 1),

To prove this result by induction, we proceed as follows.

(0 Show that the rsult s true for a particular value of n, say n = 1.

m=1 =1 and 1+ D2+ D=1
Henee he relt e fo 1 1

®) va: that, fthe el i true for some graealvaloe of m,sayn = ki it

1

for the next value of m, ie.n = k +
Assume the reet s true for n = k.

S
ot
P+ 3 ..fk’*(kfl)“%(k+|){2k+|]*(k&l)'

= &2 Dyt + y + 6k + 1)

B )

o+l
6

B R il oL g Ve Rg )

=B+ D@ 1) itk m kL
“Thus if the result is true for n = k, it must also be true forn = k + 1.
From (@) 17 + 20 + 3 & ... 4 0 = g(n + 1)2n + 1) istrue for n

and using (b), if it is true for n = 1, it must be true for n = 2. Using (b)
again, if it is true for n = 2, it must be true for n = 3, and 50 on. Hence the
result s true for all positive integral values of n, i.e. for every finitc number
of terms.

Thus 12428+ 304 = 2+ D20+ 1.

A more concise way of writing the series 13 + 22 + 31 + . + ntisto
use the symbol E (a Greek letier pronounced 'sigma’).

i) means the series with first term /(1) second term £(2), ... last term ().

Thus, 12 + 23 + 3% + ...+ n* = ¥ r* and the result proved above can
then be written :

$r=to v+

Example 12

Write down the series 3 r(r + 1) n full.



Series and the binomial theorem 219

For r=5 rr+1)=5x6=30,

for r=6 e+ =6x7=8 adsoonio r=10

Thus T e+ 1) = 56+ 6X7 £ Tx8+ §x9 4 9x10 + 1011
- =30+ 424 56+ 72+ 90 + 110,

Example 13
Express the series | + 4 + 7+ 10 + 13 + ... + 298 in the form 3. /().

In ): U0, S0 s the expression for the th term of the serics.

By fnspection, 1+ 4+ 74 10+ 134 .. + 298 has rih term G3r — 2).
Aliernatively, had we not been able to state this by inspection, we could sa
1 0 + ... is an arithmetic pm!rusinn witha = landd = 3.
Thus the rth term is @ + (+ — 1)d

-3
=3r-2
As the ﬁnll term is 298, the greatest value of r in this series is that for which
3r-2= 298 ie.r = 100
LT HAFTHIOF 134 L+ 298 = 2(37727
Example 14

Use the method of induction to prove that §. 2"~

fn=1 LHS. = 32" '=2"" RHS. =21 - 1

=1
‘Thus the statement s true for n = 1.

Assume the statement

v forn = k,ie. ¥ 27 =20 -1

then Y 27 = F 24 20
-2 -2
= -1
Z I

=2 -1 with n=k+1

=2 listrucforn = k,itisalsotrue forn = k + 1.

However it s true for n = 1, and 5o it must be true for n = 2 and alsa forn = 3,4, 5

Thus  § 27 = 2° ~ 1 for all positive integer values of n.



20 Understanding Pure Mathematics: Chapter 8

‘The following results hold for the sigma notation:

300 = 0% 0 wd Suo = $a0+ £ a0
Proof ¥ af) Proof: ); ) + &)
o)+ ) et ) =S+ R+ S0 + gt0)
~ ) + ) + .+ fim) =LA + e fO0] F () F ... g
~af “fme i

Example 15

(a) Using the standard result 3" r* = 2(n + 1)(2n + 1), obtain an expression for 3’ (2r* = 1),

simplifying your answer as far as is possible.
(b) Use your answer for part (a) to sum the series 1+ 7 + 17+ 31 + ... + 799,

(l)':):‘(z"*l)ﬂlér’fvj):ll
“jer v n-n rNou:;_u-uun.. +i=n
<+ s -3
=f0+ -1
Y1 FTH 1T+ 4 L+ 79 = T @ — 1) since uz = 799

= 3(20 + 240 —
= 5720

Exercise 8C
1. Write cach of the following series in full:
s s . . s s
@Ir®Lrf @re-n@ ):M © T (=07 O F 0

g

2. Express each of the following series in the form ): 1)

@) 1 +2+3+d+ .. +50, OB P 4
©S5+10+15+20+25+30,  (@3+5+7+9+11+13,
€ 3-6+9-12+15-18, (0 =1 +4-9+16-25+36~ ...~ 169.

3. Prove each of the following statements by the method of induction.
@1+2+3+4+ . +n=tm+)

P Ry
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© 1%x3 4 2x4+3x5+ ,..+n(n+2)"%(»ﬂ)m+7)

) 1 1
Orztnanat

In the remaining questions of this exercise, the following standard results
‘may be quoted and used without proof:

B+ 1@n+ 1) );ﬂ =ty

4. Write cach of the following seris in the form 3 /(r) and, using the

standard results for ¥, $r* and ¥, evaluate each summation.
@ 1+2+3+4+ .+ 100,
() 1+4+9+16+25+.

@1+3+5+7+9+ ...
(© 1X3+2x4+3X5+4%6+ ... +20x22,
() 1x1+2%3+3x5+4%7+5x9+ ... + 13x25.

. “ s
S. Using the standard result for 3, r* evaluate (a) 3, P, (&) 3. 7, (©)

6. (2) Using the standard results for $r* and ¥, obtain an expression
for ): r(r + 1) and simplify your answer as far as possible.

& Use goursnsver o part e to s the s
24 2x3+3x4+ 4% +28x29,

7. (@) Using the stndard reuls for 2» Z,X and T, obtain an expression

for ): r(r + 1{r + 2) and simplify your answer as far as possible.

® Ust Jour answer from part (A)wsum the series
2x3X4 4+ 3x4x5+ ..+ 20x2x22

8 (&) Using the standard results for 7 and z,. obtain an expression for
:u+ 1)2r + 1) and s

plify your answer as far as possible.

®) L'sc your :vuwer l'rom part (a) to sum lhe series

X7+ 1x
9. Prove that 2 e+ 1) = J5n + 1 + D00 + 1) by using

(@) the method of inducton, (5 the sindard resuts for T and .
10, Find expressions in terms of n for the sums of the following series, to the
implifying your answers as far as is possible.

10 20 terms,

10 (n + 1) terms,
t0 2n terms,

.. t02aterms,
(€ 2+ 4+ 6 48+ to n terms,
MP+8+6+8+ 10 2n terms,

21
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(® 1x4+2Xx5+3x6+4X7+ ... tontems,
(h) 1X2 +2x3 + 3x42 +4x S+ . tontems,
@) 2X1+4x3+6X5+8xT+ ... tonterms,

G) 1FX1+20x3 4 3 %5+ £ %7+ .. tonterms.

"
11. Using the standard result for Z o showthat 3 r4 = G0 + Sn + 3).

12. Prove each of the following statements by the method of induction.
@ z{u(w Da = G2e 4 - al @) zw‘-%’%ﬂ.

o v tne metho of induction to prove that 6" ~ i divisible by § o
I positive integral values of n (Hint: show that i is true for n = 1
ind show that 16— 1~ SA vhere 4§ s & posive iiger then
61~ | = 5B, where Bisa
Prove ki that 5 — 71+ 6 & dvisbl by 7 Pior st positive integral
values of n.

8.4 The binomial theorem for a positive integral index
By expanding, it can be shown that (@ + x)! = a + x
+ = al+ dax+ X
(a+ 9P = o + daix + dax? + 0
(@ + x)* = at + dax + 6alxt + dax’ + at,
Extacting th coefients of a and x we oblan Pascal's wiange:

12
13 o3
1A 5 A )
nd the T ave 183806
and the next two lines woul AL °/|
(IR 1

Pascal's triangle can be used to expand expressions of the type (a + x)".
Example 16
Expand 2 - %",
Sclecting from Pascal’s triangle, the line that commences 1 5 ... gives:

1 s 10 10 s 1

Inserting decreasing powers of 2, from 2° (0 29, and increasing powers of
(=), from (=) to (= x)*
=82 X2+ S X (=) 10X D =X+ 10X (=2 +5x2(=x)*+1x2(~x)
= R - sx o+ B - @+ o -

Pascal’s triangle can be used 10 obtain the expansion of (a + x)* for any
positive integral values of n. However, for large values of n the task of
obtaining the relevant line of the triangle would be tedious. Indeed, as we
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shall sce later, we may only require the first few terms of the expansion, or
perhaps just one particular term and in such cases it s better o use the
binomial theorem.

‘According to this theorem

atgr=Fcr (mm«mm,-m)
= "Cex* + Cix' 4+ "Cx? 4+ "Cyx® + e +  Cx
(+xf= 1+ Cx + Cad + T+ ..+ x
o= nx An=1x* | nln=1)(n—2)x> -
R B L

These are two forms of the bino
integral values of n. The R.
ascending powers of x.

expansion of (1 + x)"for positive
gives the series expansion of (I + x)" in

Proof of the binomial expansion of (1 + x)*

We know that (1 + x)" = (1 + x)(1 + xX1 + x) ... (1 + 9
_—
n brackets

When expanding the R.H.S. the constant term i obtained by multiplying the
s together and it is therefore 1.

‘The term involving x is obtained by multiplying (v ~ 1) I's and one x
together. The x can be chosen from any one of the n brackets, 5o the.
coeffcient of x is °Cy.

‘The term involving x is obtained by multiplying (n — 2) I's lnd two x's
together. The x's can be chosen from any two of the  brackets,

coefficient of 1 is -c, We contoe this prcess unl eventunlly we mliply
the n s together to get
Thus M+ =1+"Cx+"Cx*+ ... +x

The binomial theoem for (1 + 5 can st be proved by wing the method
of induction. The proof uses the fact that *C, ,. proved
below.

e
" S s I B T ) N

_-r+na ntr
m=r+ DA m-r+0A
L
e E U AR

]
Wri-n



224 Understanding Pure Mathematics: Chapter §

Proof of the binomial expansion by induction
Toprove (1 +x)"="Co + "Cyx + "Cpx? + 'Cyx* + ... + 'C,

o=, LHS = (4 2
1+
Hence the resul i true for n = 1.

=1Co +'Cix
=14x

Assume that the result is correct for n =
ic. (1+9'='Co+ Crr+ 'c,xx+ Oyt L G
then  (1+0)''= (14(Cot Tt *Caxt +1Cu00+ . +1C, 1410,
=1C,+ MCux+ MCpxtd MOt G O
HCoxt Cx 4 MO G 4 LG, 4Ot
=14, +CoIx+ (103 +1C)x? + (Cy + 10 + .+ (PC+ HC e+ 4
SHIC I ICEH AIC S + L + SIC
=1+ Cpxt Tt Cydt ...+ x with m=k 41
“Thus if the result is true for n = k, it is also true for n = k + 1. However,
the result is true for n = 1 and is therefore true for n = 2,3,4, ... and so

on. Thus the binomial expansion of (I + x)* is proved for positive integral
values of

Using (1 +x)'=1+ ‘Cux+ 'Carid Tt ...+ x*

(anr-[a(u;‘)]'
() =e[ee (GG e ()]
Thus (a+ X' = @ + "C,d"" x + "C;a" x* + "Cya* 'x® + + X
e M D = 0= D

o @rxrma

“This is the binomial expansion of (a + x)" or positive integral values of n.

Example 17

Use the binomial theorem to expand (2 + 33)°.

Using the binomial expansion of (a + x)" witha = 2, = S and 3x substituted

@+ 3 = 24 CTEN CTO GG + C2G: + ()
=n+ 240x + 2435

Example 18

Use the binomial expansion to expand (2 — ' in ascending powers of x
up 10 and including the term in
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Using the expansion of (a + x)* with @ = 2,1 = 10 and (- x) substituted for x:
w x 9, 10x 9 x 8

@ m 20+ Mooy 4 102 Sy 4 (a9
+ terms of the nrd:r r‘ and higher
@-x0=1024- S20x + 11 = 15360x° ... is the required expansion.

Example 19
Expand (1 + x + 2)(1 = x)* in ascending powers of x up to and including the term in x'.
Using the expasion of (1 + )t with 1 = 1 () subtid for 5
1= x)°"=1-8x+ 28x°
(14 x+ 61 = = (1 +x + )1 T e s )
epanding o ptoing e of e and s gires
(4 x+ )1 — 8 + 28 - S6x*
R
+ o g
O+ x+ ) = x)* =1 - 7x+ 20x? - 36x* ...

Example 20

Expand (1 + x — x?)" in ascending powers of x up to and including the term in x*.
Using the expansion of (1 + ) with 1 = 7 and (x ~ x*) substituted for x:
4y =147 % (- x) + 128 [RX LR S

(= 2+
Expanding and ignoring lerms of order <+ and sbov gives

ST )+ 20 - 20) 435
M AR

Approximate values

Example 21
Expand (2 + x)* and use your expansion to find (a) (2:1)*, (b) (1-9)*.
By wsing the inemia theorem, o Pucatsuisngle,we oo

@+ 0t = 16+ 32 + 2407 + 80
@ @1 = @+ 01 = 16 + 201 + 201 + sm 0 o1
=16+ 32 + 024 + 0:008 + 0000

@1 = 194481
©) (19 = (2 = B1F = 16 + 3A01) + 2H(=01F + K0P + (<0t

= 130321

(1:9)* = 130321

A similar procsdurecan b adopied for culuating higher powers of numbers
but this could involve a large number of terms. However, if we ensure that x
is sufficiently small, the terms involving the higher powers of x will
approximate o zero and can be neglected. The following example
demonstrates this technique.
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Example 22

Expand (1 + 33 in ssceding povers of ,up (o and icding the tem
in x*. Hence evaluate (14003)'° correct to five places of decimals.

Using the binomial cxpansion of (1 + x)" with n = 10 and 3x substituted
for x, we obtain
(1 + 300 = 1 + 30x + 405x* + 3240 +
as the required expansion.
(1-003) = (1 + 3rcho)l'® = 1 + 30(reho) + 40S(r2hn)? + 3240(rdk)*
=14 003 + 0:000405 + 0-000003240
= 1:03041 correct to five decimal places.

Notice that to obtain an answer correct 1o five decimal places we need to
know whether the figure in the sixth decimal place is less than S or not. In
the last example the first four terms give a total of 1-030408 24 which

omes 103041 when corrected to 5 places of decimals. From these first
four terms we can see that the terms in x* and higher powers will not be
large enough 1o alter the result and so our answer is indeed correct o five
decimal places.

Example 23
Use the bmnm\al expansion of (1 + 5" to find (101 correct o five
significant fig
In this example we do not know how many terms of the expansion are
required to give the necessary accuracy. In such cases, start by finding the
first four terms and be prepared o find more if they are required later.
‘The binomial expansion gives (1 + )* = 1 + &x + 28x* + S6x + ...

(0" = (1 + rho)* = 1 + 8(rko) + 28(xdo)® + 56(rks)® +

=1+ 008 + 00028 + 0000056 +
We need to know whether the sixth significant figure is less than S or not. As.
the answer is clearly between 1 and 10, the sixth significant figure will be in
the ffth decimal place. The first four terms give a total of 1-082856 which
becomes 1-0829 when corrected to S significant figures. Clearly the terms in
x* and higher will not alter this answer. Thus we have sufficient terms for
the required accuracy an
(01" & 1082856
= 10829 correct to five significant figures.

Exercise 8D

1. Expand the following using Pascal’s triangle:
@E+ ®EFW, © 2+ (-9

) s
@@ +9. O - ® (x - l') SO (x - %) .
2. Expand the following using the binomial theorem:

@043 ® R © - @ (Zx + é)’
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3. Use the binomial theorem to expand (1 + )1 in ascending powers of x
up to and including the term in x*.
4. Use the binomial theorem to zxplnd (a + x)'* in ascending powers of x

up to and including the term in
. Find e ot four erms i e seres expason of a = 3 i
ascending powers of x.
6 17 such that tems involving x> and highr powerscan b neglcied,

find an approximae expansion of (1 + 5)".

7. Expand (2 + x)* and use your expansion to find (a) (2'1)%, (b) (1-9)".

8. Expand each of the following expressions in ascending powers of x, up
t0 and including the term in x':

@ (1 + 2901 - 9%, Y (e,
(© (1 + )1 + 2x)*, @ (1 = x + x*)1 + x),
© (0 + 20 = X0 + 297, @) (1 + x + )1 = 3x)

9- Expand cach of th following expressions in ascending powers of x, up
1o 42d nchding thetenn
@ Q-+ © (1 + 20—, (© (1 - 2x + 4x).
10. Expand (1 — xi' in ascending powers of x up to and including the
term in x*. Hence evaluate (098)!* correct to three places of decimals.
1 Explnd (1 + x)1* in ascending powers of x up to and including the
rm in x*. Hence evaluate (1-01)!* correct to three places of decimals.
1 Explnd {0+ 20" in axending powes of x up o 2nd incudin the
term in x2. Hence evaluate (1-02)!* correct to two significant
[EN Explnd (2 + x)" in ascending powers of x up to and mludmg the term
*°. Hence evaluate (201)" correct to six significant fig
14, Use binomial expansions 10 cvauate the following to the stacd degree
of accuracy:
(@) (101)° correct to four decimal places,
(b) (0998 correct to seven decimal places,
(©) (099)'° correct to four decimal p|=m.
(d) (19)1° correct to four significant figur
15. When (I + ax)'® is cxpanded in cending povers of x, the seres
expansnn\ isA+ Bx+ O + 159 + ... find the values of a, 4, B

16, When 1+ avyris xpanded insscending powers of . e s
expansion is | + 2x +
1. 37 sulicnty mall 1 allow any terms in x or higher powers of x
glected, show that
(14 270+ 20 & 1+ 15x + 1012
approximation for (1 + x)7(1 — 22)*, ag

Obtain a simil

or powers of x.
18. If x is sufficiently small to allow any terms in x* or higher powers of x
‘neglected, show that
(4 %0 = 20019 % 1+ 6x + 155 — 105
Particular terms of a binomial expansion

By considering the general term of a binomial expansion, a term involving a
particular power of x may be found.

m
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Example 24
Find the term involving x'2 in the expansion of (3 + 2x)'%.
Using the expansion (a + x)* = a” + "C,a"'x + ... + "C,a"'X' + ... + ¥\
eral term u,., is given by "C,a""'x'.
Substituting a = 3, 2x for x and n = 15, we have 11C,3~"(2x".
o fnd the tem invalving /% we aced = 12, the 136 term).
Thus the required term is 14C, 3222 = ppaaiaa
151

- By

Example 25
Find the term independent of x in the binomial expansion of (Jx - x%) *

The general term u,.., in the expansion of (a + x)" is given by "C.a"'x".

Substituting 3x for . —,-) for xand n = 18, we have

ey = 100" 5
= g3t~ Sy
“This term s independent of xif 18 — 3r = 0, ie. r=6
Thus the required term is  uy = MCIU(=2)°
= Gy

Exercise 8E

1. Find the term involving x* in the expansion of (4 + x)
2. Find the term involving x* in the cxpansion of (3 + 2x)".
3 Find the &t tem when (2 ~ <) is expanded i ascending powers of «

4 Find the coeficent of x* in the cxpansion of (2) (5 + 30, (b) 2
5. Find the term involving x'° in the expansion of (3 -+ 2x2)’

6. Find the term independent of x in the expansion of each orihe following:

@ (lx R (m + :)", © (-; u) @a+ x’)(Zx + i)“

8.5 The binomial theorem for any rational index

It can be shown that the binomial expansion of (I + x)* for positive integral
values of n (stated on page 223) is also true for negative andjor fractional
values of n. However, for these values of n the term °C, is meaningless as the
factorial notation has no meaning when applied to negative numbers and
fractions. However, from our definition
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-
=7

r
_ =

(n-r+1)

e
"
“The second form does have meaning for negative and fractional values of .

A= =2) ... (n-r+1)
G

‘Thus we use the notation (’,') to mean

+ (.) + (;) + (;)f +

B S N (LTS T S

Thus (1 + x)°

provided =1 < x < Lie. [x] < |

Note that the condition |x| < | is necessary because with n fractional or
‘negative, the series is infinite and the condition |x| < I ensures that this
infinite series converges.

Example 26
Expand (1 + 3x)"* in ascending powers of x stating the frst four terms and
the range of values of x for which the expansion is valid.

Using the expansion
AG+x=1+

we obtain
A+37F =1+

=1- s o+ pse - 9450 o
The expansion is valid for [3x] < 1, ie. |x| < 4

G200 + ER O 4 CHICT gy,

Example 27

L+ 2078 " -
Expand (-2 in ascending powers of x up to and including the term in ¥,
and state the values of x for which the expansion is valid.
QX 29 (1 4 2022 - x)". However, we cannot expand (2 ~ x)-!

=)
this form as the binomial expansion for negative and/or fractional  only

applies to (1 + x)', not (a + x)".

e - 4]
(i)




I—

- <|ux+ul)g[|«(-n(v")d;"(’2’(—;)3‘;—__“ ‘““zx"’(-")’h.]

afl L x ., X
Saraxvae)(jeiege
9, 20 250

=t TrE et

‘The expansion is valid for [~3| < 1ie.|x| < 2.

Example 28
Using the binomial theorem, find /918 correct to five places of decimals.
VI8 = 51+ 002) = 31 + ri)?
“The expression (1 + r8s)"" can be expanded using the binomial theorem as || < 1 s required.

»8 ,[, + ot + PG | DD |
= 34 003 - 000015 + 00000015
/918 = 302985

1f x is such that [x| > 1, the expression (1 + x)* can be expanded by the binomial theorem

< 1iflxl > 1.

using the rearrangement (I + x)* = f(l + )‘-() as|t

“The expansion obained will then be in ascending powers of £

Example 29

Expand (3 + x)°* in ascending powers of L, stating the first four terms only and
the values of x for which the expansion is valid.

e[ )

. (_2)(%) . (»zn»s)(g)' N

2
+ 2z -

¥
2
=
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3

The expansion is valid for ;I < Tlie x| > 3.

Exercise 8F
1. For each of the following, state the values of x for which a binomial
expansion of the given expression in ascending powers of x, is vali
- ~ g -
@O+297 B =20 © @ v
2. Expand each of the following in ascending powers of x, up to and

including the term in x*, and state the values of x for which the
uwnsm is valid.

@

O D O gEm Oy

1 . '

© T OO+ 200 @ 6+ B Ty

3. Bxpand ;1555 i ascending powers of , up o and including the
term in x*, and state the values of x for which the expansion is valid.

4. When the terms in x* and higher powers of x are neglected, the scries
expansion “rzuiilx)’ in ascending powers of x gives
@+ bx + ex* + dx’. Find the values of @, b, ¢ and d.

5. Expand the expression (1 + x — 6x7)"" in ascending powers of x up to
and including the term in x*.

6. Expand (1 + x)'7 in ascending powers of x, up to and including the
term in x*, and state the values of x for which the expansion is valid.
Hence calculate /108 correct to four places of decims

7. Expand each of the ollowing in ascending powers of X, sating the first
4 o221 termsand te alue of x for which the cxpanson s vlid.
@e-x" ® (1 + 20! © @ -3

8. Use binomial expansions to evaluate the following to the stated degroe
of accura
(@) 096 correc to five decimal places,

(b) /104 correct to six significant figures,
(¢) /408 correct to four decimal places,
(d) ¥1-08 correct to five places of decimals,
(e) ¥872 correct to five places of decimals.

9. Expand \/(l’ - ;x) in ascending powers of x, up o and including the

term in %, State the values of x for which the expansion is valid.

10. Expand J 1t i in ascending powers of x, up to and including the
term in 8. State lhe values of x for which the cxpansion is valid and by
subsiituting x = 02, find an approximation for /15

11 When (1 + ax)"?is expanded in ascending powers of x, the first four
terms are 4 + Bx + ¥x? + Cx’. Find the values of a, 4, Band C.

12. When (1 + bx)" i expanded in ascending powers of , the first three
terms of the expansion are 1 ~ 3x ~ #ox". Find the values of n and b.
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Exercise 8G  Examination questions

1. The sum of the first six terms of an |mhmglic ‘progression s 72 and the
term is seven times the ifth ter
Find e i term and te common diffrence
Find the sum of the first ten terms. (AEB)

2. The sum of the first two terms of a geometric progression s 9, and the
sum of the first four terms is 45. Calculate the two possible values of the
ifth term in the progression. (AEB)

360 r...a a number x which, when added to each of the numbers, 21, 27
29, produees e mEnbere whoue quaces re i aimetc

(5 Find a mumber  which, when added to cach of the numbers, 21, 27
and 29, produces three numbers which are in geometric progression.

4. (i) The first term of an arithmetic progression is 7, the last term is 43
and the sum of the terms of the progression is 250. Find the number
of terms and the common differer

(ii) The sum of the first and second terms of a geometric progression is
12, and the sum of the third and fourth terms is 48. Find the two
possible values of the common ratio and the corresponding values of
Th st term. Find ai he sum 1o en tems of cach of e serc.
(Oxford)
5. (i) The first term of an arithmetic progression is 2 and the common
ifference is 3. Find the sum to  terms of this progression.
Find the value of n for which the sum of the progression is 610.
Find, also, the least value of n for which the sum exceeds 1000.
(i) Find 5, = 3 .
Find also the least value of n such that S, > 10000. {London)

6. () The first three terms of an arithmetic series are ~ 34, — 13, —{. Find

the sum of the first 70 terms of this series.
(b) The first three terms of a geometric series are 2, —4, §. Find the sum
o infinity of this serie.
Find also the least value of n for which the sum of the first n terms
of this series differs from the sum to infinity by less than 107*,
(Cambridge)
7. The population of 4 colony of insects ncreases in such a way that if it is
N at the beginning of a week, then at the end of the week it is a + bN,
where a and b are constants and 0 < b <
Starting from the beginning of the week when the population is N, write
wn an expression for the population at the end of 2 weeks. Show that
at the end of ¢ consecutive weeks the population is.
a(H + b,
‘When a = 2000 and b = 02, it is known that the population takes
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about 4 weeks to increase from N 10 2N, Estimate a value for N from
this m(onnauon (AEB)

8. Prove that 3 rtr + 1) = dnln + 1Yo + D).

»
Evaluate ¥ rir — 1). (London)

9. () For all positive integral values of , the sum of the first n terms of a
is 3n? + 2n. Find the nth term in its simplest form.

series is
(b) Show that, for all positive integral values of n, 7" + 2** is divisible
3

Prove, by induction or otherwisc, that
AXAT) + QNSHE) + ... + nin + In + 6)
= gnln + o + 6)n + 7). (UMB)
10. Expand (2 ~ x)* in ascending powers of x up to and including the term
in x2. Use these terms t0 find the value of 201%, giving your answer to
three decimal places. (S.UJB)
11. Find, in ascending powers of x, the firt three terms in the expansion of
(2 = 3x)". Use the expansion o find the value of (1-997)* correct to the
nearest whole number. (Cambridge)

20
12. Obtain the term independent of x in the expansion or(m - )‘-{)

You may leave the answer in terms of factorias. (S.U1B)
13. Find the non-zero value of b if the cocffcient of x* in the expansion of

(b + 2% is cqual 10 the cocficient of x* in the expansion of (2 * b
AEB)

1. The s four ferms i the expansion f (1~ o are
6+ pxd + g5, Show that p = 15 and obtain the value of g.
(S.UJB)
15. (2) Find the first four terms in the expansion of (1 + 3x)'? in ascending
ers of x and state the range of values of x for which the
expansion is valid. Use the expansion to determine ¥8-24 to five
decimal places.
(b) The coefficient of x? in the expansion of (I — 2x)" is 24. Calculll:
the two possible values of (S.UJ.B)
16. Obuain the binomial expansion of (1 + 26 in ascending powers efx
as far as the term in x*, assuming the vnhu of x to be such that the
expansion is valid. Simplify the lence, or otherwise, writc
‘down the first four terms in the bmomlll expansion of (1 — 2x)~'%
Use your expansion to evaluate ﬁ t0 7 decimal places.  (AEB)

17. (3) Tn the expansion of (1 + ads xhe ﬁm three terms are
+

Find n and a, and state !he range of vzlm of x for which the
expansion is valid.
® Exp.nd (1 + x)"* in ascending powers of x as far as the term in x?,
nd hence find an approximation for /1-08. Deduce that /12 = 3-464.
(S.UIB)

a3
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18. Find the values of the constants a and b for which the expansions, in
ascending powers of x, of the two expressions (1 + 2x)"” and
up 10 and including the term in x%, are the same.

+ ax
T+ bx
With these values of a and b, use the result (1 + 20'% & 5=, with

+ax
x = = by, 10 obtain an approximate value for /2 in the form p/q, wherep
and q are positive integers.



9
Probability

9.1 Simple probability

Suppose an unbiased coin is tomed. The sl s equally kel o be s hesd
asa tail. The total number of possi icomes of a single toss is 2, ic. a
Head or a tail. We say that the probabihy of obainin & head is 4, or more
‘briefly P(hu»d) s

‘The probability of a particular outcome of a trial (i. an attempt at

something) s expressed as a fraction §, where a is the number of ways in
‘which the particular outcome can occur and b is the total number of possible.
outcomes of the trial.

Suppose a six-sided die is thrown. There are six possible outcomes of this
trial (or throw) and they are all equally likely. Only one of these outcomes is
that of oblaining a three.

‘The probability of obtaining a three is thercfore }. Thus P(3) = 4

I simlar way the probatlty of cbaining # umber grester than 4 with
one throw of a because there are a total of 6 possible
outcomes of whichtwb (3 and & sty our requrement.

Example 1

A six-sided die is 10 be thrown. Calculate the probability that the result will
be (@) an odd number, (b) a number less than 3, () a multiple of 3.

(a) For one trial, wul number of outcomes = 6
umber of odd outcomes = 3 (i

® For one rial loul ‘number of outcomes
ber of scorcs less than 3 = 2(ve lor2)
Pless than 3) H
() For one trial, total number of outcomes = §
umber of multiples of 3 = 2 (i
P(multipie of 3) =

Example 2

One card is to be drawn from a pack of 52 cards. Calculate the pnbmluy
that the card wil be (2) a diamond, (b) a court card, (c) a black card,

(i a club or a spade).

A pack of cards consists of 52 cards; 4 suits of 13 cards with each suit
having 3 court cards (king, queen and jack).
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Number of possible outcomes = 52

(@) number of diamonds = 13
P(diamond) = =}
() number of court cards = 4 x 3 = |2
card) = =4

© number of black cards = 26

Plblack card) = 3§ = §

Example 3

A bag contains 8 discs of which 4 are red, 3 are blue and 1 is yellow.
Calculate the probability that when one disc is drawn from the beg it will be
(@) red, (5) yellow, (<) bluc, (d) not blue.

There are 8 discs lhog:lher o mg total number of possibe outcomes is 8
(@)

e ofed dxses
(red) = l =1
(b)  number of yellnw e = 1
flow) = }
@ number of blue discs = 3
Pibluc) =
(@) number of discs not blue = 5

P(not blue) = §

A probability of 1 means that the event is certain to occur and a probability
2670 means that the event cannot oceur.
In example 3, the probability of obtaining a disc that
yellow would be 1 because all eight discs mect the
either red, blue or yellow) = § =
On the other hand the probability of obtaining a green i would be er0 8
there are no discs that meet this requirement ..

(green

Notice also that in example 3, P(not blue) = §
and P(bluc) = §

This i a particular illustration of the rule: If the probability of an event

occurring is p, then the probability of it not occurring is (1 —

Set notation

Set notation can be useful when considering & number of different events

may occur in a given trial. Consider one number selected from the set
of numbers {1, 2, 3, 4, 5, 6, 78, 9). Considering this set as our universal sct,
4.t clearly contains a number of subsets.
For example, the subset of 0dd numbers = (1, 3,5, 7, 9}

he subset of multiples of three = {3, 6, 9)

IF A is the event of the sclected number being odd and B is the event of the
selected number being a multiple of three, we can show the sets of outcomes
as a Venn diagram:
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Using the notation n(X) for the number of clements in set X, and X' as the
complement of set X, we see th

LR ¢ Plodd number) = 3
B = % 3=1 ie Pomulipeor3) = |

PANB) - "“:&15’ =2 e Plodd number and mulile of 3) = 3
PB) = ”"“‘:)) §=3 e Pooramutipleors = 3

. P(multiple of 3 or odd number or both) = 3
Example 4

O cement s randomly sl from  universal st of 20 ceens St A

and B are subsets of the universal set and n(A) = 15, n(B) =

AL By = 71 P(Ay s the probabiy of the sl soment eonging to

set A, find (2) P(A), () P(A 0 B), (©) P(A)), (@) P(A U B)

First draw a Venn diagram, showing the number of clements in cach subset

(hint: consider n(A n B) first)

From the Venn diagram:
(@) P(A) =1
®) PAND) =

©) P(A) =t =
@ PAUB) =i = r\s

Exercise 94

L. What i the probability of obtaining a tail when a fair coin is tossed once?
2. A six-sided die s thrown once. What is the probability that the result
will be:
(a) an even number, (b) a umber less than 6,
4, 9,2 number grater than
g contains ten lonre discsof wich 4 sec blue, 3 are green, 2 red
> yellow. Find the probability that when one disc is randomly
selected from the bag it wil be
(@ red, (b) blue, (c) yellow, (&) not
4. Twenty cards arc numbered from 1 1o 20. e card s then ke at
ndom. What s the prababily that the umber on he card will be
(2) a multiple of 4, (h) even, (c) greater than 15, (d) divisible by 5.
(©) not a multiple of
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S A leter s chosen at random from the eters . buc, d, ., 8,
Calculate the probability that the letter chosen will
() a consonant, (b) a vowel, (c) ot , g or h.

6. One girl is chosen at random, from 4 girls Aune, Bonny, Linda and
Dawn. Caleulate the probability that the girl chosen will be
(@) Anne, (b) either Linda or Dawn.

7. OF 12 beads, 7 are coloured green, 3 are orange and 2 are black.
kanlau: the probability that when one bead is selected at random, it

\a) be orange, (b) n

8 What is the prohablhly of drawing a court cad from the 26 black cards
of a pa

5. One tard s drawn from pack of 52 cards. Find the probability that the

card drawn will (a) be a club, (b) bean ace, (c) be a red card, (d) not be a spade.

10. A universal set has 24 elements and A and B are subsets of the universal
set such that a(A) = 14, n(B) = 9 and n(A  B) = 6. If P(A) is the
probability of sclecting an clement belonging to set A, calculate
(a) P(A), (b) P(A N B), (c) P(B). (d) P(A L BY.

11. One clement is selected at random from a universal sct of 15 elements.
R and Q are subsets of the universal sct and (R) = 6, n(Q) = 8 and
AR N Q) = 2. Calculate
@P@Q. ® PRUQ) (© PR). (@ PR A Q).

12. A and B are subsets of the universal set and a(A) = 25, n(B) = 20,
["(AUB)] = 20 and there are 50 elements in the universal set. When
one element i selected at random, calculate
(@) PA). (b) PA U B), (©) P(B), () P(A n B).

9.2 Sum and product laws
Possibility space

Suppose that a trial T, has possible outcomes
a.b.c.d or e. We say that the sct a, b, ¢, d. ¢
is the possibility space, or sample space.

the trial T,. Now suppose that two trials are
carried out, trial T, possibilty space

rial T, possibilty space

of outcomes for the two
trials can be shown as points on a possibility
space diagram. Each dot represents a pair of
outcomes.

Example §
Suppose that a coin is tosscd and a dic is thrown. Draw a possibility space

diagram and usc it (o find the probability of obtaining both a head on the
coin and an even number on the die.
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‘The possibiliy space diagram is:

‘There are twelve possible outcomes of which
only three (circled in the diagram) satisfy the
requirements.

‘Thus P(head and an cven number) = f = §

Independent events

Two events are said to be independent if the outcome of one event has no
bearing upon the outcome of the other. In the last example the appearance
of say, a head, on the coin does not affect the result of throwing the dic.
‘Thus the events are independent.

For two independent events A and B
P(A and B) = P(A) x P(B) or. in set notation,
PANB) = P(A)xP(

(anvenely. we can say that two events A and B are independent xf)

P(A n B) = P(A) x P(B)

Thus in lnmple S, Phcad) = §  Pleven number) = 3 = 4
P(head and even number) = 4 x § = § as required.

Example 6

«card is 1o be selected from a pack of cards and a dic is to be thrown, Find
the probability that the outcome will be (a) a spade and an even number on
the die, (b) a red card and a number less than 3 on the die.

‘The selection of the card and the mrowin[ of the dic are independent events.
@ (@ spade) =
Peven number on die) = i(emmz 40r6)
Pl spade and an even number) = P(n spade) x P even number on die)
3

®)

P(nmdurdlndx|nrlandw) P(nmiurd)xl’(.t 1 or 2 on die)
wxi

4

Mautually exclusive events

As was seen on page 191 two events are said to be mutually exclusive if the
occurrence of one automatically excludes the possibility of the other
oceuing In tosing  coin it outcome i # head s cxcldes the
posibity of cbaining a il on tat il 50 th sppcarance of a head and
e appearance o  ta are mutually cclusie evem
Nttt i s cvntsare mutually xclusie, the st of events A and the
set of events B would be shown as disjoint sets on a Venn diagram.
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Either - Or
If the probability of an event A occurring is p, and the probability of a
second mutually exclusive event B occurring is ps, then the probability of
cither A or B mmng will be (p, + p,)

A or B) = P(A) +
or, usingset notation P(A U B) = P(A) + P or mutally exclusive cens
Conversely, we can say that two events are mutually

if P(A U B) = P(A) + P(B).

Example 7

One card is selected from a pack of cards. What is the probability that the
card selected will be cither a diamond or a black ace?
Number of cards in pack
P(a diamond) =
Pla black ace) =
But these are mutually exclusve events sine the oceurtence of one excludes
the other (ic. the card selected cannot be a black ace and a diamon
thus P(a diamond o a black ace) = P(a diamand) + P(a black acc)
=H+a=4

Events that are not mutually exclusive

Suppose we want the probability of one card selected from a pack being
cither a heart or a queen. These events are not mutually exclusive as the card
could be both a heart and & queen, it could be the queen of hearts. We.
consider the possibility-space diagram:

[A 23 4 s 6 1 8 9 W 3 QK
0 x o x o x o oxox o @ x
Sl x o x o x o x ox 1 xox xox @
Y0 ® ® ® ® ® @ O ®0® 6O
O 2 2 o x ox oxox s ox o x @ x

Thus P(W) = H = 1, P(Q) = & = , and counting the circled entries in
the diagram P(Wor Q) = 1 = #.
“Therefore P(W or Q) # P(¥) + P(Q) because, as we can sec from the
diagram, the right-hand side of such a calculation would include the queen
of hearts twice.
In general, for two cvents A and

(A or B)= P(A) + P(B) ~ P(A and B)
or using set notation

P(A U B) = P(A) + P(B) ~ P(A N B)

The reader should notice that for mutually exclusive events P(A  B) = 0
and the above rule reduces to P(A U B) = P(A) + P(B) as required.
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Example 8
A oinistossod and a die i thrown, Fid the prokailly that the utcome
will be a head or a number greater than 4, or both.

These eventsar clearly not mutally exclusive.
Also, P(head) = } P(>4) = §
thus, P(head and a number greater than 4) = P[head) * P(number >4)

Using the result PA o B) = P(A) + P(B) — P(A and B)
ths, PrHead or number >4) = 5 i

Alternatively, we could say
P(neither a head nor a number >4) = P(tail) x P(number <4)
=ixi=d

P(head or number >4) = 1 - §
=3

Exmph9
If A and B are two events such that P(A) = }, P(B) = { and PA n B) = }
i 0 PG By () A o Y

METHOD 1 (by calculation) METHOD 2 (by Venn diagram)
@ PAUD) = m) + P(B) - P(A 1 B) Show the probabilities on a Venn diagram,
ti-d (fillin PA A B) first):

i
©) P(AUB)]=1-PAUB)
-1-3
=i

@PAUB) =§+i+i=i
(b) A U B)] = §

S ive trial
Suppose that A and B are outcomes of a particular trial. If the trial is
repeated and the outcome of the first trial does not affect the outcome of the
second m.l (i. the outcomes of trial 2 arc independent of the outcomes of
trial 1) th
P on I ria fllowed by B on 2nd trial) = P(A) X P(B)

ic. P(A,B) = P(A)x P(B)

However, in some cases the outcome of trial 1 will afect the outcome of
trial 2, i.c. the outcomes are dependent or conditional cveats. For exampl
the successive trials involve the selection of one object from a group of

objects the card, coloured disc or number etc. that is drawn on the first trial
may, or may not, be replaced before the second trial takes place. If it is not




202 Understanding Pure Mathematics: Chapter 9

replaced, then the probabilities of the various outcomes of the second trial
will clearly be different from those of the first trial. It is usual therefore to
refer to replacement or non-replacement problems.

Tree diagrams
A tree diagram can be used o show the 2nd I:l’

gives the probability of the outcome occurring.

For cach trial the number of branches is equal
to the number of possible outcomes of that
trial. In the diagram there are wo possible
outcomes, A and B, of each trial.

Example 10

A bag conins 8 macbisof wich 3 ae redand are blu, One marble s
drawn at random, its colour noted and the marble replaced

bl s agin drawnfrom the bagand s colour ote.
probability that the marbles drawn will

(@) red followed by blue, (b) red and i any onder, € of the same colour.

Draw a tree diagram showing the probabilities of each outcome of the two

ind the

riats
1'": 8 Rt Pred followed by red) = § x § = g
s tial
) Red i
Bl Pred followed by blue) = § x § =
i i Red  P(blue followed by red) = § x § = 4}

Blue  P(blue followed by blue) = § * § = 3
(@) Pred followed by blue) = 43
(b) P(red and bluc in any order) = H + 4 = ¥
(© Plboth of same colour) = & + 3 = §
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Alternatively, these results can be calculated without the usc of a tree diagram.
‘The two trials are independent events, and for each trial P(red) = § and P(blue) = {.

(@) Pired followed by blue) = P(red)  P(bluc)
=ixi=h

(b) P(red and blue in any order) = P(red then blue) + P(blue then red)
P(red) x P(bluc) + P(blue) x P(red)
=qxi+rixy
=4
(c) P(both of same. eolo\u) = P(md then red) + P(bluc then blue)
ix P(md) + P(blue) x P(bluc)
x i

= i
=4
Example 11
A bag contains 7 discs, 2 of which are red and S are green. Two discs are.
removed at random and their colours noted. The first disc is not replaced

the second is selected. Find the probability that the discs will be
(a) both red, (b) of different colours, (¢) the same colour.

METHOD 1 (by calculation) METHOD 2 (by tree diagram)
After the first disc is removed only 6 discs bR PRR) =Fx}=2%
remain in the bag and the number of each colour N
will depend upon the result of the firs trial. TG PR.G =§xi=4
@ Istuial PR) = &
20d trial P(R) = iR PGR=§xi=4
thus PR, R) = 4 x } = r<
(b)  Pdifferent) = P(G, R) + P(R, G) 1~ MGG =ixt=H
$x3tixi
-3 @  PR,R) =
() P(same colour) = | — P(different) (b) P(different) = P(R, G) + P(G, R)
- =

(9 Plsame) = P(R, R) + P(G, G)
= ﬁ i

Example 11 shows the use of the general rule that, for two dependent events,
Aand B,

P(A and B) = P(A) x P(BIA) or P(A  B) = P(A) x P(B]A)
where P(B|A) represents the probability of event B occurring given that
even rred.
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Summary
“The sum and product laws of probability are:
i PAUB) = P(A) + P(B) — P(A  B) which, for mutually exclusive

P(A) x P(B) for independent events
P(A) x P(B]A) for dependent (or conditional) events.

v

An
and P(A nm

Exercise 98

1 IFP(A) = 3 and P(B) = 4, find
(a) P(A U B)ifl A and B are mutually exclusive events,
2. Given that P(A) = §, P(B) = 4, A n B) = {and P(A U B) = { state
whether each of the following are true or false:
(a) A and B are mutually exclusive events,
(b) A and B are independent events.
3IFP(A) = &, P(B) = } and P(C) = § find
() P(A ~ B), if A and B are independent events,
(®) P(A U C).if A and C are motually exclusive cvents,

417 A and B are independent events uch that PA) = Tand P(B) = 4,
find (a) P(A 1 B), (b) PA

5.1 A and B are independent events Prch that P(A) = §and PA A B) =
find (a) P(B), (b) P(A u B).

6. Events A and B are such that P(A) = 3, P(B) = 4 and P(A 1 B) = §.
State whether A and B are ~(a) mutually exclusive, (b) independent.

7. Events A and B are such that P(A) = 4, P(B) = 7 and P[(A u B)) =

State whether A and B are
(@) mutually exclusive, (b) independent,
8. Find the probability of drawing cither a black ace or a red court card in
one draw from a pack of cards.
9. The numbers 1,2, 4, 6, 10, 12, 13, 16, 17 and 20 are written on ten
picces of card and one is drawn at random. Find the probability that the
‘number on the card drawn will be cither an odd number or a multiple of 3.
10. Find the probability that when a die is thrown and a card is drawn from
a pack, the outcome will be a black card and an odd number on the dic.
1. A card s drawn from a pack and the repace, A second card s 4
drawn, Find the nmhabvluy that both cards will be dia
1 Aco that the autcome of the two

13 e b o and 5 card 5 o rom 5 a pack. Find the probabity
that the outcome is an even number on the die and a black cot
14. A card is drawn from a pack and a dic is thrown. Find the pmhlhhly
that the card is not a club and the number on the die is greater than 4.
15, To start a game a player has to throw a 6 with a dic. Find the
probability that a player starts at
e st throw, ()i scond o, ) cther i st o b second throw
16. Two dice are thrown and the scores added together. lilustrate
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space diagrammatically. Find the probability that the total
(U] 4. (b) greatsr than 4

1. A coin is tossed and a die is thrown. Draw the possibility-space diagram

nd find the probability that the outcome of the trial is
(l) a tail and an odd number, (b) a tail and a multiple of 3.

18. Two cards are drawn from a pack of cards, the first being replaced

Mor: the second is drawn. Find the probability that the cards will be

a diamond followed by a spade, (b) a king followed by a black card,
(c] a red card followed by a club, (d) a red card and a club in any order,
(© two aces.

19. A number is selected at random from the set (2, 4, 6, 8} and another
number is selected at random from the set {1, 3, 5, 7). The two numbers
s0 obtained are multiplied together. Draw a possibility-space diagram
and find the probability that the product formed will be
(a) even, (b) more than ten.

20. Two numbers nn selacled at random, one from each of the sets
{1,3,5, 7} and {2, 4, 6, 8). The numbers obtained are added together.
Draw a space diagram and find the probability that the sum
obtained is (a) hss m-n eight, (b) greater than ten.

21. Three cards are drawn in succession from a pack of cards with

placement taking place. Find the probability that the cards will be
(a) all red, (b) a heart followed by two spades,
(c)  heart and two spades in any order.

22. Two cards are drawn from a pack of cards without replacement. Find
the probability that the two cards will be
(2) a club followed by a spade, (b) a red ace followed by a spade,

(c) a black 7 followed by a red card, (d) two hearts.

23. A bag contains 9 discs, 2 of which are green and 7 yellow. Two discs are
removed at random in succession, without replacement. Find the
probability that the discs will
(a) both be green, (b) be of the same colour, (c) be of different colours.

24. Two different pupils are chosen at random from a group of 3 boys and 5
girls. Find the probability that the (wn puplls chosen will be
(a) the two youngest pupils, (wo bo,

25. A coin is tossed and a dic is mmwn Fmd the probability that the result

a on the coin or a six on the dic (or

26. A card is drawn from a pack of 52 cards and a die is thrown. Find the
pmh:hll'ly of nblzining an ace card or a three on the dic (or both).

27. A coin card selected from a pack of 52 cards. Find the

robabil -y of nbmmng 2 head on the coin or a court card (or both).

28. A die is biased so that the probability of throwing a six is . Two
players cach throw the dic once. Find the probability that one or both
players throw a six. -

29. Four different numbers are chosen at random from the numbers 1, 2, 3,
4,5,6,7,8,9. Find the probability that the numbers chosen will be
(a) all odd, (b) two odd and two even numbers.

Three discs are chosen at random, and without replacement, from a bag
containing 3 red, 8 blue and 7 white discs. Find the probability that the

iscs
(@) allred, (b) all blue, (c) one of each colour.

215
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9.3 Further conditional probability
In the last section we saw that, for conditional events A and B,
P(A A B) = P(A) x P(B|A)
Some questions require P(BJA) to be found and the rearranged form

PB(A) = PA D)

) is wseful.

Example 12

A bag contains five discs, three of which are red. A box contains six discs,
four of which are red. A card is sclected at random from a normal pack of
52 cards, if the card is a club a disc is vudfmnduhu-ndlhhturd
is mot a club a disc is removed from the box. he probabiy that
the disc removed will be red, (b) the probability that, e removed i

red it came from the bag.

Such questions are best solved by means of a tree diagram. Let C be the

cvent of the card being & club and R the event of the disc being red. Draw

the tree diagram:

(R” is the event of the disc nor being red.)

PCAR) =4x3=#% () PR)=PCAR)+PC AR)

=htd

PCAR) =}xi=4 =

PC AR =3x3=} (®) Wcmwmm:l’(clk)
PCIR) =

BCAR)=3x 4=}

Exercise 9C
1. I A s1d B ar dependent events sch that PUA) = § and PUBIA) = 3
find P(A
2 IPA ot B dependent events such that P(A) = 3 and
P(A P(BIA).

3 Snvpo;e that two different cards are removed from a pack of 52 cards. If
event A is that of the first card being a Jack and event B is that of the
nd card being a court card (1, Q, K). find (a) P(BIA), (b) P(A N B).
4. A bag contains 3 yellow and I bluc disc, whereas a box contains 2
yellow and 3 blue discs. A card is drawn from a pack of cards and if this
card is a court card, a disc is drawn from the bag, otherwise a disc is
drawn from the box.
(a) Find the probability that the disc drawn is yellow,
(b) given that the disc drawn is blue, find the probability that it came
from the bag.
5. A bag contains 4 golf balls and 2 other balls, whereas a box cont
golf balls and 3 other balls. A dic is thrown and if a number less

52
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results a ball is drawn from the bag, otherwise a ball is drawn from the
box. Find the probability that

(@) the ball drawn is a golf ball,

(b) if the ball drawn is a gol ball, it came from the box.

6. A school is divided into two parts: Upper school, 400 boys and 200 girls,
Lower school, 400 girls and 300 boys. A first pupil is chosen at random
from the school. If this pupil comes from the Lower school, a second
pupil is chosen from the Upper schools if the first pupil comes from the
Uppes achool,the second puil i choenfrom the Lover sl Find

(a) the eond pupl| chosen will be &
®) |Hhe econd pupil choscn is a boy, h i & mermber of the Upper

ool.

7. A bag contains 20 ke of which one quarter are whie; a silr box
contains 15 discs of which one third are wh rd is drawn from a
pack, and f the card drawn is a 7, § or 9 a discis drawn from the bag,

otherwise a disc is diawn from the box. Find the probability that
(@) the disc drawn is white,
(b) if the disc drawn is white, it came from the box.

8. A hospital diagnoses that a patient has contra irus X but it is not
known which one of the three strains of the virus Xy, X or X, the
patient has. For a patient having virus X, the probability of it being X,
X, or X, is 4, § or } respectively. The probability of a recovery
(event R) is 4 for X,, 3 for X and § for X,. Find
(a) the probability that the patient will recover,

(b) the probability that, f the patient recovers, he had virus X,

9. A box contains 6 discs of which 2 are blue; a similar bag contains S discs
of which 3 are bluc. A coin, biased 5o that a head is twice as likely as a
tail, is tossed. If the outcome is a head, a disc is removed from the box,
otherwise a disc is removed from the bag
(2) Find the probability that the disc will not be blu

vem hat the dis s blu, fnd th probabily that it came
from the box.

10. Use the box and bag of question 9. When the weighted coin shows a
head, two discs are removed from the bo without replacement and, i
not a head, two discs are Nmovd from the bag, without replacement.
Find the probability that
(s both s are v, (5 i both dise ar ble,they came from the bag.

9.4 ly involving and
Example 13
A team of fve hidren s randomly selectd from Al Bob, Chrls David,
Emma, Frances, Gina and Helen. What is the probability that both Gina
and Helen are in the lum’l
“There are 8 children from whom to choose the tear
Number of ways of choosing a team of § from 8 =
If Gina and Helen are to be included, the other 3 to mmplﬂz the team have

1
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to be chosen from the other 6 (A, B, C, D, E, F)
Number of ways of choosing a team including Gina and Helen = °Cy

G, H ocdady = TUEDS o eams inlding G aod

513
I

Example 14
Find the probability that when a hand of 7 cards is dealt from a shuffled
pack of 52 cards it contains (a) all 4 aces, (b) exactly 3 aces, (c) at least 3 aces.

(8) Total numbe of possible hands= *C,
‘number of hands with 4 aces= 4C, (since the other 3 cards must
be chosen from the other 48
cards)
o, 1
Plhand has § css)= 31! = e
(6) number of ands with3aces nd 4 crdsnot s = “C, X *1Cy
Plexactly 3 aces) = 4 x e = 12

(©) Plat least 3 aces) = P(:ml!y 380) + Pléccs)
-7t e

4%

7735

Binomial Probability

Suppose that a trial s repeated a number of times, say 3, and that in each
trial there are two possible outcomes A and B. If P(A) = a and P(B) = b,
and the outcome of each trial is independent of the previous trials, the tree

dingram would be:

oA PAAN =@
ey

A < B PAAB) = ¢b
a 2—A  PABA) = @b
P(ABB) = ¥
b <A PBAA) = o'
g " B PBAB) = o
b a A P(BBA) = ab®
B <
B

P(BBB) = '
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“The probability of obiaining outcom b on cach occasion = P(BBB) = b*
or of obtaining outcome A exactly lwn&= P(AAB) + P(ABA) + P(BAA)
Clearly for more trials, say 5, the tree diagram would bmmz v:ry large and

o Alernaive method i needed. 1 th it carricd out v mes she
various outcomes would be:

5As  4AS 1B 3JAS,2Bs  2AS3Bs 1A4BS 5B

The 5 A’s occur in five trials in 3C, = 1 way (AAAAA)

The 4 A’s occur in five trials in C, = 5 ways (BAAAA, ABAAA, AABAA, AAABA, AAAAB)
The 3 A’s occur in five trials in °C, = 10 ways etc.

Cia® Cyath' Cyah? SCia®h Ciabt
or la*  Sa't  10a%' 104 Sabt 1B

‘Thus the probabilities of the various combinations of A's and B's would be
5C #Cob*

Notice that these numbers could also be 1
obtained from the sixth row of Pascal's 1 1
‘Triangle: ! 2 !

1 3 3 1

Similarly the seventh row would give the
coeffcients for 6 trials and 50 of

Example 15

A coinis biased so that P(head) =  and P(tail
find the probability of obtaining

(@) heads, (b) exactly S heads, () at least 5 heads, (d) at least 1 tail,

() 3 heads and 3 tails with the heads occurring on successive tosses of the coin.

First list the various combinations of probabilities with & = P(head) = § and ¢ = P(tail) = §

1. If the coin is tossed 6 times

are:
CChS ST SCE STy SCil SCRE Cott
or e ewe ISR 2080 see enrs e
(@) P(6 heads) = 14 = 3)° (b) P(5 heads) = 6K*0 = 63)*(3)
= =f

() P(at least 5 heads) = P(exactly 5 heads) + P(6 heads)
= A+ A

Hi

(&) P(at least | tail) = 1 ~ P(no tails

1 — P(6 heads)
[

-
(© PHHHTTT) = (3)’(§)’ -4

However, therc are T,way: of arranging the 3 heads and 3 tails with the 3 heads kept together:

29
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Exercise 9D

1. There are only 2 boys in a group of 6 pupils. A group of 5 pupils is to
be selected. Find the probability that both boys are in the group
selected.

2. A group of 7 pupils are designated T, U, V, W, X, Y and Z. Find the
probably that hen  group o 4 upils are selectd, at raom, it wil
include X, Y a

3. A bag contains 10 discs of which 3 are red and 7 are blue. If 6 discs are
selected at random, find the probability that all the red discs are sclected.

4. Four letters are chosen at random from the letters a, b, ¢, d, , f. Find
the probability that both vowels are in the group chosen.

5. There are $ green, 4 yellow and 3 blue discs in a bag, from which 4 discs
are chosen at random. Find the probability that the 4 discs selected will

con
() exactly 3 blue discs, (b) cxactly 3 yellow discs, () at least one green dise.
6. From a well shuffied pack of 52 cards a hand of 6 cards is dealt. Find
the probability that the hand will contain
(2) 4 queens, (b) exactly 3 queens, (c) at least 3 queens.
7. A hand of 7 cards is dealt from a shuffled pack of 52 cards.
probability that the hand wil contain
(a) exactly 6 black cards, (b) all black cards, (c) at least 6 black cards.
8. An unbiased coin is tossed 7 times. Find the probability of obtaining
() 7 tails, (b) exactly 6 tails, () at least one head.
9. A fair coin is tossed ten times. Find the probability of obtaining
() exactly 9 heads, (b) no tails, (c) more than § heads.
10. A fair coin is tossed 9 times. Find the probability of obtaining
() S heads and 4 tails, (b) 7 tails and 2 heads.
11. A coin is biased 50 that P(head)
tossed S times find the probability
() 0o tails, (b) exactly 1 tail, (¢) 3 tails and 2 heads,
(@ at least & heads, (€) 2 heads and 3 tils with the heads occurring in succession.
12. A fair coin is tossed 12 times. Find the probability of obtaining more
than 9 tails
13. A marksman fires at a target and the probability of hitting the bull vith
any one shot is 3. If he fires 6 shots find the probability that he obtains
(@) 6 bulls, (b) no bulls, (c) at least 3 bulls.
14. Ten unbiased dice are thrown. Find the probability of obtaining exactly
seven sixes.
15. A fair die is thrown 6 times. Find the probability of obtaining
(a) 6 0dd numbers, (b) only I even number, (c) at least 4 odd numbers.
16. A firm manufactures radios. The probability that any radio fails the
quality check is 0-1. Find the probability that in  case of 15 radios
(@) all pass the quality check,
(b) exactly 1 fails the qualty check,
(©) at least 13 pass the quality check.

ind the

. 1 the coin is
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17. A die is biased so that P(odd number) = § and P(even number) = 3. If
this die is thrown 8 times, find the probability of obtaining
(a) an even number 7 times, (b) no odd numbers,
(©) an equal number of odd and even numbers,
(@) 5 odd numbers and 3 even numbers with the even numbers

occurring in succession,
(¢) alternate odd and even numbers.

Exercise 9E  Examination questions

1. From a pack of 52 playing cards two cards are drawn without
replacement. Calculate, as a fraction in its lowest terms, the probability
that

(@ bolh are Hc:m.
(b) bot
© nellhcv isa Club (AEB)

2. A card is drawn at random from an ordinary pack of 52 playing cards
o it not etmed o the pack. A second cad s drawn at undorn.
Caleulate, showing details of your working, the pro
O that the first card i a spade and the scond o he king of

@ tatthe first card i a king and the sccond card i the queen of the

same sui
(i) that the two cards are numerically the same or have the same rank
(e.g. are both queens);
(i) that one card s a heart and the other a spade. (Oxford)
3. Box A contains  picces of paper numbered 1, 3, 5, 7. 9.
Box B contains 3 pieces of paper numbered 1, 4, 9.
One picce of paper s removed at andom from ¢ach box.
Calalate the probabilsy thatthe two nambers obisned have
@) the
s grenier han 3,
a product that is exactly divisible by 3. (Cambridge)
4. Two fair cubical dice are thrown. Calculate the probability that the sum
of the scores is
(@) exactly 5,
(b) less than S,
(© at least 6. (AEB)

5. In a game, a player rolls two balls down an inclined plane 0 that each

ball finally settles in one of five slots and scores the number of points

lotted to that slot-as shown in the diagram on the right. 21417142
s possible for both balls to settle in one slot and it may be assumed
it fach ot equally likely to accept cither
“The player’ score i the sum of the points scored by cac
Draw up a table showing all the possible scores and the moblbthly of each.
" the plyer payt (0p for each game and receives back a num!
o cqual o his scor, cleulate th player’s expectedgan or los per
SO games. (Cambridge)

21
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6. (a) Two dice are thrown together, and the scores added. What is the
probability that () the total score exceeds 8? (i) the total score is 9,
or the individual scores differ by 1, o both?

(b) A bag contains 3 red balls and 4 black ones. 3 balls are picked out,
one at a time and not replaced. What i the probabilty that there
will be 2 red and 1 black in the sample? (SUJB)

7. A, B and C fire one shot cach at a target.
The probability that A will hit the target is §.
The probability that B wil hit the target is J.
‘The probability that C will hit the target is .

IF they fire together, calculate the probability that

(i) all three shots hit the target, (ii) C's shot only hits the target,
(i) at least one shot hits the targel, (iv) exactly two shots hit the target.
(Cambridge)

8. “The birthdays of Jack and lill ar in the fs seven days i January.
Find the probability that next
(@ both hav thel birhday on Monday,
(b Jack and Jll have thei birthdays on the same day,
(©) they have their birthdays on different days,
(@) Monday is the birthday of one or both. (AEB)

9. Calculate
(i) the number of arrangements of § different books on a shelf,
(ii) the probability that, in any one of these arrangements, 3 particular

books are together. (Cambridge)
10. Three dice are 1o be rolled. Find the probability of scoring a donb\: bnl
not a triple. (London)

1. The probabiliy that it will rain on a given morning is J.
IFit rains the probability that Mr X misses his train s 3.
IF it does not rain the probability that Mr X catches his train is 3.
IF he catches his train the probability that he is carly for work is 3.
IF he misses his train the probability that he is late for work is 3.
Calculate the probability that, on a given morning,
) it rains and Mr X is late for work,
i) it does not rain and he is carly for work. (Cambridge)

2 Two rugby tcams, A and B, play a series of three matches. The
robability that tcam A wins any given match is § while the probability

Tha cam B wins any given mach 5 3.

Calculate the probability that

() all three matches are drawn,

(i) the teams arc level after two matches,

(i) the series is drawn. (Cambridge)




13, In order o start in a game of chance « player throws a fair cubleal dic
until he obtains a six. He then records whatever scores he obtains on
subsequent throws
For exa
throws of 2, 4,3, 6, 4, 6, 2, 5 give recorded scores of 4,6, 2, 5.
Calculate the probability that
(a) the first score recorded is that of the player's I‘cunh thow,

(b) the player does not record a score in his first five throws,
‘The player has seven throws. Calculate the vmblbll.uy that he will have
orded

rec
(©) exactly three fives and a three,
() a total score of three. (AEB)
14. Two events A and B are such that
A) = 02, P(A’ 0 B) = 022, P(A  B) = 0-18,
Evaluate () P(A ~ B"), (ii) P(A|B). (MB)
15. A card s drawn at random from a pack of 52 cards and is then
replaced. Let A denote the event ‘an ace is drawn’, and let R denote the
Crent a 708 card 1 drawrr- Calclat the valos of PA), PLR)
P(A 1 R)and P(A U R).
this experiment is performed four times, find the probability
(8) that an ace will be drawn for the first time at the third attempt,
(b) that a red card will be drawn exactly twice.
(©) that a red card will be drawn at least once.
Find also how many times the experiment must be performed to ensure
that the probability of a red card being drawn at least once exceeds 099,
(AEB)
16. Two players, X and Y, play a game in which X throws 6 coins and Y.
unbiased die. Player X wins if the number of heads is greater
than the number on the dic.
(i) 17X throws  heads find the probability that he wins.
i) |ry throws the number 3, show that the probability of X winning
is i (Cambridge)
17. Previous experience indicates that, of the students entering upon a
particular diploma course, 90% will successfully complete it.
One year IS studens commence the course. Calelne,comet to
decimal places, the probability that
(x) L 15 soestly compet the course,
ly 1 student fails,
o more than 2 students il
(w) at least 2 students fail. (Cambridge)
18. The probability that a marksman wil hit a target is 4. He fires 10 shots.
Calculate, correct o 3 decimal places, the probability that he will hit the

target

(i) at least 8 times,

(ii) no more than 7 times.

If he hits the target exactly 7 lm\\s‘ calculate the probability that lhn

3 misses are with successive shots (Cambridge)

Probability

253



254 Understanding Pure Mathematics: Chapter 9

19. The probability that a certain football team, playing
‘mach is 1.
Calculate the probability that in their next 6 home matches, the team
will win
() exactly 4 matches,
(i) at least 4 matches,
(i) exactly 4 successive matches (Cambridge)

it bome, will win a

20. Out of a large population it may be assumed that 5% of unmarried men
of forty years of age will marry within five years. Calculate the
probabilities that out of  sample of 8 unmarried men who are 40 years
old, selected at random.

(i) none will get married within S years;

(ii) just three will get married within § years;

(il at least four will get married within $ years.

I the size of the sample increases by 4, calculate the probability that just
6 of the 12 men are still unmarried afler five years. (Oxf:

21. A player can play on either of two gambling machines, A and B. He
chooses one of the two machines at random, and plays two games. The
probabiy of wimiog 8 game on A s 4, andthe probabiy ofui
a game on B is 4. If he loses both of these two games, he plays a third
game on the other mn:hm otherwise he plays the third game on the
same machine. Find the probabilty that he
@) wins the first game;

i) changes machines uﬁcr the second game;
plays the third game

{3 ine the thind game. (Oxford)
22. The events A and B are such that
P(A) = 4,
PAIB) = §,

PAIB) = 3,
where B’ is the event ‘B does not occur'. Find P(A 0 B), P(A U B),
P(B). P(BIA).
Siate, with easons, whether A end B ore
() indepe
i) mulully e (Cambridge)
23, Three people independently each think of an integer in the set
{1.2.3,4,5, 6, 7). Find, in fractional form, the probability that
(a) all three of the integers selected are greater than 4,
(b) all three of the integers sclected are greater than 5,
(©) the least integer selected is 5,
@ the thre itegers seected are i
selected is
(@) the sum o e three integers selected is more than 15, (AEB)

rent given that the least integer
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Calculus I: Differentiation

10.1 The gradient of a curve

In chapter 3 we saw that the gradient of a straight line is the same at all
points on the line. With a curve however the gradient, or steepness, will
depend upon where we are on the curve.

Tho gradient at o pant Pon 8 cure i defod asthe gradicn of the gt
drawn to the curve at the point P, i.c. the gradient of the line that just

touches the curve at the point P.

If we wished to find the gradient of a curve at some particular point, we
could accurately draw the curve, draw the tangent to the curve at the
required point and then measure the gradient of this tangent.

5
'
"
tangent
atx = |
) x
L2
tangent at x = T
he graph shown is that of y = 2 — 1 for =2 < x < 2 with the tangents
drawn atx = — 1, x = 0 and G 4. From the graph we can sec that the
!ndxtmo{yc X - lis
-t=- (the negative sign is because y decreases by 2 units as x increases by 1 unit)

Oatx =0,
and { = latx =}
Clearly it s not casy 0 draw thesc tangents with any high degree of
accuracy and so we need an alternative method for finding accurately
the gradient at particular points on a curve.



256 Understanding Pure Mathematics: Chapter 10

Suppose that we wish o find the gradient of a
curve y = f(x) at a point P(x, y) on the curve.

Consider a second point, Q. lying on the

curve, near to P and with x-coordinate given fix+

by x + &x where & is used (0 denote a small
increment of length in the difction of the x-axis. 4
Thus the gradient of the chord PQ = _ > o4
- [(x + 89 - f(x) === W
XF & x |
L flt 8 - S i
3 5 e
Now if we move Q nearer to P, say to points Q - the the gradient

Q,
of the chords PQ, PQ,. PQs, ... il give better and better appro
for the gradient o th ngens at b and therfore the gradient f the curve at .

‘Thus the gradient of the curve y = /(x) at some point P(x, y) on the curve is given by

m[gx + ,s;x) - ﬂx!]
If we say that P has coordinates (x, 3) and Q has coordinates (x + &, y + &)

- fim [ 22Oy
ent I\m[x*hix

-(t)

then the

We ’ 7 (pronounced ‘dee by dee x) for fim (l) and we cull
the mdxem funcion,derved funcron or diferetia)cocficient o n
gradient function cion gve 3 formula by which he y'ad)enl at

any point on the line can be d process of finding the
ereniatcociciem of a funcion s cailed fifferentiation. A shorthand

notation that i sometimes used is that if y = f(x) we weite 5 as /() or
simply y'.

Thes & = tim (%)
- [ =s]

Note.Though we choose t0 use  fractional form of representation, %2 is

a limit and is not a fraction, <. 47 does not mean dy + dx. @ means y

differentiated with respect to x. Thus, 2 means p differentiated with respect

10.x. The "2 s the ‘operator’, operating on some function of x.
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Example 1
Find, from first principles, the differential coeficient of y with respect to x if y = x%.
e . ving 4 - 8021
&y [0t B =
" % ax
i [wx + (Ex)’]
= tim | ZHEEE
=
= lim (2x + &) = 2x
W5
Thus if y = 'E =2x.
Alternatively, lhu cvuld be set out as follows:

-
Letx chnnge v Jomas amount i and theconsequen changs n »be ﬁy, then
-2l

Al = (x

Subtractng cauation [} rom cqmon o]
Oy =y = (x + &xp -

or by = (x+ &P -

) ooGraro b
By definition 4% = tim (gﬁ) - m [‘—T——‘ + &) - "’]
i [zxax 1 gm]
im,

Example 2
I£f(x) = 4 + 22, find f'(x) from first principles and hence calculate /°(2)
and f(-2).

e = 4y,hm[/(uax)—/w
- tim «x+5x)+ux;£x7’4x—2x=}
- im 0&44}([14‘2&5)‘?']

- i+ 4+ 28]

S(x) =4+ ax
Since  f') = 4+ ax
then 1) =4+ 4Q)

and  f(-2) =4+ 4-2)

‘Thus if f(x) = o 2+, then f'(x) = 4 + 4x, f(2) = 12and ['(~2) = -4,

2
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Exercise 104

1. Draw the graph of y = x* + x = 6 for =5 < x < 6. Draw the
tangents to this curve atx = 3, x = | and x = ~2, and hence find a
value for the gradient o the curve at cach of these points.

2. Draw the graph of y = £ 7% for 0 < x < 6. Draw the tangents
to the curve at x = 4,.x = 3 and x = 2 and hence find a value for the
gradient of the curve at each of these points.

3. Differentiae each of the fllowing from frst princples to find 42

(@ y=5x ® y=9x+5 ©y=3x
@y = @r=x+x  Or=S-w+7
©r=1 0y =3

4169 = 3x = 2t find f*(x) from first principles and hence evaluate
L@ and (1),

$00/00 = 25° S 3 0d ') rom st piciplesand bence
evaluate f'(—

PRyt nnd/ ‘(x) from first principles and hence evaluate
S0.S(©) and (1),

10.2 Differentiation of ax”

In order to avoid differentiating functions from first principles, as we have
done n 10.1, we can esablis cetin s
Snpmw:wnsh\oﬁwdﬁnmmnly =

In this case f19) = ¥, and &L = im [&L‘g;&]

o [ 807 = 5
l.,:[_&__ 0]

Now for positiv integer values of , (x + 8)" can be expanded by the
binomial theorem to give a finite seics:
(x4 B0 = x4 O+ Cax B 4 TS .+ (8
substituting this in (1, gives

&= e

-

‘Thus the differential coeficient of x* is nx*~' and although the above proof
is for positive integer values of , the result applies for all rational values of

1. T re, Logebr with U e s st b, bl v 1o
ilfrentiae man Funet

@) Iy =flx) + gx) = h(x) then
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2= L + e - oy
=T+ 60 - K
(i) If y = aftx) where a is a constant then
2 - o
=af'(x)
(iii) If y = a where a is a constant, we can write this as
¥ =ax

dy _ e
hen % = Oax~! = 0
Thus the differental coeficient of a constant is zro.
[Rules for differentiating f(x) % g(x) and ﬁ?} will be obtained ater]
Note: The rule for differentiating y = ax’ i
remembered in word
“multiply by the power and decrease the pawer by one’

[
4 = o, canbe

Example 3
Difereainte e following vith et
Wy ®y=6 () y=3 (d} ¥ = 8/x
(eu-:ﬂww;’, M y=0x+ Nxt D)
@iy = ®iry =6 © 1y =3
& -y PR Pt
(Multiply by the power and  (Differentiation of a (Multiply by the power and
the power by one)  constant term gives zero.) decroase the power by one.)
@1y = 8yx @Uy=3-6c+d Oy =@t
B B R
@ ox - Yetres
—e-6-%

Example 4
Find the gradicnt of the curve y = xt + 7x — 2 at the point (2, 16).
yex a2
[ ]
“Thus at (2, Iﬂ],% AN+ T=1
Atthe point (2, 16) the curve y = x + 7x — 2 has
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Example §

Find the points on the curve y = x? + 3x* = 6x — 10 where the gradient s 3.
y=a 3 - 6x - 10

L )

1€ the gradientis 3, then & = 3

ie. h’%tﬂ*ﬁ-]

nvmg x:Az or 1. fx=-3 y=-21+27+18-10

=8

and ifx=1 y=1+3-6-10

The curve y = x* + 3x? — 6x — 10 has a gradient of 3 at (=3, 8) and at (1, —12).

‘Tangents and normals

Suppose that some point P lies on 3 curve

¥ = f00. passing through P,
‘erpendicular to the tangent to the curve at P,
i said to be the normal to the curve at P. To
find the equation of the tangent or normal to
a curve at some point P(x;, y,) on the curve

we use = mlx - x:){ﬂvl&eﬂl
vith the mdwnl m determined by
differentiation.

Example 6

Find the cquation of the tangent and normal to the curve y = x* — 4x + 1 at the poiat (=2, 13).
ymat—ax
PSR!

a (213, Z=o-2-4=-s

“Thus the tangent at (-2, 13) has gradient ~8 and the normal has gradient §.

Using y = yi = m(x = x),  equation of tangent is: equation of normal
ye13= -8 - -2) y-B=jx- -2
ie. y=-8x-3 ie. 8 = x + 106
Higher derivatives

‘We can repeat the differentiation process to find the differcntial coefficient of
the differential coefficient of y with respect to x. This is called the second

differential of y with respect to x and is written ﬁ or,if y = flx)itis



written as f(x).
Thusif  y =30 - 6x+4

dy

ax
wd G-
Exercise 108

Differentiate the following functions with

Lx 2% 312 4.5¢ S l6x
6.3x 790 83¢ 9.7 2
1L S0 126 13 3P 14 0 15 6
16, X% 17, 6x¥ 18, 8x'4 19, Jx 20. /i

H
ma/x

3 8
B U B

Find the gradient function 4 for each of the
following:

By=x+Tx-4

B8 e
My=3e-20+6x-8
My=ae4rx-a+l

By=3x-3
3

3.y =5c-

3y =(x+ I+

36y = (x + 4x - 2)

My =(Qx+Hx+2)

Find the gradients of the following lines at the
points indicated:
38y =5+ 4xat (0.0)
39.y =5 xat(l, 4

20

By=20-x -
sy=3+laqy

sy=20-x+duey
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Find thecoordinatesof any point o the
following lines where the gradient s as st

2, gradient ¥
. 2, gradient —8
By=c-drt s gudeon2
49, y = 5x — x*, gradient

)= s s e —
ST T T erdent s
S2y=x +x' - x+ | gradient zero.
3.y = 2, gradiem -3
SIS = 0 + dxfnd

(@) f), (b)/(x) © [,
@ £, (9 £Q).
1600 = 3¢ + 2 fnd
@, o (xL © 1.
@re. o

4x i th vt of
given that f(ay -
1/ =+ 1 i the valc of a given
" bt /(@) =

55 Find the econd il of  with
respect to x for cach of the followin
@ y=6x+7
®) =5 +6x-5

3

@y=2+2

9. 16y = 3¢ — x show that

[T -

60. Flnd |h= gndl:m ol‘ the curve
t the point where the

» = x - x = 12at these points.
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62. The line y = 4x —  cuts the curve
» = x - 2vat two points. Find the
mds:nl of y = x* — 2xat these two

6. The sradicnt of » = o — dx + Gt
(3, 3) is the same as the gradient of
» = 8x — 3x* at (@, ). Find the values
oraand
4. Find the coordinates of the point on the
curve y 3 where the
{angent i paralel to the ine = 2x + 3.
é. Find lhc coordinates of the point on the
= x — x! where the tangent is
paull:l 10 the line 2y + x = 3 = 0.
Find the coordinatcs of the point on the
= 3x* ~ Ox + 10 where the
normal is paralll to the line
o

67. Find the equations of the tangent and the
normal to the following curves at the

0y =5 - 26 at(-1.3)
() » = x* = 5x — 4 at the point on the
curve with an x-coordinate of 5,
(@) y = 4+ x = 2x7 at the point on the
curve with an x-coordinate of 1.
63, T is the tangent to the curve
y=x+6x - 4at(l,3) and Nis the
normal to the curve y = x* ~ 6x + 18 a1
4,10, Find the cooninges of the point
sl ke o T a
The tangent Lo th
P u 1) is parallel to
he normat 1o the cu
rmee e mu( 2,2). Find the
Values of a and

10.3 Maximum, minimum and points of Inflexion

Figure 1 shows the sketch of a function of x,
say

At the points A, B and C the tangent 10 the
curve is parallel 10 the x-axis and therefore the
gnd‘cnl ‘of the curve at A, B and C is zer0,
ie. =0aABandcC.

The poml A said t0 be a maximum point
on the curve since the value of y at A
clearly greater than the values of y at points
on the curve close 10 A,

5= 0

Fig.1

Iuis important to realise that at a muimnm point such as A, the value of y

may not be the greatest valuc of y on

important fact is

that the value of  at A s greater han ot points close 10 A. Thus A i really
local maximu but we usually efr 0 such points simply s masimum

point

na wmllv way C is another (local) maximum point on the curve.
The value of y at B is less than the values of  at points on the curve close
to B and 5o B is said to be a (local) minimum point on the curve.

Such maximurm and minimum points are said to be rurning points on the curve.
To locate such points without having 1o draw the graph we have only to find

the poinis at which 42

which 4% = 0, but the point s neither a maximum nor a minimum.

In Figure 2, D is such a point because the tangent is parallel to the x-axis
but D is neither a maximum point nor a minimum point. D is called a point

of inflexion.

= 0. However there may be some point on a curve at
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A point on a curve at which & = 0, . maximum points like A or C in

Figure 1, minimum points ke Bin Figue | orpotsofiferion uch 25 D
in Figure 2 are called stationary point

Having located these sunomry points, we can

linsuish between them iic.

determine whether they are maximum points, points or points of
inflexion, by nmmdenn‘ e sign of the aradicnt i pints close o, and on
cither side of these poi

For increasing values of x, as we approach and pass through a maximum
‘point such as A, the gradient of the curve changes from positive (‘uphill’ for
increasing x) (o zero, at A, o negative (downhill’ for increasing x).

2o gradient

+ve A -ve -
sradient gradient i v
gradient B i
210 gradicnt
O ihe oiher hand. s w approach and pas htough o miimur point soch
as B, the gradient changes from negative through 2670 0 positive.
For points of inflexion, such as D and E, the gradient of the curve does not
change sign as we pass through the point.

y

e
©_/ sradient

i

1 x T x
Thus, to find the stationary points on a curve y = /(x) and to distinguish
between them, we proceed as follows:
1. Find the gradient function 42 of the curve
2. Equate to zero the expression for .
3. Find the values of x (ie. X, %3, Xs -..) which satsfy this cquation.
4 Consider the sign of &% on cither sid of these points.
S. Find the values yy, 33, s -.. which correspond o x,, X5, % ...
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Example 7

Find the coordinates of any stationary points on the curve

= x* = 2x* — 4x and distinguish between thesc poins.
y=w - 20 - ax

B o]

At stationary points, % = 0 ic. 3w - 4x-4=0

Gt =2 =0
thus x = -}

We must now consider the sign of & as x increases nhmug\ these points,
now, &= @x+ 9=
I xis fust lessthan —§ (say ~08) 4 = (~ve)=ve) = +ve
and if xis st more than —3 (say =09 & = (+veX=ve) = —ve
Thus the gradient changes from +ve (/)10 —ve (\) as we pass through
‘maximum point.
I xis st less than 2 6y 15) 92 = (+veX-v0) = —ve

and i xis st more than 2 (say 29) &2 = (+ve)+ve) = +ve

Tlms the nrldlem changes from —ve (\) 10 +ve (/) as we pass through
um

poi
Whﬂl X*-ivf‘( 3 - A3 - 4=
when  x =2, r'(l)’-l(l)’*‘ﬁ)

‘Thus a maximum point occurs at (~3, 13) and & minimum point occurs at
@, -8).

N

that we did not need to evaluate % at points on either side of the
stationary points, we had only to determine the sign of the gradient function.

For this reason the factorised form of %2 was useful

Example 8

ind the coordinates of any stationary points on Lheun'vey =t 2
and distingaish between them. Honee heteh the

y=xt2e
& apror - 200r+ )
At stationary points % =0 ie. x=0 or -3
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U;m;-l 203(2x + 3)

For x justlss than 0 say ~0) & = (+v0)(4ve) = +ve ()
For x just more than 0 (say ) 9% = (+ve)(+ve) = +ve ()

Thus at x = 0 there is a point of inflexion.

For x just ess than =3 (say = 16) 2 = (+ve)=ve) = —ve (V)

For x just more than =3 (say ~1) % = (+ve)(+ve) = +ve (/) ©.0
—

Thos at x = 3 there is a minimum point.

Ifx=0y=0 Ifx=-4y=
‘Thus a minimum point occurs at (~ 19, ~14) and a point of
inflexion occurs at (0, 0).

These facts can be used t0 start the sketch as shown.

When sketching, it is also useful to know where the curve cuts the axes.
Clearly when x = 0, y = 0
butalso, when  y =0, x*+20 =0
ie. R+ =0
-2

giving
‘Thus we can complete the sketch as shown on the right.

Note
When skeiching the graph of y = /(x). i is useful to
examine the behaviour of f(x) as ¥ =20
In the above example y = x* + 2x* and so

asx — a0 the x* term will dominate.

Thusasx — +c0,y » +0

and as x — o0, 3~ +20 which agrees with our sketch.

Curve sketching is considered in greater detail in the next chapter.

©.0)

Exercise 10C

For questions 1 to 8, find the coordinates of any stationary points on the
given curves and distinguish between

1y=20 - 8x 2y=18x~20- 30
Ly=x-x-x+7 Ay=p+3d-9x-S$
=1-3c+ 0 6y=x -3¢ 431

Ty=(c- - 6x+2)  By=x 6+ 1212
For questions 9 to 14, sketch the curves of the given equations, clearly
indicating on your sketch the coordinates of any stationary points and of
any points where the lines cut the axes.

10.y=x+2-3
12,y = x4+ 4x
1By = xx - Hx + 9) 1y = 3x - 4

yExt e 20
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Use of the second differential )
Figure | shows the graph of some function
= f9). A'is a minimum point, B is a point
‘of inflexion and C is a maximum point.
Figure 2 shows the corresponding graph of
S(2) plotted against x.

“The gradient of the curve shown i

igure 2.
willbe given by 4170, ie. 1) or 5.

Notice that the minimum point A, in Figure 1,
corresponds to a point at which there is a
+ve gradient in Figure 2,

o Fig. (1)
e aﬁ > 0 for a minimum point.

“The maximum point C, in Figure 1,
corresponds to a point at which there is a
—ve gradient in Figure 2,

ie. J, < 0 for a maximum point.

‘The point of inflexion B, in Figure I,
corresponds to a point where the
gradient is zero in Figure 2,

Lo i
i 82 = 0 fora point o infieion

I fact it can also be true that 9 = 0 at Fig. (2)
maximum and minimum points and so, if we.
wish to use the second differential as an aid to
determining the nature of stationary points,
1) on the curve y = f(x) for whlch[(x,) = 0 then,

i,
© if77(x2) = 0 then th paint is cither 3 maximum paint,
point of inflexion and, to determine whi
of £'(x) on cither side of the

minimum point or a
s, we consider the sign

Example 9

Find the coordinates of any stationary points on m curve y = 5x¢ — 12x¢
and ish between them. Hence sketch the cur

yom S -2 = xSy - 1)
=305 - 60x* = 30x(x — 2)
= 150x* — 2400 = 30x’(5x — 8)
At stationary points ' = 0 ie. 30x'(x = 2) = 0 giving x =0 or x =2
when x = 2,57 = 3010 ~ ) ie. poste = i,
when x = 0, " = 0 = further investigation of y* needed cither side of x = 0,
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when x is just less than zero, say —0-1, )" is negative (\)
when x is just more than 7ero, say +0-1, " is negative (\

when x = 0,y = 0and when x = 2,y = —64. y

)} = point of inflexion

FEE RN

‘Thus (0, 0) is a point of inflexion
and (2, —64) is a minimum point.

From y = x*(5x — 12) we sce that
the axes are cut at (0, 0) and (23, 0) and
a sketch of the curve can be made as shown.

Note also that as x ~ +@, y - +o
X —wy s+

. -6
Example 10
Find (a) the coordinates and nature of any turning points on the curve y = x* + 3x* — 9x + 6
(b) the maximum value of * + 3xi — 9x + 6 in the range
) -d<x<2 () ~4<x<4

@ y=x+i-09x+6

¥ o=3x 4 6x -9 =3x = Dx +3)

¥ =6x

At stationary points ' = 0 i€ (x — Dx + 3) =0

iving x = 1 or x =

ic. positive = minimum
ic. negative = maximum

x= -3 y=3

Thus (1, 1) is a minimum point and (~3, 33) is a maximum point.
& From (o) w ko ut tho graph of y = &9 + 35% — 9 + 6 st ook ¥

Thus, mbenn. that (=3, 33)is & local maximum the expression  (~3.39 |
24322 = 95 + 6 will exceed the value 33 for suficiently large x.
@ for 4 S x<2

Tx 2 30 - x k6=t - 846

=3

in the range —4 < x < 2,
2 4+ 3x* — 9x + 6 has a maximum valuc of 33
(i) for —4 < x < &
ifx =40+ 3x2 -~ 9x+ 6= 64 + 483646
=8

in the range —4 < x < 4,
+ 3xi - 9% + 6 has a maximum value of 82

‘The above examples show how the stationary points of a curve may be
located when the equation of the curve is given. However, in some instances
the equation may not be given. This is likely to be the case when the
problem relates to a real lfe or practical situation and then the first task is
10 express the given information as an equation relating two variables. The
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stationary points can then be determined and their practical significance
interpreted. The following example illustrates such a case.

Example 11

A company that manufactures dog food wishes to pack the food in closed
eylindrical tins. What should be the dimensions of cach tin if each is to have
a volume of 1287 cm® and the minimum possible surface area?

Suppose that each tin has base radius r and perpendicular height k. We
require the dimensions for the surface area  to be a minimum and so we
need an expressic

207 + 2
We cannot differentiate this =xpm§mn, in hs {orm, as Sis given asa
function of wo variables r and
iowes th e = w5k i volame st be 128 c.

128x = xrth or b=

5= 2 4 B0
and B - 2ff1
When %= 0, then axr - B g
giving r = 4cm
128
and 5= 1B g
a3 si2s

G = 4x+ 2157, which i positive for r = 4 =

Thus m ot area s has a minimum value when r = 4 cm and h = § cm.
Each tin should have a base radius of 4 cm and perpendicular height § cm.

Exercise 10D

For questions 1 10 8 find the coordinates of any stationary points on the given
curves and distinguish bﬂmn them,

L=+ l0s+ Lm0
1}"X’>Jx’>241 4 y=33+45x-75- ¢
S.J"ZX’*ZAX 6y-x‘+

8y =1se -«
ror questions 5o 14, sketh the cures of e given equations clearly
indicating on your sketch the coordinates of any stationary points and of
any points where the lines cut the axes.

2.y = -4
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15. Find (a) m: comdinaics sod aure of any tuming points on the curve
=X - g 3
®) the maximum v:lut of x* = 3x% = 6x + 12in the range

<x<3,
(©) the minimum value of x* — §x* — 6x + 12in the range
-3<x<3
16. Find (a) m ordinate s ature of an i pots on the curve
= 36x - 3x*

x —

® lhe ‘minimum and maximu values of 36 — 3 — 26 in the

1. 168 lr‘ = 10r + 7, find the minimum value of S and the value of r
‘which gives this minimum valuc.

18. I ¥ = 301 ~ 612, find the maximum value of ¥ and the value of 1 for
‘which it occurs.

191 4 = xyand 2x + Sy = 100, find the ma
values of x and y which give this maximum vz

20, If ¥ = drx + 2r* and 3r + x = 5, find the maximum value of ¥ and
the values of r and x that give this maximum value.

21. A rectangular enclosure is formed by using 1200 m of fencing. Find the
greatest possible area that can be enclosed in this way and the
corresponding dimensions of the rectangle.

22. An open metal tank with a square base is made from 12 m? of sheet
mﬂll Find the length of the side of the base for the volume of the tank

‘be a maximum and find this maximum volume.

nA picce of wire of leagth 60 cm is cut into two pieces. Each piece is then
bent to form the perimeter of a rectangle which is twice as long as it is
wide. Find the lengths of the two picces of wire if the sum of the areas
of the rectangles is to be a minimum.

. A cvindrical can s e 50 tha the sum of s eightand the

imference of its base is 45 cm. Find the radius of the base of the
Wlmdﬂ if the volume of the can is a maximum.

25. A ship is to make a voyage of 200 km at a constant speed. When the
speed of the ship is v km/h the cost is £( + 4000/¥) per hour. Find the
speed at which the ship should travel so that the cost of the voyage is a
‘minimum,

um value of A and the

10.4 Small changes
o section 10,1 we defined & as tim (‘% Thus, if 8 is small then
Dol o sy x Yo

Thus if y is given as & Ranction of x we can deermin the change in y
corresponding to some given small change i x.
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Example 12

Ify = 2x* — 3x find the approximate change in  when x increascs from 6
10 6:02.

y =2 - 3x
Doy 3
wing & = QLo
&= e - Dix andix =6 and 6x - 002

by = (24 - 3)(0402) =
‘When x changes from 6 to 602 e valueof 'y changes by approximately 042.

Example 13

In calculating the area of a circle it is known that an error of 3% could
have been made in the measurcment of the radivs. Find the possible
percentage crror in the area.

We are told that 3 = 23 and we require &4,

s _da
Forsmall&r a0

dA

but A=ar ie ;-Zn
: -
-
. A _ 2mrdr _ 25
- o4 w2
, G
- iig

Thus the possible percentage error in the area will be £6%.

Example 14
Find an approximate value for /(16:08)
For this we use y = /x with (x, ) = (16, 4) and (x + &x,y + &) = (16 + 008,4 + &)

'

i~ 7%

Forsmall éx, & ~ & e gy~ Lo

1

=7 |6(m’

=001
Y+ x4+000 andso /(1608) x 401
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Exercise 10E

L1y = x* + 2x find the approximate increase in y when x increases
from 9 to 9«

216y = x + L find the approximatc increase in y when  increases from
210 204.

3. Ttis noticed that when x increases slightly from an initial value of 7, the
value of y increases by 0-7. Find the approximate increase in x that
cauod i nceae in vt x and y are el cconing o he
ruley = (2x + 3x +

4.1y = Sx* and xis mcvund by 2% of ts original value, find the
corresponding percentage increase in

5. Find an approximate value for the increase in the volume of a sphere.
when the radius of the spherc increases from 10 cm t0 101 cm.

wer).

6. Find the percentage increase in the volume of a cube when all the edges
of the cube arc increased in length by 2%

7. Find an approximate value for the increase in the radius of a sphere
given that this increase causes the surface area to increase fror
100 cm? 10 100-4 cm?.

rectangle is known to be twice as long as it is wide. If the width is

measured as 20 cm <+ 0-2 cm find the area in the form 4 & b.

9. The time period, T, of a pendulum of length / s given by T = 21 1

whee and g ar consants. Find the approsimle percniage inrease
of the pendulum increases by 4%.
10. A sod crar r ylinder hasbase rdivs  om and heght (2. om. Find
the approximate increase in the surface area of the cylinder when the
radius of the base increases to 504 cm. (Leave # in your answer).
11. Find an approximate value for (502)%.
Find an approximate value for J(6496).

m
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10.5 More about points of inflexion

‘We saw on page 266 that when examining points on the curve y = f(x) for
phih () = 0, i /(x) < 0 we have a maximum point, if /*{x) > 0 we
have a minimu point and if £*(x) = 0 we could have a point of infl
Indecd at ll pooks of nfsion /() = © but 1 i possbe 1 have a por
of inflexion (a, b) ie. () = 0, for which /'(a) # 0. A point of inflexion is

id 10 occur at any point P on a curve at which the tangent to the curve at
P crosses the curve at P. Thus in the diagrams shown below A, B and C are
all poins o infleion,but only A s 4 stationary point on the curve as the
tangent at A is parallel to the x-axis, (<. /'(x) = 0 at A). The second set of
diagrams o he sradient of /(0 ic. /(). i 2210 L A, B and C.
A A

s \E 2 |

An

10 oo

Thlu ify = 10 satonary poiots occur vhere () = 0. These saionary

turning points (maximum or minimum) or points of inflexion.

inflexion that are not turning points may also occur if £'(x) # 0
o

Example 15

Find the coordinates of any points of inflexion on the curve y = x'(x = 1)
and determine whether they are horizontal points of inflexion.
-n

¥ =4 = 3x = xx - )

¥ = 120~ 6x = 6xx — 1)
At points of inflexion y* = 0 ie. 6x(2x - 1) =0
givingx = 0 or x =4
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9 () A rectangular block has a buse x centimetrs square. It toal surface
s 150 cm?. Prove that the volume of the block is
1(75x — x) em.
Calculate (a) the dimensions of the block when its volume is
masimur; ¢ s masimm  volume, St tia yous amewer s 2
than a mini z
(@ Wrt down the gradient of he function 4x3 + 21 Hence ind the

value of x for wnlch me function has a mxlmum or minimum
value, and state wi (Oxford)

10. A solid right circular cylinder of height 4 and radius 7 has a total
ternal surface e of 600 cm?.

Show that & = 222 —  and hence express the volume, ¥, in terms of .

It hand r can vary, find 97 and 42 in terms of . Show that ¥ has a

ximum and find the wmswnmn. value of r in terms of .
Clculue th rato b in this maximem case. (AEB)

11. A eylinder of volume ¥ i to be cut from a solid sphere of radius R
" ) 4nR
Provethat the masimum value of ¥ i 45 (EB)
12. The equation of a curve is y = 2¢* ~ 722 + 15, Write down an
expression for & and hence find

@) the equation ot the Janeen o the curve at (2, 3),
(i) the approximate chs  as x increases from 2 to 203, stating

s an increae or 3 decreae, (Cambridge)
13. Given that y = x~" use the caleulus to determine an approximate value
for 5. (Cambridge)
uo y
B
(s
Fie. |

8, | repreents part of a switch-back ride at a fair. The secton O
10713 partof th curve whose quation s he section
from A to B is part of the curve whose cquati
33 30 + 20w — 205, Find the coordimate of A Show that the
sradiens for cach setion are equal at A, and nd his gradin.
(i) A solid metal clinde has 3 height of 10 e, achined until its
515 Tedused by 039, heght emaining at 10 cm. Use the

ncthad of small increments 1o ind the perceniage decress i
volume. No credit will be given for any other method.  (Oxford)
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Sketching functions |

11.1 General methods
For the function y = f(x), we can plot values of x against the corresponding

values of y and obtain an accurate graph of the function. A less accurate
representation, which we call a sketch, is adequate for many purposes
provided that the sketch still shows the salient and noteworthy features of

function.
In earfier chapters we have already encountered the idea of sketching
straight lines, quadratic curves, cubic curves and various other (um:lion
Thus if asked 10 sketch the graph of an cquation of the type y = mx +

we know it will e & sraght line and nced anly find two etats o the lne.
1f asked to sketch the graph of a function of the type /(x) = ax* + bx + ¢,
we expect a quadratic curve which will be either a ‘hill” ~\ (if a < 0) or a
“valley’ \s (if a > 0). By finding (a) where the curve cuts the axes and

(b) the coordinates and nature of any turning points, a good sketch can be

‘made.

I asked to sketch the graph of a function of the type

) = ax® + bx? + cx + d, we expect a cubic curve which will have both
“valley’: ~/ (if a > 0) or “~ (if a < 0). [These ‘hills’ and

ley merge into a point of inflexion: ). Again, by
finding mizqul with the axes and the coordinates and nature of any
turning points, the curve can be sketch

However, not al functions are of one of the above types and 5o we need a
general approach to sketching. The following steps will give information
from which the graphs of many types of functions, y = f(x), can be
sketched.

1. Ts there any obvious symmetry?
11 the suaton i unchanged when (1) s subsited for 5, the graph
an even function, /() = f(x).

[Applics to graphs of the lyp< =Sl
Iff(=x) = —{(x) the function is an odd function and the gra
symmetrical for a 180" turn about the origin.

2. Find where the line cuts the x and y axes.
3. Examine the behaviour of the function as x — + 0.
4 lnvﬁllnl! any phui where the function is undefined (e.g. f(x) = I/x is
ot defined for x =
5. 1 the above steps mnme the presence of a turning point, find ts
location and nature.
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Important notes

(a) For simple functions, e.g. /(x) = x, g(x) = %, h(x) = 1/x, point I, the
symmetry aspect is worthy of consideration but for more complicated
Moction it 1 ol always ¢asy t cogaides tisaspes. Thus omly consider
Lif symmetry is obvious.

(b) For most functions, it is ot necessary to follow all five steps; as soon as

sufficient information has been gained to enable a sketch of the function

10 be made, there is no need (o search for more. Indeed, point 5§ can be
difficult unless the function is easy to differentiate, and even when
turning points are present a reasonably accurate sketch can often be
made without having to locate them prec

) The behaviour af a function 4 x s o (point 3, and valuesof x for
Which @ function is undefined (poimt 4), are lusirated n the folowing
example.

Example 1
For cach of the following functions, (i) examine the behaviour of the
function as x — oo, (i) find any values of x for which the function is
undefined and investigate the function on cither side of this valuc of x.

@sm=3 ow=-3+ -2 @ao-3- 2
3

@ =2 () Forx,alarge +ve number, f0x) is small and
* ‘write this: uxa+mﬂx)<n‘
(i.c. f(x) is “just’ greater than zero)
For x, a large —ve e, /00 i smal =
as x - @, f(x)

e
For x just greater than zero, /(x) i a large +ve
ber.

num
For x just less than zero, f(x) is a large —ve
number.
Thus: as x = 0°, f(x) = +@

X =07 fx) = —eo.

©) /() =3+% () Forx,alarge +ve number,  is small and positve.

Thus: a5 x — +0, /() =+ 3. (e S0 is st greates than 3)
For x, a large —ve number, 2 is small and negative.
Thus: as x —m/(x)-l (. £(x)is st less than 3)
@ f) is undefined for x =
o et than 10, (5 i g +v¢ umber
For ot o han e /) e e b,
Thus: a5 x — 0%, f(x)  + c0.
asx = 07, /() + —o



© 1= =1

=s5-L ) Asxo w5
* 7 Asx o —co,f(x) - 5°.
@i undgﬁned forx =0

(x) = —co.

ot ' faiites

@ fix) =3~ x, @ Aix<» + @, f(x) » 3°
s x ~ —00, f(3) =+ 3
@ ﬂx) uundeﬁmd forx=0
L fx) =~
Au_.o )+ oo,

Example 2

Sketch the graph of the function

(@ f(x) =5 + 4x - x3,

for x<0

for 0<x<5
for x 2 5.

(h),(x)={sux
0

(I)Lely-i+4x~x‘

Wheny = 0,5 + 4x = x* = 0
ie. (-1 +x=0
cuts x-axis at (5, 0) and (~1, 0)
Whenx = 0,y = 5

cuts y-axis at (0, 5)
x— i@ Forlarge x the  term dominates
Thusas x — +@, y = —oo
a5~y -0
() undefined  There is no value of  for
which f(x) is undefined.
Maxjmin Y= 5+ ax-x
Y42
y=-2
Thas a maximum exists at 2, 9)

‘The sketch can then be completed.

Sketching uncrions |

. 5)

-1.0)

@9
~
5.0
@9

m

yeS4ax-

5.0
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(b) The sketch of g(x) wil be the same as that
of f(x) for 0 < x < 5, but will equal § for
< 0and 0 for x > 5.
‘Thus the sketch will be:

@9

©.5)
Notce that. although the ature ot‘ ()
changes noticeably at x = 0 -5,
e i sl docs ot -break 800 s said 5.0
10 be a' continuous function (as indeed was ]

S9).

An example of a discontinuous function

would be: @9
5 for x<0

»(x)‘{suxq: for 0<x<S
5 for x>5 (0. 5)

5.0

Example 3

Show that there is a solution to the equation x* — 3x + 4 = 0, that lies
between x = —3and x = —2. Sketch the curve given by y = x* — 3x + 4.
Lety = x* = 3x + 4, then the solutions of x* ~ 3x + 4 = 0 arc obtained
by Dllmnl)‘ =0

o it 1 at the s where the cure nerects the i

When x = -3y +

or -
When x——2y=( zv-s( N+4

Sine for x = ~3.3 < Cand or x = =2,y > 0 there must exist some

value of x between —3 and —2 for which y = 0.

Thus there is a solution of the equation x' — 3x + 4 = 0 lying between

x=-3andx = -2,

Note that since the solution s not an integer value, it would not be casy to

find this solution by means of the factor theorem as used in section S.5. f

y=o -3t

xeaxis Curve cuts x-axis bet
(50 and (2, . At this
stage we do not know if there is
any other point of intersection
with the x-

yaxis Intersection at (0, 4)

X tm For large x, ¥ dominates.
Thus as x — +c0,y - +©

andasx » —w, y = ~a.




 undefined  There is no value of x for which

» is undefincd.
Maxjmin y=x - 3x+4
=30 -3
¥ =6

Thos there exists a max at (~
and a minat (1,2).

The sketch can then be completed.

Example 4
Make a sketch of the curve given by y =

_x+S

x-axis

cuts x-axis at (—5, 0)
y-axis No y-axis intercept because y is
not defined for x = 0
Fedm Asxotogol
Asx = =0,y
The line y = 1 is called an a.rympmlr to the
curve, meaning that it is a straight line that
gets nearer and nearer to without
actually touching. The line y = 1 is a
horizontal asymptate and is shown as a
broken linc on the graph.
 undefined y is undefined for x =
0%,y - +w.
Asx =07y~ —.
‘The line x = 0, ic. the y-axis, s a vertical
asymptote to the curve.

Maxfmin 5 = 22 Thus ther i no value

of x for which ' = 0 and
therefore no turning points.
Note, also, that the gradient is always negative.

‘The sketch can then be completed.

x+5

Sketching functions 1

m
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Exercise 114
1. If each of the following were sketched, state which would give straight
lines.
@y=2x+3 (b) y=x*+4x © 2 +3x=8
- Feta =243
@y=» CERS TR Oy=2+3

2. Find the coordinates of the points A to J shown in the sketches below.

y 7

yr2=6

3. Find the coordinates of the points A to D and the values of the
constants a to ¢ shown in the sketches below.

Ao

4
sketchof y = 2+ % sketch of y.

4. Make sketch graphs of the following lines

‘points, minimum points ar
intersections with the axes.

® y =2+ 4 2 for x<-2
©y=16-2 () g(x) = x‘+2\' for ~2€xg1
2-x- - for x> 1
5. Show that there is a solution 10 the + .
equation x* ~ 623 + 9% + 1 = 0 (c)h(xj-{"i_i"_xf o PN
between x = —1 and x = 0. Sketch the

curve given by y = x* — 6 + 9x + 1.
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7. Make ke o = /1) given that o) Make sketch graphs of the following
is an odd function a functions,labeling asymptotes, and giving the
s o R coordinatcs o any turning points and
SO= 1 for x>2 intersections wit
3

8 Makea ,nun of y = f(x) given that f(x) 0./=1+3 mpo=2-2
is ar even function and * X

8| 2
o [X -1 for 0<x<3 n/m:lszl 18 f(x) =
S {s for x>3 |
Make a sketch of y = /() for =222 s =g
4
60 for 9 <x e m/rx)-||»—,|
S x = for 3sx<6 x

and £ is yrnndn: with period 6.

11.2 Further considerations

When xkﬂc‘lmg functions of the type y = ax & 2,y = ax +

or y =ax? 2 the techniques of section 11.1 are sl applicable. However,

with these funcions it should be noted that as x = 25, y = ax, ax or ax' respctvey.

Example 6

Make a sketch of the function /(x) = x — .
1

Ley=x-b
xaxis  y=Owhenx= 1=0
ie.xt =1
Cuts x-axis at (=1, 0) and (1, 0)
yasis  No y-axis inersection as y s not

defined for x = 0.

X @ Asx— tooy—xiey=x
is an asymptote (called an
oblique asymplote).

In fact for y = x = &
asx o b,y x and
PG

Jundefined 3 s undeined for % = 0.
Ax= 0y -m
Asx 07y
x=0isa wmw.ﬂ sepaptot,

Maximin ¥ = 1+ -l which will never

| zer0. . no turning points.
Notcealso that the gradicnt is always posion.




The sketch can then be complted.

Example 7

Make a sketch of the curve given by y = x* +

xeaxis Wh:n;=ﬂ.:‘¢§-u
ie.x = Y(-2)

Cuts xaxis at (= ¥2,0).
axis  No y-axis intersection as  is not
defined for x = 0.

xo k@ y-sxic the curve
approximates to that of y = xI
Infact, for y = #* + 2,

» undefined
Th

Maxjmin
Thus min at (1, 3).

The sketch can then be completed.

Sketching functions
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An alternative mllmd for obtaining the
sketch of f(x) b, s o ke
32 and y = e on th same
then to sum the functions to give y = /(x)A

For f(x) = x* + 2, ic. Example 7, this would

then appear as follows with:
y=x shown as

2
y=32 shownas _

and y=x+2 shownas

Exercise 11B

1. Find the coordinates of the points A to D and the values of the constants
ato ¢ in the sketches shown below.

sketchofy = 26 - & skech ofy = 2¢ = 7l sketchof y = x +

Make sketch graphs of each of the following, labelling any asymptotes and
showing the coordinates of any turning points and the intersections with the axes.

2y-x+t dy-x-2 ay-i-s sy-ni‘

Make ktch grap ofcach ofte ol Th pris ocsion of sy
turning points need not be
Gymx-4 1A,v-;‘,Ax l.y-}x‘—

sl
= 9Ay-|x~;|

11.3 Simple transformations

‘The reader will be familiar with the simple transformations, i.¢. translations,
reflections, rotations and enlargements. From the graph of y = /(x) it is

pomhlz to deduce the graphs of other functions which are transformations

).
In m section we shall see how the graph of y = /(x) can help us to draw
the graphs of y = f(x) + a,y = f(x = a),y = ~f(x),y = f(=x),
¥ =af(x)and y = flax).



y=f@)+a
Consider a point (xy, 1) ot the graph of
¥ =10, ton
¥ =109+ awith an mnmnmw of x,, will
have a y<oordinate of (y, + ). Thus for
every point (x,, ;) on y = f(x), there exists a
Poml(x‘v.n +a)ony=flx) +a

we translate the graph of
7= 702 by a units parael t the -ass
obtain the graph of y = f(x) + a.
cg

Sketching functions 1

¥

VAR

=2

S

y=flx - a)

Consider a point (x1. 1) on the graph of

¥ = f(x),ie. y, = f(x,). The point on

¥ = f(x = a) with a y-coordinate of y, will
have an x coordinate of (x, + a). Thus for
every point (x;, y1) on y = /(x), there cxists a
point (x, + a,y,) on y = f(x - a)
Therefore, if we translate the graph of

¥ = f(x) by a units paralle to the x-axis, we.
‘obtain the graph of y = f(x - a).

es.

AN

o

’

L

e
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Example 8

Find the equation of the curve obtained when the graph of

y= 20 + 3x — Lis first reflected in the y-axis and then translated
+2 units in the direction Ox.

A reflection in the y-axis transforms y = f(x) to y = f(~x)
Thus y = 262 + 3x — 1 is transformed to y = A~ x + X=x) = 1
=20 - 3x -1

A transformation of + 2 units in the dircction 0x transforms y = /(x) to
y=flx-2)
'I‘nmy-lx‘—3x—||rlm!ormslo;-2(x—2)’-3();—2)— 1
‘Thus under a reflection in the y-axis followuﬂ b'y a mmlanon of +2 units in
the direction 0z, the curve y = 223 + 3x — 1 transforms to y = 223 — I1x + 13,
Alternatively the same result could be abiained using the methods of
dnpt!r&.nl‘ullm

Any point gutheline y = 2¢ 4 3x ~ | will have coondinats of the form
(k, 2% + 3k - 1).
Th\lllf(x.y)lluonllulwmmdunwllm

6 Yot
SR

Ehmm-nn.k from these cquations gives ' = 2V — 11x' + 13,
‘The required image line has equation y = 2¢* ~ 1Lx + 13, as before.

Exercise 11C

1. (a) Draw x and y axes for -5 < x < Sand =6 < y < 6.
(b) By using integer values of x plot the graph of y = 3 + 2x = x? for
~2gx<4

(@) 16/(x) = 3 + 2x ~ x* draw the graphs of the following functions on the
same pair of axes used for (b),
y=f)+2 y=fix -1, y'f(
give the equation of each functi
2. (& Draw e and pancs for —6 € ¥ & 6a0d ~8 < y < B
(b) 2 mn... imcger values of , plot the graph of = 3 = 2 for

<4.
© lf/(x] el
pair of axes used for (b),
y=f) =3y = =), y-/(x*‘)
and give the equation of cach functi
3. Draw v a0 -ases for —4 < x < 10and —4 < 3 < I
BY using integer valoes of ,pot he graph of » = s xS 3and,on
the same axes, draw y = (x = 2%, y = (1% = 27, y = (bx = 2

27
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4 Find e cqutonof he cus obtined whenthe rah of
ymsbxhlis
T Teammisted +4 it in e iretion of Oy, (O beog the crgia.
(b) Translated ~ 3 units in the direstion of Oy.
(©) Reficted in the y-axis
(d) Reflcted in the x-ax
(e) Translated +2 unitsin the direction of Ox.
() Translated —2 units in the direction of Ox.
(@) Stretched parallel to the y-axi, scale factor 2, followed by
ranslation of +.2 in the direstion of Oy.
8 Tanltd +2 uis in e ieion of O followed by  srich
parallel 1o Oy, scale factor
5. Sttt ansommaion tha st be given 1o the raph ofy = 1o
obtain the graph of:
(@ y=x"+2 ®) y = (-2 ©y=@x-3
@y =2 <=)y-(§) ®y=@+2 -3
®y=@y-3 (h)}’=1(lfly'$5’
6. Prove that the curve obtained when y = 5% ~ %% ~ 6 stretched
parai o O by el fctor § and the rellctd n the i i the

same as that obtained when y = x! + x s translated by +3 uni
parallel to Ox. Find the equation of this curve.

1
e g
A sketch of the graph y = f(x) can be used to obtain a sketch of y -7('7).
It s necessary to bear in mind the following important points.
) |
1. For values of x for which /(3) > 0, then 72 > 0.

2. For values of x for which /(x) < 0, then % <o
3.16/(9) = Owhenx = a

. /(@) -O.Ihm/(—l]lsnmdeﬁudforlhu

value of x and x = aisavmiu!uymllwl:of!“m

4,10 f(s)cuts the y-axi at th point 0, 8, then 7 will ot the yais at

the point (u, %)
5. ASf(3) o0, then 75 0.

6. IF there is a maximum/minimum at x = x, on y = f(x) then there is

minimum/maximum at x = ¥, on y = .
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Example 9
Make a sketch of y = ¥ — 2¢ — 8 and hence sketch y = - —F—.

ym=x -2 ¥
—(x*l)(x&l)

x-axis Cuts x-axis at (=2, 0) and at <29

ymato2

)

0.
yaxis  Cuts paxis at (0, -8). A
Yot Asx— tm,yo b H
Asx~ —o,y = o P
¥ undefined There is no value of x for which !
s undefined. !
Maximin  y = 2x - 2andy" =2 |
min at (1, ~9) © -8)

Vertical asymptote where f(x) = 0,
- g i 1

X = ~2and x = 4. 7 has the same sign

25 £(x) on cither side of these asymptotes. .

()

(=)

Alf(l)-’&mwo ie. when x — +oo.
J(3) cuts y-axis at (0, ~8) = f&wu yeaxis at (0, — §)

(<) bas min at (1, —9)-7%1;““.( [

‘The sketch can then be completed.
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1

Notice from the graph of y = m that the ranges of values y can

take for real xare y < =3,y > 0.

We say that the range of the function f(x) = TT for the.

domain (xe Rex # 4 x 4 “disly ey < ) ory > 0] This runge of

values of y can be determined algebraically using the method shown
Example 10.

Example 10

Calculate the range of the function f(x) = m for real x.

Lety =
From [1]

U}

Foryiﬂmin:lqudnlicinx. For y = 0 the result —1 = 0

Thus, for ral x. “4y? = 4X-8 = 1) >0 s obtained which is not possible.
O + 1) >0 R
Solvlnl i incqualty wing the metbods of
chapter 5, page 143
y<-b | “d<y<0 [ y>0
» -ve -ve +ve
o+ 1 -ve +ve +ve
sor+n [ 4w -ve e

“Thus the range of the function is (y ¢ R y < —4or y > 0).
(Note: this technique is practised further in Chapter 14

Exercise 11D

For questions 1 t0 9, make sketch graphs ul'/(x) and 1f(x) l!mwml :lnrly
the coordinates of any turning points and of any intersections with the a

L f(x) = x' = 6x + 5 Lﬂx)-|—x’

3 f(x) = (x - x = 5) 4f(x) =G - xx+1)
s.m)-u-x:-s o= odoi2

7. /() = 8f(x) = (-2

9. /(9 = (x + zxx -y

10. Sketch the graph of y = sin 0 for fsw' <6< 360", Hence sketch
= cosec O for ~360° < 0 <
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11. Sketch the graph of y = cos 8 for —360° < 0 < 360". Hence sketch
¥ = seo 0for =360 € 0. 360"
12. Sketch the graph of y = tan Jfor —360° < 6 < 360". Hence sketch
o<
13. Calculate the range of the lnlluwm. functions for real x.
@ =%

6
(b)lr."77x43 (c)‘x—]—x‘ [d)x‘*lx~4

Exercise 11E  Examination questions

1. On two separate diagrams sketch the graphs of
@ y=x+2fr-6<xs4
@y=18=-dxforl <x<5.
In

each case state the range of values of y. (Cambridge)
2. Using a separate diagram for each, sketch the curves

@ y=xtx = 1),

() y = X(x — 1),

© y=xx =17 (AEB)

3. Calculate the range of values of m for which the line y = mx intersects
the curve y = x* — 4x + 9 in two distinct points. Sketch the curve and
indicate on it the significance of the values of m you have found.

(S.UIB)

4. The curve with equation
y=ax’ + bx? + cx + d,
Consants, passs hrough the paints 0, 3) lnd
(1,0). At these points the curve has gradients ~ 7 and 0, respective
(@) Find the values of g, b, ¢ and d.
(i) Show that the curve crosses the x-axis at the point (3, 0).
(i) Find the xeonrﬂmale of the maximum point on the curve.

(iv) Sketch the cu (Cambridge)
5. On separate dumnu, sketch the graphs of

@ y=(x -3+

@) y = Zlin(x— 7)107 ~3 <x ‘T'

In each case state the range of values of y. (Cambridge)
6. Sketch the curve y = cos x + 2 for the interval 0 < x < 2x.

On the same diagram sketch the curve y = ————— for the same

interval. (Cambridge)

N

. Find 2 when y = x + 2. Find als6 the mazima and minima of y,
distingishing carefully between them.

Show that & < 1 for al values of x.

Draw a sketeh of the curve y = x + 2. (Oxford)

1
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On separate diagrams, sketch the graphs of

@ y=x = 5P (b)) = xtx — 5P

(a) Sketch the graph of y = (x + 1)(x — 2) and hence sketch the graph
of z = 1/{(x + 1)(x — 2)). By calculation find the range of values
which  can take. (S.UIB)

. Prove that, for all real x,

)
C<wTeFm S
Sketch the curve

(Oxford)

1
YEET e

Sketch separately the graphs of

@ =t e D D@Dy = (c = = 3

showing the coordinates of the points where they cross or touch the axes.
Find a cuhu: runcnon /(x) such that the graph of y = f(x) crosses the
x-axis at x = I, touches the x-axis at x = 3 and crosses the y-axis at
y=18 me wnxiderllion of the sketch graph of y = f(x) show that if
the equation /(x) ree real roots then & must be negative. Give
the sign of each root in this case. Show, also, that if k > 0 then the
equation f(x) = k has just one real root and give the range of values
of k for which this root is negative. (S.UJB)
12. Write down the condition for the equation ax? + bx + ¢ = 0(a # 0)
to have no real roots. Sketch the graph of y = x* + 3x + 7 and hence
sketch the graph of y = 1/(x* + 3x + 7).

Sketch the graph of y = (x — 1)}x + 5) and hence skeich the graph of
2= 1(Gx - x + ),

By calculation find the range of values which = can take.  (S.UJB)




12
Calculus |

: Integration

12.1 The reverse of differentiation

In chapter 10 we saw that if we know the cquation of a curve, say » = f(x)
then, by diferentiation, we can find the gradient function &
1f, instead, we are g’m the gradicnt function 4, can we obiain the

equation of the curve

This reverse process is ﬂlled integration.

Suppose & = 2x. To find , we require a function that diffrentats (o give

2x Clﬂﬂy‘ » = x* is such a function, but there are many others,

gy =y mx b dy = e

Wesaythaty = + ¢ wharcis 3 consat.gives 2« whendifecninted.

Thus if we integrate 2x, we obtain 3 + c. Given the gradient function

curve, integration gives the “Tamily” of curves to which that gradient tum.an
iven more information about the curve, we may be able to

determine the value of c, the constant of integration, and hence the equation

of a particular curve.

In simple cases this process of integration can be carried out by inspection.

Thus, given 9 = 2x then y = 2?4 ¢
gren @ e g eyt

e
e

gven L= then y

In the general case, given 2§-wf then y = o
Thin gl sgement can be veifd by diffeentiation:

" "n+|
_nln+|])(" '
=T

= ax as required.

Note tha the satement IF &% = ax', then » = - + ¢ does not apply

for n = =1, because in such cases we have y = %7 + ¢, which is meaningless.

We can now state the rule for integrating ax"

162 = axthen y = 25

+ cprovided n # —1




Caleuls 1 Integraion
The integral sign

We have scen that, M% = ax* then, by integration y = —| +e

(provided n # —1).

Using the integral sign: Iw write this as J’ . -1
with the ‘dx’ signifying that the integration is carried out with respect to the variable x.
J’ 8(x)dx s read as ‘the integral of g(x) with respect to x* and we
use the extended S symbol because, as we shall see, integration can be

considered as a summation.
From the rule given in chapter 10 for differentiation, it folows that

IMx)n —a J'/mtx

and J' 000 + bg() — chldx = a J'/lx)-ix +b J'mtx -c _[rmax

Example 3
Find (2) J‘Ax’dx ® IJ—?,A © I(s —e ;)dx

J'wdx ® J‘%dx © J(s —a 4 ;‘—!)dx

-%u —J’Gx"lx -J(s»x‘+ls:")dx
L ST

2_6
=s-f-fae
Since there is an arbitrary constant, , in each of these solutions, we say that
these are indefinite integrals.

Second Order Differentisls
Remembering that the diferential of 42 with respet to x is &, it follows that

Srx =D v e

295
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Example 4
Findy iy e
ind y as a function of x, given that 7% = 15x ~ 2 and that when x = 2,
& asandy =
F=25andy = 20,
oy
Given % =15x -2
Integrating both sides of this equation with respect to x,
@ "' (sx - Ddx

-M—zxu
But % = 25whenx =
5

25=B8 2040 e c= -1
- 'L’»u»l

Intgrating both mm of this cquation with respect to x,
y= 3 owoxsa

Buty = 20 when x = 2, givingd = 6.

“The required cquation is y = 35 — x = x + 6.

Exercise 124

1. Find an expression for »if & i given by
@ Gx @r @2 @S
Ox @i BE 0% 0%
@20 + 30 0 sx 1 AR
5 - & L R S
@3tx =D i v S i

) (x = 6x = 2)

2 lnleg'ule b following functions with respect to x.

(a) &x* (b) 12x () 5¢ @ 7 (€ 7-2x
s

05  ©-% (h)% O UES
) 4 3¢ 42041 M 200 - 49

@ exrdad
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3. Find
(@) IXZRJX (®) J.(r‘ + x)dx (©) jl(x + ldx
@ I(x O -l (© jxi"“ [0} I(IM + 80— ;f,)dx
o i a e

4. The gradient of a curve at the point (x, ) on the curve i given by €. If
the curve passes through the point (1, 4), find the equation of the curve.

5. Find the equation of the curve pasqng through the point (-2, 6) and
having gradient function (3 ~2).

6 The Bt of ot e pomt (,3) o the cur i e by
2(1 = x) and the curve passes through the point (— 1, 5). Find the
cquation of the curve.

7. Find S us a function of ¢ given that & L =60+ 12+ 1 and when
1= =2,85=5

8. Find ¥ s  function of h given that & = 27h — 2) and when h = 2,
v

. Find 4 s a functon of p given that % = 5 ~ 4p and when p = 3,

A=
10. Thesnd-enl of a curve at the point (x, .,mmmmu siven by
(3%% + 8). If the curve and the line 2¢ — y — 1 = 0 cut the y-axis at

h same point, ind the cquation of the cure.

11, The gradient function of a curve is given by (2x — 3) and the curve cuts
the x-axis at two points: A(S, 0) and B. Find the equation of the curve
and the coordinates of B.

12. The gradient of a curve at the point (v, y) on the curve is given by
(2x = 4). If the minimum value of y is 3, find the equation of the curve.

13. Find y a5 @ function of x given that &5 = 4 = 6x and that when
x=2% - —sandy -7

14, F.nAyuarummnorxgmmn-l-ex» 4,y =4dwhenx =1
and y = 2 when x =

15. Find  as  fusction of x given that &% = 30, y = 32 when x = 2
andy = Swhenx = ~1.
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12.2 The area under a curve

Suppose 4, is the arca bounded by the curve y = /(x), the x-axis and the

lines x = aand x = b (see Figure 1). We say that 4, is the arca ‘under” the

10 x = b. One way 10 estimate this area would be to

divide it into strips. Since cach of these strips approximates to a rectangle
(Figure 2), we can then sum the areas of these rectangles. This would give an
approximate value for 4,; the more rectangles we use, the greater is the accuracy.
Consider one such rectangle, width 8x (Figure 3).

Fig 1 Fig.2
In Figure 3, if 64 is the shaded area, y8x < 84 < (y + &)ox
Ths y <P oyisy yx < 54 < yx + Sybx
A B0 By andso dybe
Now as 6x — 0 (i we increase the >
s of resangis becomes negligible compared
"o with y dx.
GG and &0 Thus as 8x - 0, 64 — ydx.
Ths M-y o A-J‘ydx B 4= LA
This integration will give an area function A(x) L A= lim Y yax

and will involve a constant of integation c.
As we substitute a value for x into the
function A(x), say x = b, we will obtain an
answer for the area under the curve from a
right-hand boundary of x = b to some left-hand
undary. The position of the lefl-hand
boundary will determine the value of c, the
tegration. Suppose we take x = k
and boundary, then
A(a) = Areafrom x = ktox = a.
(b) = Area from x = k to x = b.
A(b) — A@) = Area from x = atox = b.

AsA = jyh,mml: A®) - A(a}lsJ‘yﬁ.

4 =Jydx
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“Ths arca wnger the curve can therefore be found as the limit of a sum or by integration.
Thus intcgration is a process of summation and

[o-mEroe [ron o yomn

Definite integrals

Note that I' fix)d is known as a defnite integral because the fimits of
integration, ic. x = aand x = b, are known.

Suppose Iﬂx)ﬁ =F0+e

then J ™ f)de = (FB) + 9 - (Ra) + 0

= FO) - Ry
We usually write this: '( ™ fods = [r(x)]‘

- Fo) - F@)

We sec that the constants of integration cancel out 3o that i the case of &
definite integral there is no nced to give an arbitrary constant in the result.
Example §
Evaluate the following definite integrals: (s) J’ @x - Déx O J' LT

. ey "
® I (x - 3dx (b)I ;a-I xdx

== =31

Calculation of the area under a curve

‘When we calculate the area under a curve, the important first step is to
make a sketch of the curve. We must then remember that an arca lying

* the x-axis will have a positive value, whereas arcas lying ‘below” the
x-axis will be negative. In some cases the required area may lie both ‘above’
and "below’ the x-axis and particular care is needed in these situations.

2%
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Example 6
Find the area between the curve 3 = x(x — 3) and the x-axis.

First, make a sketch of the curve y = x(x — 3)
In this case the required area lies “below’ the x-axis.

Using 4 = I ydx and substituting for  from the equation
of the curve, as we cannot integrate  with respect to x.

= J:, x(x = 3dx

P E- i
T,
7
9 - T) - = -4
The arca has a negative sign, as was anticipated, and the numerical value is 4} sq. units.
Example 7
Find the area betwn the curvep = 54 — =) o the s from £ = D105 = 5.

First, make a sketch of the curve y = x(4 — y
The sketch shows that the required area is in

lie below the x-uxis and has a negative area.
Using 4 = j’ ydx and calculating the two areas separately,
A,ﬂ‘rx(l*x)dx A,-Jﬂxu-x)dx
5] “[-5]
~(2-%)- wfs0-125)_ (5 -
(sz J) o (sa ) (31 T)
Bt =-2
The total arca under the curve between x = 0 and x = 5 is given by the

sum of the numerical values of these two arcas:
required area = 10§ + 2§

3 5q. units.
Note In the last cxample, it is possible to calculate J' X(4 = x)dx, but this

would not give the correct answer for the required area. Instead we would
obtain an answer of 10§ — 2§ i.c. 84, as the following working shows:

I: X4 = x)dx = [ZK‘ - ‘T’}:

125°
(0-2)-m-n
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Example 8
Find the area enclosed between the curves y = 2x* + 3and y = 10x —

P make skt of e two cones,Boing
that the curves will intersect at the pois
where

20 4+3=10x - @
—10x+3=0
~Ix-3)=0 icat x=4 and x=3.
The curve y = 261 + 3 inersocts the s ot
(0, 3) and dnu not cut the x-axis.
The curve y = 10x — x* intersects the axes
a1 (0,0) and 0).
‘The information is sufficient for a sketch to be made.
The area enclosed by y = 105  , the ordinates =  and x = 3 and

the x-axis is
(10x — x)dx.
‘The area enclosed by y = 2x% + 3, the ordinates x = § and x = 3 and the
xeaxis is
5
J’ @ + Nax
in

“The shaded area is I’ (lnx-x‘)dx—.r @t + 3
o i
-r (10x - ¥ ~ 207 ~ 3y
i
-J’ (10x - 35% -
i

o
Sxt - X - 3x

in
=@-27-9 -G~

= 94} sq. units.

Area between a curve and the y-axis
Suppose we wish to find the area between
some curve y = f(x) and the y-axis, from
y=atoy=b

Considering a strip of length x and width 3y,
drawn plnllzlwlhex-lxu. we see that

A = lir 8

3
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Example 9
Find the arca enclosed between the curve y* = 9 — x and the y-axis.
First we make a sketch of the curve y* = 9 — x.
Symmetry  The equation is unchanged if y is
replaced by (-~ ). Hence the
curve is symmetrical about the

is.

yeaxis Cuts y-axis at (0, 3) and at
©, -3).

xaxis  Cuts x-axis at (9, 0).

Now we cannot integrate x with respect to 3,
50 we substitute for x,

Exercise 128
1. Evaluate the following definite integrals.
[ 2xax ® [ e
JA Iv
© qu - w)dx @ L 1+ xax
© [} 0x-2a GRS
® J’I' £ ® L'j;dx

o j'_‘oe A Y R ) J' (%M)a
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16. Find the area enclosed between the curve y* = 4 ~ x and the y-axis.
. IFmd the area enclosed by the cirve (y = 11 = . the y-axis and the

y=
18 Fma m area enclosed between the curve » = x* and the straight line

19, The ine y = x + 8 cuts the curve y = 12 + x = x* at two points A
and B (B being in the first quadrant). Find the coordinates of A and B
and ind he area enclosed beween thecurve y = 12+ x ** and the
straight line Al

20. The sketch ﬁ'rxp'\ shows the lines [P
y=Tx+Tm
YISt a8 6 8 Find e
coordinates of the points A, B, C, D, E
and F and find the shaded arca.

y=at - 4xandy = 6x —

12.3 Volume of revolution

Suppase thatthe area nclosd by thelne y = 1, the axis and the
line x = § s rotated about the x-axis through one revolution. The solid
formed is referred 10 as a solid of revolution and, in this case, will be a cone.
It paricuar et che vohum o thecone can be sadlycaklated since
its base radius is 6 units and the perpendicular height of the cone is 8 units:
volume of solid of revolution (i.é. the cone)
=yt xh

= 96x cubic units

If instead of a straight line, a curve with equation » = f(x) s rotated in the
same way, the volume of the solid of revolution can be calculated by the use
of calculus.

Suppose the arca bounded by the curve y = f(x), the x-axis and the
ordinates x = aand x = b is rotated about the x-axis through one
revolution.
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Consider the elementary strip PQ, thickness
&, length y, drawn parallel to the y-axis.
‘The result of rotating this elementary strip
through one revolution about the x-axis is to

uce an clementary disc of radius y and
thickness 8. Let 8 be the volume of this
disc, then

&=
Thus, as we allow &x —» 0, the sum of all
these volumes 6 will I:nd !owndx V. the
volume of the solid of

tim S 8

.J",,yz,,,

midc whete y = f(z)

‘This definite integral can then be evaluated to find ¥, the volume of
revolution.

Example 10

Findthevolume of the 30l ofrevoluton formed by oo th ars
losed by the curve y = x + x*, the x-axis and the ordinates x = 2 and

s Uhrough one revolution sbout the x-axis.

First sketch the situation.
‘The volume of revolution ¥ is given by

y-j”wm
3
-L lx + PP
xj”(x‘+1x’+x‘):tv
-.[] +§$§’]’

- r[(y - (3es +¥)]- 813 cubic units

‘The volume of revolution s 813fyx cubic uniis.
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Rotation about the y-axis )

‘The volume of the solid of revolution formed ~ y=fn
by rotating an area through one revolution N 4

m the y-axis can be found in a similar \

4,
Ay
Ty slementary strp will be drawn parallel o T
the x.axis. In ths case, the clemen

will have radius x and thickness d.

Thus V= lim 5 8y

[

Note that the integration will be with respect to y and hence the limits of the
integration will be values of y.

Exercise 12C
Find the volumes of the solids formed when each of the areas of questions 1
to 10 perform one revolution about the x-axis.

the curve y = x, the x-axis and the line x = 2.
y=x + 1 and the x-axis from x = | tox =

4. The area enclosed by the curve y = x?, the x-axis and the line x = 2.
5. The area enclosed by the curve y = x* + 1, the x-axis, x = —1 and

x=1

6. The area enclosed by the curve y = x* + 1, the x-axis and the line
x=1

7, The area enclosed by the curve y = 4x — x* and the x-axis.

8. The area enclosed by the curve y = x* — x* and the x-axis.

9. The area enclosed by the curve y = x — L the x-axis and the fine x = 2.

10. The area enclosed between the curve y = 4x — x* and the line y = 2x.

11. Find the cquation of the straight line joining the origin to the point with
coordinates (k, r). Hence find a formula for the volume of a right
circular cone of base radius r and height h.

Find the volumes of the solids formed w}snudlo!!helmlolqnslmm

12 10 14 perform one revolution about the y-axi

ILThcnu|mmdwﬁmqu-dnmlmhonndedby|hemwey-A‘,
the ind the line

y-axis

um-m-rym.mmenmqu..snmmbwmbymm
.= 22 + 1, the y-axis and the lines y = 2and y = 5,

1. The arc g in he st quadrant and bouded by the y-ax
= and the ne p = 3 ¥

‘3‘
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whent = 1}, v=4(1}) - 3
v=3mfs

(¢) Using a=d

/s
‘The displacement is s m, the velocity is 3 m/s and the acceleration is
constant and is 4 m/

Example 12

A body moves in a straight line. At time ¢ seconds its acceleration is e
bya = 61+ 1. When ¢ = 0, the velocity v of the body is 2 m/s and
displacement s from the origin O is | metre. Find expressions for v nd sin
terms of

Given that =W

(61 + Dt

ve=3rtite

but when ¢ = 0, » = 2 thus 2=0+c¢ Soe=2
Substituting for ¢, v+ 2
. ds
vy B
Using FEE R

s= for o aa

ie. s=rtSeuta

but when £ = 0,5 = I thus 1=0+d Lod=1
:

Substituting for d, s=ptfeutt

Thusattime r,v = 3 + 1+ 2ands = £ + 5 + 2 + 1

B. Determination of centroids

‘The centroid of an area is that point about which the ar enly spread.
Ths 1 te arc poseses a i of symmetry, the cenroid will i on that

IF R, 3) is the centroid of an area 4, then A% »‘
is called the first moment of area about the

-axis and A7 is called the first moment of

‘area about the x-axis.

Considering A as the sum of a number of

smaller areas of which 8, centroid (x, y), is

typical,
then A%

lim ¥ (64 % x)

and A7 = lim $(54 X )
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Suppose we wish to find the coordinates of the
centroid of an area under a curve y = f()
fromx = atox = b.

Consider the total area 4, centroid (&, 7),
divided into elementary sirips like PQ, paraliel
10 the y-axis and at a distance x from it. For
small values of 8x, the centroid of PQ can be

considered to be at G (x, § ) and if the area

of the strip is 64, it follows that 84 = y&.
Considering the moment of area about the y-axis

Ax = lim ¥ x84
nZ

-Eﬂ'f_xysx because as 84 — 0, &x — 0
= [ e
Similariy, considering the moment of area about the x-axis

A= H’!‘«i%“

Example 13

Find the coordinates of the centroid of the area lying in the first quadrant

and enclosed by the curve y* = 16x, the x-axis and the
Thus A% = I

lines x = 9 and x = |

pde ... 01
and A-J' v

From[2) A= I ax'¥dx

8 8
j@-n-
Substituting o [1] gives
226 (" 4os
[EL N N
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w2 %8

%= %2 or 558 correct to 2 decimal places

Conndann‘ ‘moment of arca about the x-axis

5= "8
o I... T
3
L I 8xdx (substituting for y from y* = 16x)
=
2 % or 462 correct to 2 decimal places

Notes: () In the last example the area considered had no lines of -ymmmy
mrl 50 bom coordinates ¥ and ¥ had to be calculated usis

[0} Forah body of uniform dmmly m: centroid of the body will
coincide with its centre of gray

A similar technique may be used to aienmine the cenroid of  sold of

revolution.

Example 14
Find the centroid of the volume of revolution formed by rotating, through

‘one revolution about the x-axis, the arca in the first q\urlrlnl ‘bounded by
the curve y = 3x, the x-axis and the line x =

‘The centroid of the volume of revolution will
lie on the axis of symmetry, i.¢. the x-axis.
Consider an elementary disc PQ formed by
rotating an elementary strip, thickness &x and
radius y, through one revolution about the
xeaxis.
Volume of elementary disc PQ = " &x
moment of PQ about axis = 7 3¢
‘Taking moments about the y-axi

V2=J mxyide where V-J"xywx
3 o

iL R9xtdx = J' 9xx*dx substituting for y from y = 3x*
.. ]
gving %=
The centroid of the volume of revolution is at the point (13, 0).

i
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Exercise 12D
Duplnmm velocity and acceleration
106, 5 metres, v mjs and a m/s* represent respectively the

dl;phumn( velocity and aceeleration of a body, relative to an origin O, at
time  secon

LU= 55~ 1 find expressions for v and a n terms o

3115 = det ~ o iod the displucement, eocity and seccleration when

(ll = 0 ®)r=

Srinar= 3 hen = 0, find expressions for a and s in

> ot
40y =~ 4+ Jands = 4 when ¢ = 3, find
(a) the values of £ when the body is at rest,
(b) the acceleration when 1 = 5,
5,19 the dplacamcnt when ¢ = 1.
fa =1 - tand, when ¢ = 2,v = 1 and s = 4j find expressions for
Vand s n erm of £
6.1fa = 61~ 12and, when 7 = 0, v = 9 and 5 = 6 find the values of
when e body s o est and the displcemeat ofth body fiom O at
these time
7. A body stats from rest at an oriin O and it acckraion a any time
£ seconds later is given by a = (3 — 2() m/s*. Find the displacement of
the body from O when it is next at rest.
8. A body starts from rest at an origin O and its acceleration at time
£ seconds later is given by
=+ 3ford <1< banda = 32 for
Find an expression for s, the displacement Trom O at time 1 for £ 3 6
and hence find s when 1 = 8.
Centroids
Find the coordinates of the centroids of the following areas.
9. The arca enclosed by the curve y = 4 — x* and the x-axis.
10, The area enclosed by the curve y = 3x ~ x* and the x-axis.
11. The area bounded by the curve y = x* + 2, x = —2,x = 2and the x-axis.
12, The area bounded by the curve y = x*, x = 3 and the x-axis.
13. The area bounded by the curve y = x*, x = 3 and the x-axis.
Find the centroid of the solid of revolution formed by rotating the following
areas one revolution about the x-
14. The arca bounded by the curve y = % the x-axis and the line x = 4.
1S, The area between y = x* + 1 and the x-axis from x = 0 to x = 2.

12.5 Mean value of a function
Consider the area under a curve y = /{x) from

1f this area s A, then A ‘J yax.
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Now consider a rectangle of the same arca A
and of the same base (b — a). The height of
ks rcangle woukd g e mean vaue of
the function /(x) in the range

i, (mean value of flx)ina < x < o ®-a

Thus we define the mean value of a function y = f(x)

in the range a < x < b as (bfn) [ reoax.

Example 15
Find the mean value with respect 1o x of the function (5x° — 4x) for
1€x<3

Given: f(x) = 5x* — 4x
By defnition, the mean value is (‘El_ai J’:/lx)dx

5[ 6 - e
- {[ir‘ - lr‘})
SYEx2W-2x9-§xT142x1)
=27,

The mean value of (Sx* — 4x) over the range | < x < 3is 274,

Example 16

A thin rod of length 2/ is of variable density. Calculate the mean value of

the density of the rod, if at a distance x from one end, the density of the rod

is ex?, where ¢ is a constant.

Given that the density is a function of x such that
) = ext for 0 x<2A

mean value of density = =5 IA[(xMx

= <u‘—n>J‘:’”""
- e
i

.ﬂ

“The mean value of the densiy of the rod is “5¢.
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Exercise 12E

1. Find the mean value of x* for 0 < x < 2.

4 Find the mean value of 3x* + 2¢for 0 < ¥ < 2.
5. Find the mean value of J; for 1 < x < 5.

6. Find the mean value of x* + 4 for ~2 < x € 3.
7. Find the mean value of 4 — x* for -2 < x < 2.
8. Find the mean value of 4x — 6x* + 2x — 1for —1 € x € 3.
3. Tho wlokty v i s of 8 body  moonds aer timing commences is
given by v = 3
@ Find the mean v=|o¢|ly during the interval £ = 110 ¢ =
(b) Find the mean acceleration during the interval £ = 1 to ¢ = 3,
0. The tenson T newtons in a particular spring depends on the cxtension
‘metres of the spring from its natural length in accordance with the rule
. Find the mean tension in he speing 45 x nereases from 01 m
002m.
11. The kinetic energy k joules of 10 kg body depends on the velocity
v m)s in accordance with the rule k = 5 2. Find the mean kinetic
encrgy possessed by the body as v increases from 1 m/s to 7 mjs.

Exercise 12F  Examination questions
1. Integrate with respect 10 x:

O % @ e+ %

(S.UJB)

2. EYI]MI!J —,—d‘v (S.UJB)
3. (a) Integrate with respect 1o x,

(Jx - 2

(b) Evaluate
3

J" (3: - ;',)Ax (AEB)

4. Atany point (x, y) on a certain curve,

Lo Gr- ek,
Given that it passes through (~ 1, 1) find the equation of the curve
Find, and distinguish between, the turning points of the curve.  (A.E.B)
5. A parice P moves n  siralght i and passs . fed peint O witha
velocity of ¥ mys. Its acceleration, a m/s?, is given by a = 16 ~ 41 for
3anda = 1+ I for > 3, where 1 is the time in scconds after
passing O. Given that the velocity of P when = 3 is 38 mys,
() the value of ¥,
(i) the velocity of P when 1 = 4.

(Cambridge)
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1. Find the cqution of the chord which Joirs the points A(~2, 3) and
B(0, 15) on the curve
() Show that the finite arca S enciowst by the curve and the chord AB is

(b) Find the volume generated when this area is rotated through 360"
bout the x-axis, leaving your answer in terms of m. (A.EB)
12. Given the curve whose equation is
y=x
find () the mean value n()l—“ with respect to x, in the interval
l<x<4

(i the reaofthe rgion R bounded by th cune, the x-axs and
the lines x = 1 and x = 4; UMB)
13. Sketch the urve with equation
= (- D+ 2)
() Caleulate the area of the finite region above the x-axis bounded by
the curve and the x-axis.
(b) Find the coordinates of the point of inflexion on the curve and the
equation of the tangent at this point. (London)

14. The points P(3, 2) and QQ, 1) lie on the curve y* = x + 1. Calculate
the volume of the solid generated when the region bounded by the li
»=0,x=0,x = 3and the arc PQ of the curve is rotated completely
‘about the x-axis. Give your answer as a multiple of x.

S is the region bounded by the lins y = 1, x = 3 and the arc PQ of the
curve, Show that when § is rotated completely about the x-axis the

volume of the solid generated is 2.
When S is rotated completely about the line x = 3 show that the volume
of the solid gencrated is

[ - yray

Calculate this volume in terms of . (M.B)
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13.1 Function of a function

When y = x* + 4, we say that s a function of x.
Wy ="+ * 47, we sy ha s 8 Rention (e B0 powe)of 8 funcion
(o + 4) of.
Suppose that = 43 and thatu = ¥4 + 4, the this again leads
y = (x* + 4" In this case we have used another variable u which links
together the variables ) and x.
Suppose y = flu) and u = g(x) and let x change by a small amount &, and
the consequent change in u be &u and the change in  be 8.
3
Then P =P x
As 8x —+ 0,50 also &u — 0 and &y — 0.
So taking limits as &x -» 0 we have

‘This is also referred to as the chain
“The introducion of  third vm-hle may be used to cnable us to differentiate
a function of a function.

Example 1
ind 2 i 2o -1
Find it @ y = 052 - 2, 0y = Ty
)
® y= 0w -2 ® P
L mdeod e !;"“ Lt w=x -2 thn y=u?
Bog  ad L b i
Using %= %
@
G Uing B
%-y,\k:_z)a t;x & dx
b1
&=z
oo %
&=

Note: The final answer should always be given in terms of the variable used
in the question and not the third variable, u, which was of our invention.
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In general if ¢ = [fQo))", letting u = f{x) then y = u*

then Gt = f(x)and B = it

»= U 2 = ns

7'

‘With some practice it is quite possible, and permissible, to write down the
answer to differentiations of this type without showing the substitution and
the introduction of the third variable.

Exanpc 2
Find L @)y = @3 = T, () y = Sk = 2, O = gy
@ = - ® oz
& e - o020 - 1) -3
§ *i(Sxflr‘)"" x (5 - 4x)
ie. o S - bx

& = e 5
© oy g - 00 - 407
B e - 4 x Ot -
B (-1 - 407 x Ot - 9
ie, @ 490
Sty
Example 3

Find the equation of (s) the tangent and (b) the normal to the curve
¥ = 2 at the point 2. 9.

Note Substituting x = 2 in the equation of the curve gives y = 215__1 =5
So the point (2, 5) does lie on the curve.

@ oy

E] .
ey e - )

& s - 97 x @9

¥

Gradient of tangent at the point (2, 5) is Q,JF - -
Using » =, = m{x = x,). equation of tangent at (2, 5)is y — 5 = —=20(x ~ 2)
or y % 20x = 4
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25. Find the coordinates of any stationary points on the following curves
and st the mture of each

@ = ® y = @x - 9
© 5 =x- 5 @y =7t

26. The displacement, 5 metres, of a body from an origin O at time 1
seconds is given by s = (1 + 21). Whm:= 12 find
() the displacement from O (b) the veloci
(€) the acceleration of the body.

13.2 Integration of f'(x)[f(x)]"
Although we have established a rule for integrating a power of x,
xdx =

+ ¢, there are few such rules and we are dependent

AET
upon our ability to recognize the type of expression to be integrated.

Cmmder‘ 2460 + Dodx.

If we go back to our idea of integration being the reverse of differentiation,
wecan se tha this integrand, e the expresion which i 1 be ntegrated,
may have come from diferntatng (x + 7)*

T expresion (6 + 71 b  fancion of a antion and s we s in
secion 15 the diflrenal of expression is 6(x* + 7)? x (4x%) or
20 + T,

Thus the integrand is exactly the differential of (x* + 7)° with respect to x,
and hence

qu’(x‘ D= (Rt

“This is rather an artificial example in that the numbers have been carefully
chosen to produce the desired result. The method would still work had a
number other than 24 appeared in the integrand.

Tn this type of integration we are expecting to see an integrand which has
come from differentiating a function of a function of x. The key to e
method lies in recognizing that the integrand s a function to some por
maliplied by the diffrentil of that Taneton (or some sealy molte of 1.
We can state this in general terms:

j’/'(x){/(x)]'dx = U + e

It better not to remember such a statement, but rather to understand how
the integrand has been built up by differentiating a function of a function.
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Example 5

Find (a) jzou +5xPdx (b) J‘(Z = 3x°dv.
® J’(Z - 3edx

@ J’ 207 + Supdv
We suspect that his may have come

We suspect that this may have come from
differentiating (7 + Sx)* as a function of a from differentiating (2 — 3x) as a
ion. This would give 40 + S0  (5) function of a function. This would give

72 = 39° x (=3) which is ~21(2 — 3
and this is a scalar multiple of the integrand.

func
which is exactly the integrand,

J’zoa +50%dx = (7 + 504 + ¢ N
J'a - Wy = g2 - 30 e

Example 6
Find (@) Ir(l +20pde ®) j(« - 2t -+ dyrds.
@ J"‘“ + 20y ® I(u — 2 - x o+ e
i this has come from differentating (1 + 2°)%,  We suspectthis may have come from
expect to se the differential of differentiating (x* — x + 4)°.

the Now thet =« + 4

then we.

(1 + 26 or a multipic of
integrand.

Now 251 + 200 is 4041 + 209, st -t x@e-D
" : J (% = D06~ x + v

1
X1+ 200 dy = g5l + 260 + ¢
| o SRR
Note ntegrations of the type shown in Examples S and 6 can also be performed by
the method of substitution which is explained in more detail in chapter 20.

Exercise 138
Find
L I:«A + 30 dy 2 Iaz(z + Ttds

4 jIOﬂ!‘ +apdy
% J‘u - 6xdy
10. Jz.«n + P dy

3. I(z\ Dy Dl 14 j’u

3 flflm - 2edx
6 I(I + 200y
9 Iﬂl - 2*dx

12 J'\J(« + 6P dx

s I(z +30%dy
s J'zu + dndy

. J\"U - )
= D -y Ay
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15 J‘(I 2@+ x+ P 16 I(x - 10 - 20+ 4y dx

Evaluate the following definite integrals
l'l.j. 16x(x* + SPdx “‘_[. x - 7Pdx

1. J' FEpp. . j"‘ 6+ 200
. J"(zx S - x+Ipd J"u - 20 - x - Pdx

(L Jx)
SRENCR

13.3 Related rates of change

Suppose that y is expressed as a function of x, say y = f(x). If we know the
rate at which x changes with respect to some other variable, say time ¢

( e mkmw%). then we can use the chain rule to find the rate of change

of y with respect o this third variable 1, (s.g. we can find !f,)-
ic. Given y = /() and %, we can ind % by using & = 9 x &
=

Example 7

If the radius 7 of a sphere is increasing at 2 cm/s, find the rate at which the
Volume of the sphere is increasing when the radius is 3 cm (leave your
answer in terms of x).

We know that the volume of a sphere i given by ¥ = 4> and we are
given that & = 2 cms
dV v v
We require 4 using 4 = & x &
L %(5,,,:) x &

@ 3 @
4
=jrxix2
= 8xr? em¥/s

Thuswhenr = Jem, 4= T2eemijs

‘When the radius of the sphere i 3 cm, the volume of the sphere is increasing
at T2z cms.
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‘Example 8

‘Water is pumped into an empty trough which
is 200 cm long, at the rate of 33000 cm?/s.
‘The uniform cross-section of the trough is an
isoweles trapesium with the mensons
shown, Find the rate at which the depth of the
water is increasing at the instant when this
depth is 20 cm.

We require 2, thus, given "?:1, we want &
formula I.mkml Vand h 5o that we can use
the chain rul
The total dzpm of the trough s 40 cm.
x _h

When the depth of water is A, 45 = g6

or x=1h
The volume ¥ of water in the trough when the
depth of water is h, s given

(80 + 80 + 23) X h x 200 cm?
= 160 + 3 x 100k

3;(16\)00& + 150m) x
= (16000 + 300k) x Q
Buc Ly = 33000 cmss, so when h = Bem,
33000 = (16000 + 30020) x %1
i P iyems

When the depth of water is 20 cm, the depth is increasing at the rate of
13 emjs.

Note that i the last example we could have used 91 = &% x 47, where

av dh v 1

G = 00 and W"/aﬁ'm
dh _ 33000
@~ 600 + 3005

= l{em/s when h = 20cm.
“The jusificaion that 55 = 1 /%; ortnat =1 /% is as follows.

By defnition,
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but as x - 0, then so also d — 0. Thus [1] can be written
dy " 8
=i fs

Thus oL g required.

“

Exercise 13C

LIFT =5+ 3 . fna 4T 9T en p = 2 given that for that value of p,

2
a4

2104 = (2 + 3 and x = 2 + 61, ind an cxpression for A in terms

of 1.

3. 17, the radius of a circle, increases at the rate of 2 cm/s, find an
expression in terms of r for the rate at which the area of the circle is
increasing.

4,11 the radius of a sphere is increasing at 1 cm/s, find the rate at which
the surface area is increasing when the radius is 5 cm. (Leave 7 in your

answer.)

. Air is being pumped into a spherical balloon at a rate of 54 cm?/s. Find
the ratc at which the radius is increasing when the volume of the balloon
is 36x cm®.

6. If the volume of a sphere increases at the rate of 6 cm?/s, find the rate of
increase in the surface arca of the sphere at the instant when its radius is

7. Ol is dripping onto a surface at the rate of Yo cm?/s and forms a
circular film which may be considered to have a uniform depth of
(1 em. Find th rac at whic the radivs of he ircular fim i ncrasing
when this radius
8. A closed nghmmun cylinder has base radius r cm and height 3r cm. I
ris increased at a rate of 1 millimetre per second, find expressions in
terms of r for the rate of increase of
(@) the total external surface area and _(b) the volume of the cylinder.
9. A hollow cone of base radius a and height 3a is held vertex downwards.
o cone b iiially empty aad i [s pored fto it at & e of 4
cm?s e ate at which the depth o he iuid i he vesel is

increasing 16 seconds after the pouring commenced.
10. A comaine s in the shape of 8 conc of semivertel angle 30, with its
Veten domavards. Liqud fows nio he containce at the rae of

3% conajs. A the instant when the radius of the circular surfce of
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Example 10
@x=20y =4840 G x=2y=J1+0)

Find % in terms of the parameter 1

@ 2w,y = a1 ® B N R R R
S Do la s mexy
& _dy i Pl
Using Ge = G * & Using &= x &
B gy B
dx [ % i“ )X u x (73)
4s .
i
P e $-imt

The last example made use of the fact that % - (l_ which was proved on page 324.
7

Second differential
Particular care is needed when finding the second differential from the
One method is to find the cartesian equation by climinating the parameter

and then to ind 22 and % in the usual way.

Alternatively, it s often betier to work in terms of the parameter throughout
as the following example illustrates.

Example 11
Find & and 9 in terms of 1 given that x = 1,y = 3¢t + 2.
y=3r 2

[

Low

Using

=6 x (=) (%‘; = i bence & = ~rz)

In order to find %%, we need to diferntiate 4% with respect 10 x, 50 we

must therefore differentiate (~61%) with respect to x.
Ly 4 g
Pl el
Ao x (G e o to exsble — “mbe
- with respect to
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27. Copy and complete the following table for x = 4 sin 6, y = cos 6

(where 01is in radians).

x x x P23 = an 3n Sx | 1=
olols |3 |z |7 e |3 |T|T|E >
x 346 346 =346 =346
¥ o7 o8 0w o087

¥ =cos 0for0 < 6< 2

Draw x- and y-axes and henee plot the graph of the curve x = 4 sin 6,

28. Copy and complete the following table for x = 21(s — 1), y = 41

AEIEIEIEIK

a2

y

Draw x-and y- axes lnd  henc plot the graph o the curve x = 24t ~ 1),

y=affor -2<1

13.5 Product rule
Suppose u and v are functions of x and

y=uw

.m

Let x change by a small amount &x and let the consequent change in u be

8u,in v be &v and in  be dy.

Then oAby = S+ &)

Snbmnxmn equlllon 11 fom equation [2]
+ 8 Su)y + &)

2

ie. By b+ v+ by
%-uﬁ+vg+6u&
By definition, as o 0, B B b g0y M i,
also as &x — 0, both & and & approach 0.
Goudry gt &y v e
LB, [ .

‘This important result should be memorised.
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Example 12
Differentiate the following with respect to x (a) y = x(x + 31 (b) y = 2x + 1P(x = I
@y = xix + 3 ®) y = @x + Px =

This is of the form y = uv where This is of the form y

u=xandv = (x+3)* u = (2x + 1) and ©

Using the product rule Using the product rule

[ AR 1! Dot s = P+ G- DRORx+ R

= (v + Wx + x + 3] T e - pRex k. n +30- 11
(x + 3P(5x +3) =202 + Dix - 1P0x -

13.6 Quotient rule

Suppose u and v are functions of x and that y = s
Writing |hu as y = uv™', we can use the product rule (0 give
oo+ r.m

= ux -1 +{ x [by chainrule ) = Aoy x ’ix]

‘This important result should be memorised.

Example 13

Differentiate the following with respect to x:

@y oGy

@y=EE2 ® y- Gt

G2y
This is of the form y = % where

w=(x+ D*and v = (5x - 2)*.

Using the quotient rule, Using the quotient rule,

@SR oGraNCs b G0 DGO s (e s 2009
1 ="5x)7 dx x

il M DOt Wi oy - sae ey
&_ 0 dy l(lx ~
&5 Ry "" 2

Note Tn the differentiation of products and quotients, particular care over
the algebraic simplification is necessary.




Caleutus I11; Further techniques
13.7 Implicit functions

An implicit function is one in which a relationship between, say, two
variables x and y is given without having y as an explicit or clearly defined
function of x.

Thusin y = 3¢ = Tx + 1, yis given as an explct function of x, whereas
iny? = 3yx = &2, y is not given exj
An implicit function involving  and x can be differentiated

Suppose P+ dx = 6,
Differentiating each term with respect to x,

S0+ ;—(lx) - ;‘léx‘)
i 4095+ F6o = fe
Thus P +ani
Tt should be noted that we had to rearrange A5 (y?) using the chain rue,

L - 2";(;»1)% 0 enable y* to be differentiated with respect 1o y.

Example 14

Find % in terms of xand yif: @) 2 + 6= xt () 3% + 2y 4 xy = 0.

@y + 6x = x*
Differentiating each term with respect to x,
Y 6=
ie. oz S fdnd

(®) 3y + 2y + xp =
Differentiating each term with respect 10 x,

o% 2%+ (x% + y) -30
dx(ﬁy $24x) =3

i 1;
ie. X + sy +2
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Example 15

Find the equation of (a) the tangent and (b) the normal to the curve
3x} = xy = 2 + 12 = Oat the point (2, 3).

2 +

=0
[Note that since  3(2)* = 2(3) = 203)* + 12
=12-6-18+ 12

0, the point (2, 3) does lie on the curve.]
ing the equation of the curve with respect 10 ,
P

dy

g =0
-y

e & o

Gradient at the point (2, 3) =

Equation of tangent at (2, 3)is y ~ 3 = [4x — 2)

or ly=9x+24.

(®) Gradient of normal is m =~ at e point 2.3
Equation of normal at (2, 3)is y - 3 = —.‘(x -2

or 9+ 14x = 55
The equation of the tangent is 14y = 9x + 24 and the equation of the

normal is 9y + 14x

Exercise 13F

In questions 1 to 9, find jlx in terms of x and y.

Lxt 4= 10 220 4y = 4x

3668 420 = Br +dy L2 - Ser—10p=6

S20 424 =04Ty 6y k=0
826 + 3yt = 3 =0

9.3x + 28 ~Sx+xp+ 6y =8

10. Find the gradient of the curve x* + 6% = 10 at the point (2, — 1).
1. Find the gradient of the curve x* + 4xy = IS + y? at the point (2, 1).
For questions 12 to 14, find the equation of () the tangent and (b) the
normal to the curve at the given point on the cu

12. 5y = 3¢* — x + y = O at the point (1, —1)

13. 3% = 25y + 1 = 9 at the point (-2, ~3)

14. 2 + 3xiy = 27 at the point (~ 1. 1)
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9. A curve is defined parametrically by the equations
T
ind
(i) the equations of the normals to the curve at the points where the

curve mets the x-axis,
(i) the coordinates of their point of intersection. (Cambridge)

10. A curve s gven by the parametrc equations:
=000+ o

T
Find dy/dx and d?y/ds* in urms of 1. Find also the equation of the tangent
10 the curve at the point where 1 =

x=

(S.UJB)
11. Find the equations of the tangents to the curve y? + 3xy + 4x? = 14
at the points where x = 1. (S.UJB)
12, Given that 32 — Sxy + Bt = 2, prove that & = ’yj 16x.
The distinct pois Pand Q on the curve ) — Sxy + 8x? = 2 each
have x-coordinate 1. The normals to the curve at P and Q meet at the
point N, Cateulate the coordinates of N (AEB)

13. Sketch the curve given parametrically by
=y =0

Show that an equation of the normal to the curve at the point A(4, 8) is
2=

‘This normal meets the x-axis at the point N. Find the area of the region
nchocd by thearc OA.of the i, the oo segaent AN 2 the
xeaxi (London)
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Sketching functions Il

14.1 Rational functions

In this section we consider functions /(x) of the type fix) = W The five
basic investigations for curve sketching used in chapter 11 are sill applicable
for functions of this type, i.e.

@) symmetry if obvious,

(i) intersection with axcs,

i) behaviour as x  + @

Examples | 10 7 show the ways in which these investigations give

information from which a setch of 23 can be made. We restriet our

attention to functions §55 ) for which h(x) is a polynomial of order 2 or less.
‘The reader should note that in the examples of this chapter, the behaviour of
the function on cither side of the vertical asymptotes is not invest

‘These investigations are not always easy and the information gained from
he othe inveaigations usually alows the behaviour of the unction near
these asymptotes to be determined.

Type 1) = g5

Example 1

Make a sketch of the curve given by y = 3o

xasis Mo value of x for which y = 0
intercept with x-axis.

yaxis Cuts yaxis at (0, 2)

X ko Asxo gyl
Thus for x a large positive number, y is small
and positive, thus as x.— +, y  0*. For
x a large negative number,  is small and
negative, thus as x - —c0,y —+ 07,
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e i uadeingd for 5 =
~2is a vertical asymptote.

Maxmin ' =

wF
‘Thus no turning points and the
gradient is always negative.

‘The sketch can then be completed.

+b
Toee I f) = S5
Example 2
Make a sketch of the curve given by y = 33
s Culsxaisat (3,0 y
ts y-axis at (0, —3) !
. +
X koo Bywriingy = | f;j
o y=1
=lis n nmnul
asymptote. (It is not necessary (o
nsider x - +co ang
paratcly for
functions of this type.)
v undefined 1, is undefined for x = 1.
Thus x = 1 is a vertical
asymplote.
Maximin  y' = —),_"" ‘(:J: peen =1
S
“Thus no turning points and the
gradicnt is always negative.
‘The sketch can then be completed.
=) u')\
o
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Type I f(x) ;; for h(x) a quadratic function.

Some functions of this type have a range that s restricted in some way for
x € R. It is useful to examine the range of /{x) first to determine whether
such restrictions exist. In addition, such examinations will indicate whether
any maximum or minimum points exist.

Note In the following examples, when (x) s an improper fraction, i.c.
order of g(x) > order of A(x), then f(x) is rearranged to climinate these
improper fractions when considering x — = co.

Example 3
x+3
=

Sketch the curve given by,y

343 43
L m o y= FEL
Range of values of y From 2] S ymded
ie. Xy + ]x(l s
For y # 0, this is a quadratic in x. ) Fory-ﬂ. x+3=
mu-. for real x, [3(1 - - 403) 30 =
- Dy -3>0
We sove this .mqumy using the methods
of chapter 5, page 143.

i y=

» can equal zero.

y<y<3|y>3

G- -3 | +w —ve +ve

‘Thus the ranges of values y can take for real xare y < 4, > 3. 1
‘We can therefore shade a region on our sketch
‘where the curve cannot exist. Note also that
for each value of y in the allowed ranges,
there wil exist two distinct values of x, except
aty =3andy = § where a repeated root
will occur, and at y = 0 where
occurs. From <} we expect a (local)
maximum at y = §, and from y > 3 we
et a o) minimum at y = 3
Cuts x-axis at (-1, 0).

Vo Novos imereptany not
defined for x
X tm Asx— oo,y - x asymptotes

us as x —+ +co, i asx — —co,y = 0°

Thus ,
¥ undefined x = 0 and x = 3 are vertical asymprotes.
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Max/min

min at (1, 3)
The sketch can then be completed.

Note For some keche it can s b usfu
to determine the sign of the functi
Ihroughout s domain by construcinga bl
For the last function, remembering that /(x)
can onlychange sig where thecurv s the
ds (i x = — 1) and at vertical
asymptotes (ie. x = 0 and x = 3), the table
would be as shown on the right.

The reader should verify that these results
agree with the sketch.

Example 4

Sketch the curve given by y =

x — 5
(x + (x = 3)
Note that the R.H.S. is an improper fraction.
Iy G L

8 - 4x
and y =1t

e

S ¥
EREED w5

Range of values of y From 2, (y = x* + 2x(3 =

For y # 1, this is a quadratic in x.
“Thus, for real x,

26 - 9P - - - 3y*5))ﬂ
ie. Yoy+130
or 3 il 20
which is e fo afl e ¥

‘Thus there is no restriction on y.

Note also that, for each value of y, there will exist two real disti

Fnry-ux—s-n

yean cqual 1.

t values

of x, except where y = 1 for which there is one value for x, i.e. x = 2.

<-i]-1<x<ofocx<se>s
s3] e | e [ ve |4
R
3-x| e | v | e
3c+3

2 e e | ot |-w
6x + 5

- |



Sketching functions 11 339

xaxis  Cuts x-axisat (1, 0) and (5, 0) [ -3
(from (1] ¥
yaxis Cuts y-axis at (0, - 13)
(from [2))
xoim Asxo imyol- X
— r=1
(l'vom[ﬂ)
x40yl x
Syl

(see note below)
y undefined x = —1and x = 3 are vertical

asymptotes (from (1)) o
Max/min  Range of values suggest no * y
max/min. x =3
The sketch can then be completed:
y=1
2 x
Note _ Alternatively, the horizontal asymptote / ,0) 5.0
could be determined by writing o -1y

P 7 7N

Example 5

" 12

Sketch the curve given by y = o3

12
Wy = orp—s LI then y= (x—”m e
Range of values of y From [l}, xiy + 2xy = 3y = 12= 0
For y # 0, this is a quadratic in x. For y = 0, we obtain =12 = 0
Thus, for real x, 4% — 4(=3y = 12) > 0 ‘which is impossibl.

LoyAo

!
HW+3)20 H
y<-3:[-3<y<o| y>o i
y —ve —ve +ve H
|
y+3 —ve +ve +ve H
w+n| +w -ve +ve i
i
ie. y<-3y320

the ranges of values y can take for real x are: y < =3,y > 0.

y = =3 will be a local maximum and for the remainder of the range there
will be two distinct real values of x for each value of .
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x-axis s intercept
yaxis Cuts y-axis at (0, —4)

X ko Asx = tm.y*g (from [1])

asx— +m,y - 0°

» undefined x = —

:xymplma (from [2])

Maxjmin ~ When y = ~3,x = ~1. Max
a

i

The sketch can then be completed.

Note  Aliernatively the method of section
11.4 page 288 could have been used for this

Example 6
2- 3

Sketch the curve given by = T2 g

I i care e denominator does oot fctoie

Range of values of y From y = o2 2% wehave xiy + 3x(y + 1) + 3y~ 2= 0

TR
For y # 0, this is a quadratic in x.

Tha, forral . {30+ DI — 3y = 22 0
ie. Gy+ Dy -9<0

“<y<9[y>9

Fory=03x=2

x
3 can equal zero,

v dve | v
-ve S
G+ 0y -9 v ve | e
ie. ~f<y<9
the range of values y can take for real xis =} < y < 9.
= =4 will be a minimum and y = 9 a maximum. For every other value

of yin the permitted range there will correspond two distinct values for x
except = 0 for which there is one value of x, i.c. x = .



344 Understanding Pure Mathematics: Chapter 14

14.2 Inequalities

We saw in chapter 5 that, for a quadratic inequality, say x* — 3x = 4 < 0,
the range of values that x can take can be found by sketching, by
completing the square, or by considering the signs of the factors:

Sketching ; Completig the spare

-sx»:(,,,).,,_;<

m,:ae

i
|
|
|
|
!
i
|

Thus for x* -~ 3x - 4 <0,

i
“l<x<d !

Similar techniques can be used o find the range of possible

Signs of the factors
¥ -3x-4<0

(- 4+ 1) <0

x<~1[-t<x<a[x>4
x-4 [ -w +ve
xH1 | v | 4w | 4w
- ae+ D e +ve

“l<x<4

values x can

take in more complicated inequaliies, as the following examples show.

Example 8

Find the range (or ranges) of values that x can take if x ~
By sketching

In this method we sketch y = x = 2 and

» =& on the same graph.
Important points will be where these lines
meet,

At poinis of intersection ¥ — 2 = & which,

provided x # 0, gives x* — 2x — 8 = 0
giving x = ~2orx

For x — 2 < &, we look for x values for
which the line y = x — 21is “lower’ than the
curve y = & (The relevant parts of the x-axis
are shown in heavy type on the sketch.)

Thus for x = 2 < & we must have x < 2010 <x <4,

2<8
x
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botiaie + 24
ie. x-2-foo o B BrD

Now the function y = f(x) may change sign as the graph of y = (x) cuts
the z-axis and at vertical asymptotes. Thus for y = E= 9+ D e
eritical values of x are 4, ~2 and 0. We can then construct a table from
which we can s that =5+ 2) < 0 for x < ~2and for 0 < x < 4,

x<-2 | -2<x<0|0<x<d|x>4
] - -ve —ve +re
2| v +ve +ve +ve
x -ve v +ve +ve
y —ve +ve +ve
Example 9
F 4 _x-2
By sketching:
on the same axes.
‘The sketch can be made using the .
‘methods developed earlir in this x= -1 x=4

chapter. Notice that the two curves I

will intersect wher

X =16 = (x = 2 + 1),

e x=14 !
S APELE)

Forfy < , we look for yei

valugs of  for » ich the curve i

I His tower” than the =) .0 "

y=%

curve y = =

x-2
4’ y=

Thus for

24 < 2= Z e must have
i< lord<x<h

iie. the solution setis {x € R: x < —1or4 < x < I4}.
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L xt4 N
By calculation: 1 ie.
4
o EEE-9 <0
i< [Ci<x<s]a<rem [on
- < B Bl
e B
e e | =
Grie-® | " i o e
Th\ufarx+]

notaton fx ¢ R x < —|m4<x< 1)

Example 10
Find the range (or ranges) of values x can take if 7552 > 0.

Sincext — x+ 1= (x =} + 3, lhcdammmnnrof—;Ti‘

is always positive. Thus the sign of 2 depends on the sign of

x+x
the numeraor, £ - 2
-2>0 if x> 2 hence

"
T i x>2

‘This result, as the reader can verify, can also be obtained by sketching.

Modulus inequalities

Simple modslusinequltis bave ben solved o page 4.

For example, we know that [3x + 1] > 8

means that 4l<-8 or x+1>8
x<-3 or x> 2

In order to solve more complicated modulus inequaliies, we need other

techniques as shown in the following examples
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Exercise 148
1. The graph shows the lines y = 2x + 1,
y=3andy=%

=3
Use the graph 10 find ihe solution sets of

14

®2x+1>F

For each of the inequalities in questions 2 to 27,
find the range (or ranges) of values x can take
for the inequality to be truc.

2@ -3 > AE-<T-x

7

5352042 6 >2

Box - 102 +9>0 94 - 1¢+4<0

E|
nitl,
5135

SN

x-2_x-6
'x+l>x—2
x*ﬂ

21

-4
1

28. The graph shows the lines
ym2y=

25 + 3|,
Ix + 3l and y = 4. Use the
raph 10 ind the scltion st o the
following inequalites.
@lra<s

®) 26> Jx +
© \1:+3|>’x¢3|

y=2e+1

3x+1

10.

-2
|:.x>‘

it
w0

6x-9
-2 829

x4l _x+3
e ]

2% -
x
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For each of the inequaitics in questions 29 0 43, find the range (o ranges)
of values x can take for the inequality to be true.

2.020- 31> 5 0. [4x+2<x+8 x4 1>x+5
32 1xl > |2x + 3] B2+ 5| > x + 1| 3. 12x - 3| > 4lx)
Box+ 1> x-3 36 6-x>Px-2  IIx+SI>Ix+ 3
38 3x -1 < |x -3 39.20x - 3| > [x| 40. |x| > 2x + 1]
2 - 4|
85Tt
Exercise 14C  Examination questions
1. Sketch the curve y = 745+
Determine (i) the equation of the tangent to the curve at the point
x=0
(ii) the equation of the other tangent to the curve which is
paraliel 0 the tangent in part (). (S.UJB)

2. Sketch the curve y = —=—. Find the ranges of values of x for which

> -

x
= (Oxford)

3. Sketch the curve

2
and write down the equation of it miror image in the y-axis. (London)
4. State the equations of the asymptotes of the graph of the function
7oxeZs

where x ¢ Rand x # 2.
Sketch the graph of the function showing clearly the asymplotes.
(London)
5. Prove that the function y = —9, - 1 has a maximum value at x = 1
Find el of x for which b i oo,
of he funton. (Graph paer i nt requived—.
Heih showing e min elovan Tt i i)
Prove that the x-coordinste of any point of inflexion on the graph will
be a solution of the equation (x + 2)° = 9x%. (You are NOT asked 1o
solve this equation.) .ULB)

6. Show that, for real x,
e )
iSyTacse
Sketch the curve y = 23—, showing the coordinates of the turning points.
(Cambridge)

i)
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7. Given that j(x — 1) = x* + 3, where x is real, show that y cannot take
any value between —2 and 6.
Find the equations of the soymplotes of the curve
3

v
and sketch the curve, showing the wonimna of the turning points.
(Cambridge)
8. In tuh of the following cases, determine the range of values of x for
(I) | - >0,
(i) (x+ x=2)>0,
iy w >

(Cambridge)

Find the set of real values of x for which

e =2 > Ux + 1. (London)
18 Pl the sct of v of ¢ forwhich

b= 1= (24 1 (London)
11. Given that y = ;)L— , where x is real and k is a constant, show that

y can take all real values if [k] < 3. (London)
12 Find the ranges of valuesof x which sty the inequlis

(@ 2 -

) 2 <x (AEB)

13. Obtain the set of values of x for which

TR (London)
14. Find, in each case,the set o values of x for which
0) xx =2 >x+4,
) x-2>%5E8 (Cambridge)

15. Find the equation of the tangent to the curve y = x(x — 3) at the point
P(2, —2). Using the same axes sketch the curve and the tangent at P.
Using sketches, or otherwisc, find the values of x for which
(a) x(x - 3) € x - 4,

() x-3<

© A<t (London)
16. Given that (x? = 4) = 2x + $ where x s real, prove that  cannot
take any value in the range — 1 <
Sketch the graph of the curve with equation y = 25-*3, indicating
clearly the asymptotes.

2+ 5

Calculate the ranges of values of x for which [ 2= | > §. (Cambridge)
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Trigonometry Ii

15.1 Sum and product formulae

We saw in section 4.7, that
sin (4 + B) = sin A cos B + cos A sin B

and sin (4 ~ B) = sin A cos B — cos A sin B

adding these we get sin (4 + B) + sin (4 ~ B) = 2sin A cos B

and subtracting we get sin (4 + B) ~ sin (4 — 2cos A sin B.

L]

Iwewrite C = A+ Band D = A - B.then d = 3 Lana g = C 22
and we then bave sin €+ sin D = 2sin S5 2 cos
and sin € = sin D = 2cos S Lsin €

We can, ina r way, use the e.lplmmnx ofms(A + B),
'y 0s (A + B) = cos A cos B — sin A sin B
and M(Afll cos A cos B + sin A sin B,
ogie wsCtamd =20t Len O 2

and
‘These four results should be memorised:

dnctinD = 2un E4 2
sinC = sinD =208 S 3 2sin €S2
2 2
c+p _C-D
cos C + cos D = 2008 C3 Leos 50

c0s C —cos 0 = ~25in S5 Lsin €12

Note carefully the pattern which runs through these identities and also the
negative sign which appears on the right-hand side of the last one.
Example 1

sin 54 — LEL]
Prove that o302 tan 4.
SA+ 34 SA =34
Mo

sinSd —sin34 28Tz

ApPlying the sbove resls: e 34 © 3 oo A T3 o T SA
con AL A o, A SA
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2cosdd sin A
¥ Zoos 44 cos (- A)

=04 Since cos(~A) = cos A
sS4 =S g requined.

cos 34+ cos SA

Note 1t is also useful 0 be able to use these four standard results the
other way round, i.c. to cxpress products as sums or differences.

From equations [3], [4), [5] and [6], we can write:

2sin A cosB = sin (4 + B) + sin (4 ~ B)
2cos Asin B = sin (4 + B) = sin (4 — B)
2cos A cos B = cos (4 + B) + cos (4 ~ B)
2sin A sin B = cos (4 — B) — cos (4 + B)

te very carefully the sumllnllcs. and also the differences, between these
Tour elatoms and e prey

Example 2
sin 86 cos @ — sin 60 cos 30
Pro¥e s 20c0s 0= sm 30wm a0~ 2 20
sin 80 cos 0 — sin 60 cos 30 _ 4(sin 90 + sin 76) — }(sin 96 + sin 36)
cos 20cos 0 — sin 305in 40  4(cos 3 +mﬂ)-§(m: ~cos 70)
_sin70—
eoi!B+m7B
- 2cos 50sin 20
Zcos5cos 20
_ sin20
cos 20
sin 86 cos 6 — sin 60 cos 360
o5 20cos 0= sin 30sin 40~ 4" 20
Example 3

Solve the equation sin x + sin 5x = sin3x for 0° < x < 180",

sin x + sin Sx = sin 3x
2'5in 3x cos 2x = sin 3x
sin 3x(2 cos 2x = 1) = 0
sin 3x = 0, which gives

ie.
or c0s 2x = 4, which gives

Tous,soutions in the range 0" < x & 180" are x = 7, 0, 60,120, 150", 180"
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Also acosx — bsinx = Ja + b

a b
[y - teayins]
= J@ + b¥)lcos x cos & — sin x sin o]
= J@® + bi)cos (x + ) where u“-g.

Example 4
Express (a) 4 cos x — 5 sin x in the form R cos (x + a),
(b) 2sin x + 5 cos x in the form R sin (x + o).
(@) 4cos x = 5sin x
Now V@ + 53) = /41, and so we write
. 4 5
‘mx‘iunx-‘/ﬂ[ cosx - unx]
A VAt >,
= /8103 x cos & = sin x sin @)
where s given by:
= /4l cos(x + o) where tana = i T
thus 4 cos x — S sinx = V4l cos (x + 5134
® 255+ 500
ow TG + 58 = 29, and s0 we write

2sinx + Scosx = /29 75!!\):*750“1]

&
= /29(sin x cos @ + cos x sin @) P
ais given by:
= /Bsin(x+ @) where tna=§ 7

thus  2sinx + 5cos x = /29 sin (x + 68:20°)

Example 5
Fid the aximum value of 26 ta 0 7 cox aad the el posiiee
value of § that gives this maximum va

Now (4 + 79 =25 andso we write
= ls[ﬁsma - lma]

= 25(sin Ocos & ~ cos Oiin a) »
where a s given by: i
= 25 s (0 - 1626

Hence the maximum valuc of 24 sin 0 — 7mun 25 and this occurs when
@ - 1626") when 8

245in 0 — 7cos

Example 6
Solve Scos x —~ 2sinx =2 for —180" € x < 180",

Now (8t + 2% = /29 and so we rearrange the equation to:
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5 2 _ 2
e~ fginx = 2 »
N o 2 N J 2
wsxma»ﬂnxnna-m where ais given by:
ie. cos (x + 21-80°) = 7%
Now cos! (722—9 = 6820° and a positive cosine gives:
Thus x + 21'80" = 68:20" or x + 21-80" = —6820"
ie. x = 4640" or x = —!

‘The r-substitation
Equations of the type encountered in Example 6 (ic. a cos x + b sin x = ¢) .
can also be solved by using the substitution ¢ = tan 3: J ¢

N 2tan 4
Then since tan 24 = 24042,
2

it follows that tan x = ie

;
Thus, when = tan 5, 60 x = 27 and cos x = {54

Example 7

Solve the equation 5 cos x — 2sin x = 2 for — 180" < x < 180" using the
substitution 1 = tan 3.

x 1-r

it . x
Substituting 1 = tan 3, ie. cos x = {7z and sin x = {37

(e %
(i) - 2(r¥w) =2
55— di=2+20
0

tang= -1 or wmnz=3}

= —45, 135 L ie.  §= -15680,2320° ...
= =90° 270", ... x = =31360°, 46:40°, ...

T

‘The solutions in the range ~ 180" < x < 180" are x = —~90°, 46.40"
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@and fmust cach be
tangents of positive numbers less than one. Thus we expect (a + f) t0 be
‘between 0 and /2.

tan @ + tan 8
T-tanatanp
) RN

R E]
V3

Now an(@+ p=

Example 11
Find a positive value ofx that satisfies the equation

tan™" 3x + tan™' x = 5, giving your answer correct to 3 decimal places.

Let a= " 3x

and f=tan"'x

Thus a+ p ;

L mE+p=uni=l ()
una+ang

tan @ an

Jtx
- Gow

e 3 +dx-1=0

Solving this quadratic by the formula and taking the positive root gives x = 0215,

Note: The negative solution of the equation 3x? + 4x = | = 0, ie. x = =155,
does not satisfy the equation tan~" 3x + tan~' x = /4, as can be verified using
calculator. This “other solution’ arises because. for 2 + § = 74, we have said
tan (a + B) = tan x/4 = 1. sec [1] above. However tan (a + B) cquals | for values
oz + ) otherthan the 4 vaue we equie it be. s the solun” ~ 155
e 1t does o sty the orgiaalequation we are asked
solve. When solving equations of this type it is advisable to check that
otuions obtained do satly th cauation
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Example 12
Solve the cquation cos ' x + cos~! (/%) = .

Let @=cos™'x cosa =

and f = cos™ (x/3) ie cosf= /3

A"' - AJ" o

Thus @+ f=% /2
“Taking the cosine of both sides of this equation, (we choose the cosine as cos 72 = 0)
gives cos (x + ) = wsf=0
ie. cos f — sinasin =0
xx m - ./[u - v'x| -3 =0
X3 = U1 - 4x 4 3
Squaring both sides of this equation:

3= 1 - dx 43
L o= g x e )
0y sabsision in th arginal equaion it can be Shown hat x =~ i mot
solution for cos ing 8 range 0 € % € 7.
Tis the only soution f he equation & ¢ = 1

Exercise 15C

1. Evaluate the following giving your answers in degrees (do not use a
caleulator).

@sin0 () sin! (>§) © m-(;’;) @
© oos"(*%) (®) sin ‘(AQ) ® @ (3 (h) tan-
2

Evaluate the following giving your answers in radians (leave 7 in your
answers and do not use a calculator).

(@ sin~' 1 ®sin (=) @cosTH @ cux"(—ﬂ

2

0 tan~ (4 !
7

' (-
ﬁ) (0 cos ( %
() Draw x- and y-axes Iﬂlnl a scale of 2 cm to 1 unit and such that

-l <€x<dand -
(b) COPY I"d ‘complete the foﬂowmg table of values for y = cos x with
0 € x < x (Use a calculator to obtain the values of y.)

() sin”

RE )

[ome o Jous[os [ors] s [ra[vs [ 2 [oss] s 3 [ 3 [rweuen]
prmwrtre] fonlom| | | | | [1 | Foalon] - |

s x for 0 < x
© By vlomnz“ o 697, ozs) (088, 05) etc. raw the graph of
n the same pair of axcs used for (b).




4. Without using a ulmla!or find
@'sn 00 = sn- ;)nm-*w equation

n = tan ‘(i)+un ‘(x‘x)
@ sin Bll@=sm"(§)‘ ')

(©) cos 0if 0 = cos™' (3) — sin”" (1)
5. Evaluate the following. (Give your answers

e of 40 do ol e  elevitn 10- Solve the equation

H
(®) 2tan” (g) +tan~' ()
6. Prove that 2 sin
sin (z sin”' x + cos”' x) = /(1 - xY) 12. Solve the equat

6) + si

%

{ the use
z;m'u)~ YA = sin~ G

15.4 General solutions

In all the trigonometric caquationsencouniredso fa in his book. the
required solutions have been rest i

o 2, etc. Without such a restrictio
oltions. Neveties L el 1 be abl to e xn cxpcion Lo the
general solution in terms of some letter, usually . Then, by allowing 7 t0
take the integer values (i.c. n € Z). any particular solution of the equation
can be obtained. We now consider three basic types of equation.

Typel cos0=cosa

Example 13

Find the general solution of the equation cos 6 = cos /6.

all values of 0 for which

Nwcou 6 = 372 and 0 we e
05 0= /3.
We can show two solutions in the range — % < 0 < & in a disgram

Other solutions will occur as we add or subtract multiples of 2 to
these two solutions.

Thus the general solution of cos 8 = cos z/6 is 0 = 2nx + /6 for n € Z.
Extending this idea, we can say that the general solution of the qion

ais 6= 2nr + aforn e Z where a is in radias

+ afor ain degrees).

(or 360n

11, Solve the equation

Trigonomerry 1f

) - tan™' (3) + tan”' @) = :

cos”!x + cos”! (xyB) = 3

2 mr'(g) +sin ' (v = 5

1

8. Find a posttive valuc of « that satisfies the

9. Find, correct 1o three decimal places, a
positive value of x that satsfes the cquation
tan”' x + tan”' (2x) = tan"'

inain



To determine the general solution 10 a trigonometrical equation, it s best to
use the first principles method shown in the previous examples, i.c. determine
the general solution from a diagram showing the solutions in the range — &
to . However, for some types of equation the ability to quote and use the
above standard results can lead to a very concise method of solution. The
“alternative solutions' given for examples 18 to 20 demonstrate this technique.

Example 16

Find the general solution of the equation sin 20 = — 1.

For sin 6 = —J. we have two solutions in the range — 7 < 6 < mas shown:
Other solutions will occur as we add or subtract multiples of 27 to these.
Thus for

_fam-as g fam- 2
B {an+ O {nn Tmji2

Example 17
Find the general solution to the equation 2 cos? @ + 3cos 8 + 1 = 0

Thus, for cos 6 = —} wnd forcon 8 = 1
6= 2nx + 2473 =wr+x

Thus 0= 2x % 203, 20 + x

Example 18

Find the general solution of the equation cos 50 = cos 36.

" cos 56 = cos 30
then 08 50 — c0s 30 = 0
- 30

~2sin40sin 0 = 0
‘Thus, cither sin 40 = 0 or sin
For —# € 0 < m, solutions for sin 0 = Dareas shown in the diagram:
Thus for sind0=0  andfor sin0=0
40 = nx

f4

Now, as | uk:s the integer vlus, the stuion given by /4 will contain
all those

Thus the goneral stuion of cos 50 = cos 301s 0 = nrfd.

Trigonomerry 1]

ED

36

6

0

.. cos 0s 0= 1

For =1 < 0 < x solutions are as shown in the diagrams:
Other solutions will occur as we add or subtract multiples
of 2r 1o these.
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Alternative solution for cos 56 = cos 36
the summary on page 362
05 0 = cos a has the general solution 0 = 217 + @
Thus  cos 56 = cos 36 has the general solution 58 = 2nx
and cither 50 = 2nx + 30 or 50 = 2ax — 30

0=nn or 6= ne4
Thus, as before, the general solution is 6 = nx/4
Example 19
Find the general solution of the equation sin 50 = cos 36.
" sin 50 = cos 30
then sin 560 = sin (/2 — 30)
sin 50 ~ sin (%12 = 36) = 0
S 2cos(O+ x/4)sin (46 — xf4) = 0 s f=0
Thus either ~ cos (6 + 7/4) = 0 or sin (40 - 7/4) = 0
Solution for 05 0= 0 and in0=0 are shown:
Thusfor  cos (0 + 7/4) = 0 and for sin (40 ~ 7/4) = 0
0+ mjd = nn+ A2 46— xj4 = nx.
O=nx+ mA or 0=nxjd+ xI6 ono

Alternative solution for sin 50 = cos 36
in 50 = cos 30 can be writien  sin 50 = sin (72 ~ 36)
From the summary on page 362

sin 0= sina has the general solution 6= {m .
Thus sin 56 = sin (x/2 ~ 360) has the general solution
x4 2 - 30
0o e e
andcither 50 = 2am + 2 — 30 giving 0 = nmjd + /16
" 2nn+ /2 + 30 giving 0= nx

Example 20
Find the general solution of the equation tan 56 = tan (20 + x/6)

wnse-unos e e 230 0046

in 008 20+ 16) — cos 505in (20 +

iving. [ss - (zs + 76)] = 0

sin (36 - 7/6)

Solutons for sin 0 = 0 are a5 shown n th diagram:
Thusfor sin (30 - 76) = 0

— xl6 = nx giving 6= a3 + /I8

Alternative solution for tan 50 = tan (20 + /6)
From the summary on page 362
an 0 = tan @ has the general solution 0 = nx + &
Thus tan 50 = tan (26 + /6) has the general solution 50 = nx + 20 + s
6= nxj3 + 718 as before.
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Since cos 6= /(1 = sin? 6)
x /(1 - 8% for small values of
=1 = 16" expanding by the binomial theorem.

Thus we have, | forsmall 6:sin 0 i cos 6~ 1 - 465 an 8= 0

Note that these approximations depend upon 6 being measured in radians.

Example 21
o o (525) 0 (2252
L] ""‘(c Ton 38 ) ®© '1!’.‘(%@2i
joor )
0(58) 20
ol 2 .
]

Example 22

Find an expression, involving 6, that 2147 (80.0= 20 605 0 o0p it 1o for small values of 0

Using the approximations for sin 6, cos 6 and tan 6,
2+ Ttan 6 - 0cos§ _ 21 + 70 = 20(1 ~
T+ sin 20

67)
o L+ 76.+ 1007

T+
o (4201 + 56)

T+ 20)

20+ Ttan oS8\, sp

meza

ie

Exercise 15E

1. 1f 0is a small angle measured in radians approximate values for sin 6,
9 and tan can be obtained using sin 0 6, tan 0 = fand
c0s 6% 1 - 30, More accurate values can be obtained using a
caleulator. Using these facts, copy and complete the following tables:

0=01rad |sin6fcos6tn6| | 6=002rad [sin0]cos 0]tan 6)

Approx. value Approx. value
Calculator value Caleulator value
(corect 104 (comrect 1o 4

decimal places) decimal places)
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nn 20 sin 20

2 Find (@) lim ®) lim 555 © hm~—9 @ lim

3. Find the expressions involving 0 that the following approrima o for
small values of 8, (Do nof ignore < lems n 0%

cos 6 - | sin 30 + tan 6
Ry o2 R
@sn@+45)  @es@+30) ) gyt

4. Given that 1" & 00175 radians and (00175)* & 0000306 find,
without the use of a calculator, approximate values for () sin 2 (b) tan 12" () cos 1"

15.6 Differentiation of trigonometric functions

Suppose y=sinx . (1] where x is measured in radians.
Let x change by a small amount dx and the mmqnm change in  be &, then
y+ by = sin(x + &x) -2
Subtracting equation (u from equation ]
sin (x + 63) — sin x
= 2co0s lX + $4) sin (38x)
ie. 2= con(x + 3a02 400

()
By defnition, % - Eﬂ(%r)
- lim {mu @+ W)xm( sx)}
Now from section 15.5 hm(‘“‘ ') =1 B
Ina similar vay if y

Bl
m x change by a small amount & and the eoanu:m change in y be &,
o+ By = cos(x + 89) -2
Subtracting uuumm [u from equation [2]
@ + ) — cos x
= —2sin (x + $&¥) sin (46%)
. sin (363)
P —sinx + 459 "4

By definiion, 4 = im| (%)
- m{—sin o+ ;5:)‘%}"’7‘2} B s

y=sinx, y=cosx,
From teso two s 147 ooy 4 —unx

we can obtain the differential coefficicnts of the other trigonometric ratios.

37
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Differential of tan x and cot x
Since  y = tanx and y=cotx
_sinx _cosx
5 Snx
dy _cosxtcosx) ~ sinx(-sinx)  dy _ sinx(=sinx) = cos x(cos x)
dx cos® x dx sin? x
-1
T
—cosec? x
Differential of sec x and cosec x
Since  » = sec x and ‘cosec X
- = s = =Gy

&~ (=108 " H=sin x)

e

= (= 1)sin x)"¥cos x)
sin _ ccosx
Gos® ¥ W

dr
2= secxunx

21
"

—cosec x cot x

To summarise these results, for the angle x in radians,

¥ = sinx y = cosx y = tanx
= cos ¥ ¥ = —sinx ¥ o= secix

= cosec x y=sex = cotx

= —cosee x cot x ¥ = secxtanx ¥ = —cosec? x

(Note that all of the ‘co-' functions give a minus sign on diffcrentiation)

16 = sin /L) this can be writn as y = sin 4, where u = f(x) and then

4 can be found from & = @ x % Thus expressions such as sin /() can

be treated as a function of a function as in section 13.1. Similarly, if

¥ = tan’ x, this may be written as y = u* where u = tan x and then & is

I
i dx

The following examples illustrate this method.
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15.7 Integration of trigonometric functions
1t follows from the differentiation of sin x and cos x that
sinxdr = —cosx + ¢ and Im!xﬁ=ﬂnx+ P
and sinee iy = sin ax andif ~ y=cosax
2 = acosax 2= -asinax
it follows that
sinaxds = ~Loosax+ ¢ and [cosaxds = Leinar + ¢

In some cases, trigonometric functions can be integrated directly as the
reverse of differentiation, as we can see what function would differentiate to

give the integrand.
Example 27
Find the following indefinite integrals (a) Jeos Txdx, (b) 4[‘ «cosec x cot xdx, (c) IM‘ 6xdx.
® j'eu Txdx ® J‘A coses x cot xdx
Now sh(sin7) = 7cos 7x Now 4 (cosec x) = ~cosec xcot x
J‘wnm-»-inuu J'amxwuax-—:mxn
© J.n:’ 6xdx

Now ;";(un 6x) = 6 sect 6x

Jw‘ub-lmh+c

Example 28

Find the following indefinite integrals () I& cos x sin? xds, (b) J‘ sin® 2x cos 2xdx.

1l)jﬂmx:in'xﬂx m)Jﬁn‘umua
Now (sint ) = 3sint x cos x Now sint 20 = 5 sint 2x 2con 2x
= 10 sin* 2x cos 2x

J'Gmlxsin’xdx = 2simxde
J‘ﬁn‘hwluh-ﬁnn’hi'c
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Example 29
Find the following indefinite integrals (a) qu! x cosec? xdx, (b) J‘ sect x tan xdx.

® jml’xmuz’xdx (b)j&c‘xunxdx-"’mﬁa(wcxnnx)a
Now ah(cot® x) = =6 cott x cosec? x Now A sect ) = 43000 x sce x tan x
: Iw\’xton‘xdx-—}ml‘x-*c Iudxunxﬂ=lu‘x+c,
Example 30

Find | 8 sin 4x sin xdx.

Now 8 sin 4x sin x = 4(cos 3x — cos 5x) (using the result of section 15.1)
Ix:inlxﬁnxh = 4sin3x - $sinSx + c.

ji-'xlx, qu' xdx

Example 31 shows the method to use for these integrations when  is odd
and Example 32 shows the method to use when n is even,

Example 31
F‘mdjem' xdx
fms’ xdx = Imsﬂm'X)h
- JWX“ = sin? x)*dx
:J.m’“ — 3sin? x + 3sin* x — sin® x)dx
- I(:mx ~ 3sint xcos x + 3 sinx cos x — sin® x cos x)dr

cos? xdx = sinx — sind x + ysin® x — Jsin’ x + ¢

Example 32
Find Ism‘ xdx.
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35. Find the following indefinite integrals (hint: simplify each expression first).

® J.un xootxds () J(ﬂn‘ st © J'(msx x = sint x)dx
@ J’ﬁﬁdx © Im.mux +unnde M J"““

Evaluate the following definite integrals

3. L" (1 - sinxde 30 ‘[." sin 2xds Y L'm (Sx + g)dx

. J:“sin’xcoxxdx «l.j:"!ﬁc’xun’xdx Al.j:zxmx'lxdx

a J" cost xdx 0. [ sin 3x cos svax

a“. l:l;; the area between the CI;M}’ = sin x and the x-axis from x = 0 to

45, Find the area betsveen the curve y = 3 cos x and the x-axis from x = 0

46. :’In’; :MKINA between the curve y = sin x + 3 cos x and the x-axis

from t0x = a2
47. Find the volume of the solid of revolution formed by rotating about the
s thearc betwesn the carvey = i and the xaxs from x = 0

ox=

48, Find the volume of the sofd of revoluion formed by otating sbout the
x-axis the arca between the curve = sin x + cos x and the x-axis,
fromx = 0tox = &2,

158 of inverse functions

Suppose

then

and -

Using & = 1/(ds/dy), (ce page 324) and sind y + cost y = 1, we can

e e &= L
i
J0 =%

r way, it can be shown that ify = cos”' x,

andif y = tan"'x,
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Example 33
Find 2y = sin” ¥ where a s a constant.
L w=3 then y=sinu

du_ | 1
R e A v (=]
Using %-%x““

[ x

dx (l‘u’]

|

Example 34
Find i@ y = cos 5 (8) y = cos”l = 1),

®) y=cos™ (xF 1)
Let  w=x-1 then y=cos'u

1 1
'[ Ty fm —
From st ) = Vbl‘r) it can be shown that d‘(un" ") =

and from (tan™" x) = . it can be shown '”"z;( ") -y

‘Thus to integrate expressions involving y we look for a solution of the form sin™ 2 + ¢

and to iategrate an expression of the form ¢ ‘we look for a solution of the form tan~" ’;‘

1
@+ =)
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Example 35
s 2
Find @ [ragds ® [gasadn
s 2
@ [ ® [
Since this involves ;¢ <. of the The diffrential of tan™" ¥is 8
!
form . we suspect it has come.
Exrd 2 16
Thus I sdx =L J‘R—;dx
from the differentiation of an " ¥ which wEx : M
Lx
o [T
Exa
4 Lx
Thos [ e = an S 4 e
Example 36
.
Evaluate I T

This s of the form J 7(71‘»—)(,311 and we can therefore quote the solution:

f——

i

= sin™! (0) - mr‘(—?)

x d 1 x
=o-(-F dx = %
(-9 [ o=
‘The reader should note that in order 10 integrate more complicated functions
" ' '
of this type, e8. | sy for 4 # Vor | gidn for A % 1,
we use the method of ‘changing the variable which is explained in chapter 20.

Exercise ISH
Differentiate the following with respect to x

Lsin"'x

4. cos™' 3x

ES
37ty

6. sin~" 6x

9. sin”! (x* = 1)
12 (x4 Dtan' x

3
18 Im"‘
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6. Given that
3sin x — cos x = Rsin (x - a),
whmﬁ>o.mn'< @ < 90", find the values of R and & correct to
one decimal place.
Hence rmd one value of x between 0° and 360" for which the curve

¥ = 3sinx — cos x has a turning point. (London)
7. Find the uuﬂl soltionofthe cquation
n6=1-cos6. (Cambridge)
8. () Find the general solution, in radians, of the equation
sin3x = -4

(i) By putting tan (6/2) = 1, or otherwise, find the general solution of
the equation

2cos 6 — sinf =1,
giving your answers to the nearest tenth of a degree.  (London)
9. (2) Find the general sohmﬂn of the equation
sec x = 3 cos x.
() Express Ssin x ~ 33in cos 4 cosh x in he form
a + bcos (2x — a) where a, b, a are in 3
Hence, or otherwise, find the maximum and minimum values of
5sin? x — 3 sin x cos x + cos? x
as x varies. (Cambridge)

10.1Fx = 2 sin3rand y = £ cos 31, find :lx in terms of 1, and show
that the curve defined by these parametric equations is parallel to the
x-axis at points where tan 3t = % (S.UJB)

11, Find
sin x(1 + cost x)dx. (Cambridge)
12. Prove from first principles that the derivative of sin x is 0s x.

You may use lim %€ - 1 without proof.

When x increases from x o 7 + &, where ¢ is small, the increment in
in x

T
s approximately equal to pe. Find p in terms of 5. UMB)
B.@ mn‘mnum with respect t
e s 3e. G (1 + sin 5.

() Iy = ““—‘ prove that

(SUJB)



W Steh e curvey = L+ dnxfr0 < 2 b
Show that (1 + sin x)* = § + 2sin x — } cos
Henorsho tht th vl of e s f evolion ormed when he
region (0 < x < $x) bounded by the curve y = 1 + sin x, the y-axis
and the x-axis is rotated through one revolution about the x-axis is
120% + 9). (Cambridge)
15. (@) Differentiate with respect to x:

@) xsin2x; (i) tan (Jx + ;) (i) (1 + cos )%
(6) Evaluate the following ntegrals:
® I" sin (lv + 5)4: ) J‘"mhdx (SU1B)
16. Given that sin "xandsn” (1 = 9 are e anls

x
() prove that sin [sin™' x — cos™' x] =
() solve the equation sin~' x — cos~' x = sin

(-3 (AEB)
17. Differentiate x sin™' mx, where  is a constant.
Hence, or otherwise, integrate sin”' mx. (UM.B)
18. () For the curve y = sin x cos? x, where 0 < x < 7, find the x- and
y-coordinates of the points at which Ey =
Sketch the curve.
(i) For the curve y* = sin x cos® x, where 0 < x < }x, show that
(’:{)’ = 4 cot x(cos? x — 3 sin® x)?,
provided that x # 0.

Sketch the curve. (Cambridge)

Trigonomerry 11
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16.2 Distance of a point from a line v
Suppose we want 1o find the shortest distance
from the point (3, 2) to the
We could praceed as follows:
gradient of y + 2x = 1is
radicnt of fine perpendicular to y + 2c = Iu{
Line through the point (3, 2)

3 22 bt equation y — 3 = 4+ — 3 .
ie. y=x+1
et

Solving 2y = x + land y + 2x = I simultancously gives x = 4 and y
Thus the lines 2y = x + 1 and y + 2x = 1 intersect at (}, 3
Length of the line joining the points (3, 2) and @} 3) i given by

VG = 37 + @ = 3] = 35 units.

5.2)

Alternatively we could express the equation y + 2x = 1 in vector form and
proceed as in chapter 2 (see page 67 example 22). However, at times it is more
convenient to quote and use the formula stated and proved below.

‘The perpendicular distance from the pmm (%1, 32) to the line ax + by + ¢ = 0
is given by X

i we st thecoondinates of the point into the cquation o th line and divide
by Jia*

me pmm (3,2)and the line y + 2x = 1 (ic. 2x + y = | = 0) this formula.
the perpendicular distance as
W +2-1_7 _
JEFT T8
The formula quoted above may be proved as follows:

Let P be the poin (g ) and AB the lme
ax + by + ¢ = 0. PL s the perpendicul
from Pt the ine AB.

‘The line through P, parallel to the y-axis, cuts the Plxry)
x-axis H and the line through the

origin paralll to AB at Q.

5/ as required.

Gradient of ax + by + ¢ = 0is 5% = tan 6
where s the angle made with the x-axis, and
the yintercept, ic. OB, is ~f.

Then
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DL+ anlty - BLH O T C

ax, + by +

PL = 5t by e irod.
BT = Sy i

Example 3
Find the perpendicular distance from the line 3y = 4x — 1 to the points () (1,3), (b) (I, = 2).
Iy=dx-1
or 0=dx-3y-1
(a) Using %{;”{7;,‘ ) Using ‘: b:, te
Required distance = ‘%’»‘;%’3),; Required distance = ‘77' s ;;
9

5
Notice that one result is negative and the ol pukivs, Thiy i o the

fact that the two points lic on oppos of the line.

s the points (1, 3 and (1, ~3)are rspectely 1 and Y4 it from the

line 3y = 4x — 1, and they lic on diferent sides of the line.

Example 4

Find the equationsofthe lines that s the angles between the ioes
3x — 4y + 13 = 0and 12x + Sy

Any pom( on a line that bisects one of the angles between the line
3x — 4y + 13 = 0 and the lin

fmm lhﬂ( two

L)

ie. 130x - 4y + 13) = £ 5(12x + 5y - 32)

which gives 3x + 11y = 47 = 0 and 11— 3y + 1 =
‘The equations of the bisectors of lhe sogles between the Im:s

3x— 4y + 13 = Oand 12x + 5y — 32 = ~ 47 = 0and
Ne-3+1=0,

Note: The two bisectors wil be at right angles 1o each olhcr (. e.in the
example above the gradients of the bisectors are — ¢ and

Exercise 168
1. In each of the fnllnwmg find the perpendicular distance from the given

point to the given
11)4,v&31+6-0.{2 =D O 12y =5x-1.(=3,-2)



Coordinate geometry 11

We now consider the four types of curve in more detail and although we
shall define each curve using the idea of a locus, it can be shown that such
definitions are consistent with the conic section idea explained above.

16.3 The circle

‘The circle is defined as the locus of all points, P(x, y), which are equidistant
from some given point C, (a, b). Suppose that the distance of the points P,
from the given point C(a, b) is
PG oy

Thus lh: required locus is (x = a® + (v = b}
where r is the radius of the circle and the point (a. b) s

s centre.

10 e conefinates of e pioe € a1 (0,0) i i 1 the i, then the
equation becomes x

Circle centre (0, 0) and radius 7 has equation wtyE=p

Circle centre (a, b) and radius r has equation (x — @) + (y = b} = 2

Example 5
Find the centre and the radius of the circles with equations:
@ -2+ =25 (b) ¥+ - dx -

@ (=2 + ® My —ax -y =4
Comparing this equat wim which can be rearrang
(6= @)+ (b = R A AR
he G 3 0 an e i s 5w, (-2 k(- B =3
Coparing this cquaion w:lh
@b =

he centre i 2, 1) and the
Note: the gemn! cqouion of e cirde, x ot 4 (7 ~ 4t = 7% may be
written as x* + — 2by + (@ + b* — ) = 0. Notice that the
coelicionts of x* and ,a are equal in this second order n and that
there is n0 xy term. This will be true for all equations of circles

Intersection of a line and a circle
Consider a straight line y = mx + cand a circle (x = @)* + (v = b = r*
‘There are three possible situations:

1. the line ous the circle in two distinct places, i.c. part of the line is a chord
of the ci

. the line touches the circle, ic. the ling is a tangent to the circle,
. the line neither cuts nor touches the circle.

385

a+1
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Gradient at & given point on a curve

‘The gradient at a given point i the gradient of the tangent to that curve at
the given point. and we can find this directly from the equation of the curve.
by implicit difleren

Example 7

Find the equation of e gt and i the normal 0 he circle with

equation x* + 3 ~ 3 = Dt the point (5, 4) on the circle.
x’fy‘—-ﬂx—z; 3=0

at the point (5, 4) @ 3-5,

gt of gt s =3
Usi

= m(x = x)), ing = mix — x)),
the caton of the ngent e cquation of lm ol
-4= x5 —4=ix -9
e yren e w-mr7-0

At the point (5, 4) on the circle x* + »* ~ 6x — 2y = 3 = 0, the
‘equations of the tangent and of the normal are respectively 3y + 2x = 22
and2y - 3x + 7

Circle through three given points
‘Three non-collinear points definc a circle, i.c. there is one, and only one
circle which can be drawn through three non-collinear points. The equation
of any circle may be written as x3 + 3 + 2gx + 2fy + ¢ = 0, where g,
£2od coreconsaus

“Thus, if we are given the coordinates of three points on the circumference of
a circle, we can substitute these values of x and y into the equation of the
circle and obtain three equations which can be solved simultancously to find
the constants g, f and c.

Example 8
Find the equation of the circle passing through the points (0, 1), (4, 3) and (1, =
Suppasethe cquion of e cie

Rk 2gx Yy + e =0
smnmuu hecoontiomics ofsach of o e ‘points into this equation

1+ +c=0
25+8g+6+c=0
242 -2 tcm0

U]
&}
Bl

87
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Muliplying equation (] by 4 and then sbtrcing from quation (2], gvs
14f — )

Multiplying equation [1] by 3 -nd m.n. o aq\nnmn 4 gves
* 2= 0orf

Then from equation (1}

and from cquation [3) -2

“he cquation ofthe cici which passes: hrough 0, 1), 4, 3 and 1, ~ 1) is

By

Note: In the above exampie, the coordinates of three points on the

circumference were given. The data may sometimes be given in a different

form and 1 1 ofen acccsay Lo e some other geoméircl fuc concerning

the circle, e.g. the perpendicular bisector of a chord passes through the

centre of the circle, in order to find the equation of the circle.

Intersecting circles
Gonsider two e, of i ryand 7 (1, > 1) ith thei cenes distance dapat.
‘There are 2 number of possible situ

(i) Circles touch exxmnll (ii) Circles touch internally
(iii) Circles do not intersect (iv) Circles intersect at two distinct points.
7
. . A
i Vi
Note also that:
(a) Circles having the same centre. (b) Two circles that cut at nlhl -angles

said to be concentric are said to be orthogonal
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Example 9
Prove that the circles x* + 2 + 2x — 8y + 5 = Oand
X+ y - dx - 4y + 7 = 0 arc orthogonal.

Xohp o u -8y 5=0 xx+y1—4x4y+1—n
e GHIPHG-a=12 2+ (-1
centre (1, 4) and radius is /12 units anln(LZ)mdndmnslu

Now r,?+ri= ulz)' 12
and the (distance bmm. their centres)? = (z - (—|))’ +@-ap

Thus,since d* = 1,2 + 1y, the cirks x - +y‘ 1 "8y 4 5= 0and
X+ y* = 4x = 4y + 7 = 0 are orthogonai.

Example 10
Show that the circles x? + y — 2y =4 =0 and x*+ 2 —x+y-12=0
intersect in two distinct points and find the equation of the common chord.

“The circles have equations By -y-4=0 .01

d Bty -xty-n=0 ..@
Consider the equation

X tP -l -d- @y -xty-1)=0 .3

“This simplifies to x ~ 3y + 8 = 0, uation of a straight
1 the point, P(a, b), llll:ﬁﬁ ‘both equations (1] and (2], then it will l]lo
satisfy x — 3y +
If some other point, Q(c‘ d), satisfes equations (1] and [2), then it also will
satisfy x — 3y + 8 =
But if this is so, then PQ is the common chord of the two circles.
Thus x = 3y + 8 = s the equation of the common chord of the two circles.

Sobvingthe equaton of the common chord,
with one of the circles
i (31—8)’*'}"*1}’*4'0
gvin. :
i d then
iubsm\mn‘ in the equation of the common chord, i points of
tersection are (~2,2) and (1, 3).

Note: In this example we were able (o find the common chord without
having first to find the points of imtﬂxlmn

I two circles are such that they do not intersect, t

analagous to equation [3) above, would, when ved it on af te circe
‘equations, not yield any real points.
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Notice that the graph of (y ~ 2)* = 12(x — 1)is that of 3 = 12x
translated by I unit parallel to the x-axis and 2 units purnll:l fo the j-axis
which is consistent with the ideas of section 11.3, page 21

Example 13

Show that the'line y = 3x + | Iouches the parabola y* = 12x.

If the given line fouches the parabola, .. is a tangent to the parabola,
soling the two equations y = 3x + | and y* = 12x simulaneously should

ive a quadratic equation wi
Sibstiuting. 5 o 3w 51 oyt =

2 gvs OGx 4 17 = 12x
9 +6x+ 1= 12
~6x+1=0
[ xxsx =0
Lox= . a repeated root.
Thus the line y = 3x + | touches the parabola y* T2 ot e point 1 2)

Gradient at a particular point

Aswih e cic, e grdien at o ptclar peint on @ sl can be
determined by implicit differentiation.

Example 14

Show that the point A(2, ~4) lies on the parabola y* =
uation of the normal to the parabola at the point A.

ix and find the

Substituting x = 2,y = ~4 in the equation yx = 8x, gives (~4)° = 8(2),
the point A does lie on the parabola y* =
Diferentiating implicity, with respect 0 .
yE=s
ie. ad
¥

dx
the gradient at the point ACZ, ~4) s

‘Thus the gradient of the normal at A is + | and, using y = », = m(x — x,),
the equation of the normal at A is === 2
T e equluon of the normal at the point (2, —4) on the parabola

P -

3
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3. Find the equlion of the tangent 1o each of the following curves at the

given poin
@ =+ 4y‘ b, (®) x4 4yt = 1008 (-8,3),
© 9% = ' =9at(-4,4), @) 4x* -y = 4at(y2, -2),
() xy = 9at (-3, -3), [0 xy = 16at(2,8).

4. Find the cquation of the tangent o the elipse 53 + %5 = 1 at the point
(acos 6, b sin 6) and find the coordinates of the point wnm this tangent
cuts the. ds.

5. (3) Find the equation of the tangent 10 the curve xy = ¢ at the point

(eh. clt).
(b} Find IM equation of the normal to the curve xy = c* at the point
(ety,
(© 1f lhe unpm of (a) meets the normal of (b) on the y-axis show that
21, = 11 - 1)
Find the equation of the chord joining m point (cty, ¢/t 1o the
(et c/t) on the hyperbola xy =
© By s 1 e ot snover o pt (8 o obin the
to the curve xy = ¢* at the point (ct, ¢/f).
7. Given that y = mx + cis a tangent t0 xy = o prove that m = 7.

6 (@)

8. Given that y = mx + c is 8 tangent to the ellpse 35 + %3 = 1 prove
that ¢ = a*m® + b*.

16.6 Polar coordinates
‘We have, so far, used cartesian coordinates (x, ) in order to give the

n of any point P can be described in terms of its distance and
Srecion from a facd poit.
Suppose that OA is a straight line with the point O fixed.
If the distance OP = r and the angle AOP = 6, then the position of the
poml Pis defined by (-, 6) and we call these the polar coordinates of the

. The angle 8 s positive when measurcd in an anticlockwisc:
Giretion from the ine O, and i calld e vectoril angle.

£ is known as the radius vector.

It should be noted that different polar coordinates may be used to describe.

theame i, o8 (25) o s v wriven s (2. 5, (2%). (=

For this reason it is usual to state the polar soondones of »
pmnl(r. B with ~r< 6 1or0< 0<
s possible to llve polar oorsinus witha negative value of r s0

.3) 2F)in fact represent the same point. In practice

it is usual 10 state (7, 6) with r > 0.

IFOA in the diagram is taken as the x-axis and the y-axis be taken through
the point O as indicated, then clearly the cartesian coordinates of P(x, ) can
be written as x = r cos 6, and y = r sin 0.
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In the same way that all the points lying on a line can be described in terms

of an equation involving the cartesian coordinates
ine in terms of a polar equation involving r and 6.

x and , 50 also can we

for this specific purposc is obtainable, but the reader will find it possible to

obtain suffciently accurate graphs using planc paper.
Example 21
Copy and complete the following table for 7 = 3 sin 0.

[ [ oo [ [0 [0 o [ o [ o [ s [

o T ool | T o] |

Hence plot the graph of r = 3 sin @ for 0° < 6 < 360",

Completing the table for r = 3 sin 6, gives

[ [ T [ [ [ [ o [ o [

a0 3|

(o s [z Do [ | o sz aefor o

and the curve can now be plotted.
0= 9

Converting between polar equations and cartesian equations
From the diagram on the right, we have
6 y=rsin@

and A=at4y wng=L

Using these four relationships, we can convert
polar equations o the equivalent cartesian

cquations and vice-versa. o
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Example 22
Express (8) x* + xy = 3 in polar form, (b) r = 3 = sin 0in cartesian form.
@ X +xy=3 ®) r=3-sing
Snb‘muunl x=rcos@ and y=rsinf In order to be able to use 1 = x1 + y1
7 cos? 0+ rt cos Osin 0 = 3. and y = r sin 6, we first multiply the polar
H P cos 0(cos 0 + sin 6) = 3. cquation by r:

P =3 - rsin 0
. +07 =3 4 ) -y
€. (¥ 4y 4 gF = 906 4 y)
which is the required cartesian form.
Note that in this case the polar form of the
equation is simpler than the cartesian form.

‘The following are some particular types of polar cquations:

@) r = k,a constant

(b) 6 = k, a constant

©r=k8

@ r=kcosh

©r=asco

Fromrs = 2% 4 o1 we scc that 1 = k

= k%, ic.r = kis the equa nnn(acude
e 0,0, ik
Now tan 6 = Land s0% = m where m = tan k
y = mx
Thus 6 = k is the equation of a straight lr
In fact, if we restrict 7 to positive valmomy, then 3

8 = k describes a *half line’, e.g. 6 =

Zas shown.

‘This form of polar equation will give a spiral (sce
Exercise 16F Question 6).

Multiplying e £ = kond v
-4+ =
Thus s = Feos D the Cquaton ofa cirle
centre (3k, 0) and radius 3k as shown.
A
<k. 0
Ifr=asecOthen r=ct5

Feos®
thus x =a.

ie. r = asec fis the polar cquation of the straight
line x = a as shown.
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Exercise 16F
1. Write down the polar coordinates of the
15 A o K shown o he diagra, gisg
your answers in the form (. ) for
0<0<2mandr 30

2. Find the cartesian coordinates of the points
P 10 U having polar coordinates as follows:
P4, 30 Q(5.90% R(2, ~90
S(5/2,135) T(6, ~120) U(=3, 9%0°).

3. Express each of the l'ol!nwmg artsan equations in polar form, giving your

answers in the form 7 = /< or r’ = /mn 's approprial
(@) x =4 ®) x iy © Zx; =1 @ ¥ = 8x
(@ (c = 1p + un‘u,a—« @ -yi=8 W) (x-9i=4
4 Express each of the following polar equations in cartesian form.
@ rsinf=1 ®r=3 (c)ﬁ!% () r=sinf
(®) r=3ané (h) 3 = /(1 = sin 6)

© r=sin0+cos0 (f)r=sec20
5. Copy and complete the following table for r = 3 cos 6.

Henc plot the graph of 7 = 3 cos 6 for 0° < 0 < 360"

6. Copy and complete the following table for r = g, (@i radians).

Hence plot the graph of r = 20 for 0 < 6.5 4x.

(1 + cos 6)

7. Copy and complete the following table for r =
(o [ o [ o [ s oo s o]
e T ool Jo T ]

Hence plot the graph of r = 2(1 + cos ) for 0° < 0 < 360°.
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Exercise 16G  Examination questions
1. Find the coordinates of the maximum point T and the minimum point B
of the curve
v= _‘3. -2+ 3w
Find also the point of inflexion 1 and show that T. I. B are collinear.
Calculate to the nearest 0-1" the acute angle between TIB and the normal
to the curve at I. (London)
2. Obtain the equation of the normal to the curve
e
at the point (1%, ). Show that the equation of the normal at the point
w dis
2v + 4y - 1 =0
Find the perpendicular distance from the point (~

. 2) to this normal.
UM

M.B)

3 The aquaton of a crd s« + 52 = 3 =
the coordinates of its centre,
i) its radius,
(il the coordinates of the points at which it cuts the axes.
Show that the line whose equation s 3x + 4y = 17 touches the circle
and find the coordinates of its point of contact
Show also that this line and the tangent to the circle at the point (l ~z)
on the x-axis and find its coordinates.

4. Find, by calculation, the coordinates of the centre and the radius of the

circle which passes through the points (1, 1), (3, $) and (=3, 1). (A.EB)
5. Verify that the c\rclc wuh equxuon

—x -y +ri=0

touches both the mmmm axes.

Find the radii of the two circles which pass through the point (16, 2) and

touch both the coordinate axes. (Cambridge)
6. Find the values of m such that y = mx is a tangent from the origin

0 (0. 0) to the circle whose equation is (v = 3)* + (y — 47 = I.

Find the cosine of the acute angle between these tangents. (AEB)

Find the equations of the two circles which pass through the point (2, 0)

and have both the y-axis and the fine y ~ 1 = 0 as tang

Calculate the coordinates of the second point at which the circles intersect
(AEB)

8. The fixed points A and B have coordinates (~ 3a, 0) and (a. 0) respectively.

Find the equation of the locus of a point P which moves in the coordinate
Fanc o hat AP = 3PB. Show that helocus s circe, S, which
ouches the axis of » and has ts centre at the point (3a. 0).

A ‘point Q moves in such a way that the perpendicular distance of Q

from the axis of y is equal to the length of  tangent from Q to the circle

S. Find the equation of the locus of Q.

Show that s locos s s the locusof poicts whlch are eqmamam

from the line 4x + 3a = 0 and the point (3a, 0) (Cambridge)

05
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9. A point P moves in the x-y plane so that its distance from the origin, O,
i twice ts distance from the point with coordinates (3a, 0). Show that
the locus of P is a circle and obtain the coordinates of its cenre and its
radius. If the circle meets the x-axis in A and B, where OA < OB, find
the coordinates of A and B. If the tangents from O to the circle are OL
and OM, find the angle LOM and the cquations of OL and OM.
Caleulate the area of the triangle enclosed by the lines OL, OM and the
tangent to the circle at A. (S.UJB)

10. Find the equation of the normal to the parabola y* = dax at the point
(art, 2ar). The straight line 4x — 9 + 8 = 0 meets the parabola at the
points P and Q; the normals to the parabol points P and Q meet
at R. Find the coordinates of R, and verify that it ies on the parabola.

(Oxford)

1. vae that the equation of the tangent o the parabola * = 4ax at the

int P(ap*, 2ap) on the curve is

ap?.

Find the uooldinnn ol’ Iht point of intersection, T, of the tangents at P
and Qap*, 2aq), g you ansvers wher posile

Given that S is Ahe poml (a, 0), verify that SP . SQ =

" (Cambridge)
12. The tangent 10 the curve ay = x! at the point P(2ar, af?) meets the
i at the pint Q-The poiat 5 0, .
(a) Prove that PQ is perpendicular to SQ.
(b) Find a cartesian equation for the locus of the point, M, the
‘mid-point of PS. (AEB)
13. Prove that the chord joining the points P(ap?, 2ap) and Qlag?, 2ag) on
he parabola 2 = 4ax has the cquation
(p+qp=2r+
A variable chord PQ of the Dzrlbch
are perpendicular, where O is the ori
& rove that the chord PO cuts the ais of x at & ixed point, and give
he x-coordinate of this point.
(i) Find the equation of the locus of the mid-point of PQ. (Cambridge)

2apg.
s sch that the lines OP and 0Q

14. The point P lics on the clipse x* + 4y* = 1 and N is the foot of the
perpendicular from P to the line x = 2. Find the cquation of the locus
of the mid-point of PN as P moves on the elipse. (Cambridge)

15. Show that the  coordinates of any points of intersection of the line
= mx + c and the clipse 5 + % = 1 are given by the solutions of
the qudraic cuaion (4 - Ime ¢ [ 4 3 — 36 = 0.

W lne = o+ ¢is 3 angen 0 the el prov tha
. The line 3 = e 4 ¢ passs through the point 2. i
Wete down s ko gt omnecion o a0 v vt i
m must satisfy the cquation Sm? + 12m — 5
Prove tha the o tngents drawn rom the poit (2. 3) to the cllipse are
(SUJB)

perpendicular to each of
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20. The tangent at the point P(u. ) where ¢ > 0, on the rectangular

hyperbola xy = ¢* m and the y-axis at B.
normal at P (0 the rectangular hyperbola meets the line y = x at C and
t D

it of both AB and CD.

(b) Prove that the points A. B, C and D form the vertices of a square.
The normal at P meets the hyperbola again at the point Q and the
‘mid-point of PQ is M.

() Prove that, as ¢ varies, the point M lics on the curve

(= )+ Ay 0 (AEB)
. Find a polar equation of the curve x* + »* = 4x and calculate the
polar coordinates of the two poinis P and Q where the curve intersects

the line r = 22 sec(% - 0).

Find the polar equations of the two half-ines from the origin which are
tangents 1o the circle which has PQ as diameter. (London)



17
Three-dimensional work: vectors and matrices

17.1 Three-dimensional work
From the work of earlier chapters the reader
is familar with the use of coordinates to define

a point in a plane in terms of its distance from {

two mutually perpendicular axes x and y. The

position vector of such a point has

is a unit vector in the direction of the y-axis. v

To consider points that arc not coplanar we i
must introduce a third axis, the z-axis, and &
Comesponding third unit vetor K In the
direction of this axis.

Suppose the point A shown in the diagram v
has coordinates (3, 4, 2).

Ifa s the position vector of point A then
a=3i+4+k
3
o this may be written asa = (4
2

Note The convenion fo detemining e
direction of k s to “right

screw at O, lying perpendicular to the i ~
planc, turning through the right angle from
fto).

the rotation will e
move the screw '
‘upwards':
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The reader wil remember from chapter 2 that if r = x,i + y,j and

iy then el = Jox + yand o8 = i ¥y
8] cos @ where 01is the angle between r and s.

These results can be extended 1o three-dimensional vectors so that if

i+ yj+ zkands = xi + yyf + £,k then

YnE oy nd) and ros = x4+ an

= Irils| cos &

el

where @1s the angle between r and s.

Example 1
Find. to the nearest degree, the angle between the vectors a = 2 + § = 3kandb = | + 2 + k
If 91 the angle between the vectors then ~b = jallbi cos 6
w2423 = Vagecos0
giving 0= 84" (o the nearest degres.

As we saw in chapter 2, if three vectors are coplanar any one of the vectors
be expressed as a combination of scalar multiples or the ofhertwo. The

converse staiement is also true, Le. if @ vector can be ex

Combinaion of alar mullipes f two other vectors then the thee sectors

are coplanar.

Example 2

1 6 1
Show that the vectors a = (-3):. - (—4) ande = (»m)ue coplanar.
2, 2, 7

Suppose that ¢ = Aa + gb:

I v 6
fm = -3)+uf -4
2, 2
Then | = A+ 6 |0-—3174;4 and 7= 21+ 28
Solving the first two of these simultaneously gives A = 4and 4 = ~4 and

these values are compatible with 7 = 2 + 2u.
Thus we can write ¢ = 4a ~ {b, hence a, b and ¢ are coplanar.

Example 3
Find a vector that is perpendicular 0 2 + 3§ — k.
‘There are many vectors of the form al + 5] + ck that are perpendicular to
2+ 3j ~ k but for all of them
@+ H ). QY- 0 =0
ie. Brdocmo
Suppose we take @ = b = | =5
T the vestor 1 4+ 1 + 5 i perpendicalar 0 21 + 3 ~
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Example 6
Show that the vectors a = 2i + 3} + k,b =i — 2j +

= 3i + 8 — k form a set of base vectors for three dimensional space and
express the vector d = Si - 3j + 6k in the form Aa + ub + nc.

The vectors a, b and ¢ will form a set of base vectors provided
(a) 10 two of the vectors are parallel to each other and
(b the vectors are not coplanar.

Condition (a) is true as no one of lht vectors a, b or ¢ is a scalar multiple
of either of the other
(b) Ifa, i And © were mpllmr we could write that
€= an + Pbwhere o and B are scalars
ie. 3|+sl—n-a(u+;.+k)>,m-u+
Equating coeffcients of i, j a =22+ p.8=da- lﬂlnd~| —atp
Solving the first two of these nmlxluvwoul)y gives @ = 2 a3
However, these values are not consistent with — I = a + fland so we
cannot write ¢ = 2a -+ fib. Thus a, b and ¢ are not coplanar
Therefore a, b and © rurm a ul or bn: vectors for three dimensional space.

sx—)nak-muxuuw,‘u—znun,unu-m

A+ + 3n
=3 -2+ 8y v..m
e

6]
equation (1] minus equation (3] gi +4n

“1=2a+
sxquaton 2] added 1 ovce qu.xm Blgivess 9 =52+ 6n
Thus ind

"
d.;nz.-c

Exercise 174

10fa =9 - 2 — 6kb =2 - 6 + kandc = 2
(@ lal (®) bl ©lc| @a.b @b.c
(f) the angle between a and b (1o the nearest d:greel
(8) the angle between b and ¢ (10 the nearest degrec)

e

j+ 2 find

(@) [a] (b} bl (c) the angle between a and b (to the nearest degree).
3.0a = 3i + 4] + 12k find &, & unit vector in the direction of .

45

@
= ( 4) find b, a unit vector in the direction of b.
-7,

5. Find a vector that is pespendicular to 51 — j + 2k
6. Find a unit vector that is perpendicular to i + 2j — 3k,
7. State which of the vectors a, b, ¢ or d listed below are perpendicular to
the vector r = —2i + 4] + 6k.
a=-Ni+2+k b=-i+2+3k
=N+y-k d=d-jt
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8. Find the direction ratios and dircction cosines of the vector 14i — 2j + Sk.
9. Vector ris at right angles to both 2i + 3j + 4k and 2i - 3 ~ 2. Find
the direction atios of r.
10. (a) Find a vector that is perpendicular to both 3i ~ €] — 4k and
+2+ 2%

(b) Find the direction cosines of the vector obtained for part (a)
() Find a unit vector that is perpendicular to both 3i — 6] ~ 4k and

11, Points A. B and C have position vectors 21 + 3j = k, 31 + 6] = 3 and
12] - Tk respectively. Prove that A, B and C are collinear.
12. Points A, B and C have position vectors i + 2 ~ 3k, 3i + j ~ Sk and
20 - K respectively. Prove that angle BAC is a right angle.
13. Prove that the vectors a = 3i + J — 4k, b = §i - 3j - 2k and
©

3 3 I
14. Prove that the vectors a = (4).- - (-l)m: = (72) are
' 2, 1

Il‘lhe wmuA BanﬂCIuve tors i + 3j —
d 8 + 7 -

n vector k, 30 - 2 +
X repesivey v th angies of iriange ABC gving your
nswers to the naren deree
16. Prove thatthe sam of the squars of the diesion coines ofsny vrtor

1. Prove tht the vetors 8 = =i + 2§ + 3, b = 3 + ] - Z and
€= 1+ 5] + 2k form a set of base vectors for three dimensional space
and express the vector d = 31 — j + 6k in the form As + b + nc.

2 ! 1
18. Prove that the vectors 1)b= n) ande = (z) form a
-3 -1 2

set of base vectors for three dimensional space and express the

T
vector d = ( 1) in the form Aa + b + ne.
-4

17.2 Differentiation and integration of vectors
Suppase that 2 = f(ok + 503 + Ok,

then B i+ g+ K

ic. to differentiate a vector with respect 10 some variable x we differentiate
each component with respect to that variable.

Similarly, to integrate a vector with respect to some variable x we integrate
each component with respect to that variable.
In particular, for a particle which has a displacement vector s, velocity

an
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vector v and acceleration vector a given in terms of the time, 1, we can link
these vectors by the method shown on page 308

displacement s velocity v acceleration a

Example 7

Ity = 8% + Gp - 4 + (5 + Ik, ﬁndgandg‘%-
8+ (B - )+ (0 + Dk

%- l6pi + 8 + 3k

Example 8
If the velocity of a body at time  is given by v = 3% — 2 + 4k, find
expressi the sccslertion, . and te displacement, 3, of the body st
time 1, given that when 1 = 1,
V=30 - 2+ 4k
&

a=G=6i-2

also s= [wl=piopt ke

botwhen £ = 1" 8 =3 - x
s zu - 1‘| G- o

Thos at time 1 the dxxphrgmem of the body is giver

S 40 201 = 1k and the aseeleaton s given by

a=6i- 2

Exercise 178
1. Differentiate each of the following vectors with respect to 1.
(@ 30 + 4] (®) Gt + i + 2 — Sk
© 3+ 2 - sk @ (61 — Di + 3] — 6
2 Diezentiatc cac ofthe following vclors with et o 0,
n 6 + cos 6] ) 205 01 + 205
© sin 01 cos 6] + 0% (@ sin 36) — cos® 6k

3. The position ocio or. plmcle at ime € scconds s given by
5= (-2 +
Find the duphnmenL vclncuy and acceleration vectors when t = 2.
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4. The velocity vector of a particle at time ¢ s given by v = 24 + 31 + 2k,
Given that when 1 = 0 the particle has position vector | + j with respect
1o tn vign O, fixd tho poition vectr o the parice wih tesget 0.0
when 1 = 3.

. Atsime 1 the displcement ofu parice from an orgn O s givn by

= (2 sin ()i + 2 cos (m)j) metres. Prove that the particle is always
5 metesfom O fn th veosty and speed of e paricl when
= 2 seconds.

6. The acceleration of a body at time  is given by a = 4i}. Find expressions
for the velocity, v, and the d\snhc:mem‘ s, from an origin O at time 1
given that when 1 = 0,v = 2i + ] — 4kand s =

7. A body moves such that its muen vector when at point P s given by
OF = 3sin 51l + 3 cos 5tj where O is the origin and 1 is the time.

Prove that the velocity of the particle when at P is perpendicular to OF.

8. For a body moving in a circle of radius r, at constant angular speed @,
the position vector s, of the body at time 1 is given by .
s = 0P = rcos axi + rsin axj.

Prove that the acceleration of the body has constant magnitude ra? and is

»
directed along PO (see diagram). "
A

17.3 Equations of a straight line in 3-D

As we saw in section 2.5 a line that passes through the point with position b

vector a and is parallel to the vector b has vector equation r = a + b r
a line passing through the point A, position vector 21 + 3] — k and

which is parallel to the vector | + 2] + k has vector equation

£ 20+ 3~ k + A1 + 2] + k). This may also be written in column

(4]

Example 9

Find the vector equation of the line which is parallel to the vector

31 + 4] + k and passes through a point with position vector 21 + 3 — 2k.
The vector equation is r = 20 + 3] — 2k + AGH + 4] + k) where ris the
position vector of a general point on the line and A is a scalar.
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Example 10
Show thatthe point with posion vector | — 9] + k lies on the line L,
vector equation r = 31 + 3j - k + A1 +

‘The position vector of any point on a line must -mry the equation of the
line. Thus if | = 9] + k lies on L there must exist some valve of 4 such that

P9tk =3+ Y-kt A+ 6K

ie. 1=3+4-9=3+61 and 1=-1-21

The first of thesc gives A = —2 which is consistent with + 6hand
I-—I—Aﬁulhew‘nlmﬂlwﬂmnmrlVD)#ldnshtanL
Example 11

vector equations of three lines are stated below:
linc I ¢ = 175 + 2 — 6k + (=91 + 3j + 9%K)
line2 r=20- 3 + 4k + p6l + 7 — k)
line 3: £ =20 = 12) — k + n(=3i + ] + 3k)
State which pair of lines (a) mp-nllel(ou:hnma
(b) intersect with each other,
(©) are not pmm and do not intersect (i

(a) line | is parallel to 9 + 3j + 9k
line 2 s parallel to 6 + 7] —
line 3 is parallel to —3i + J +
Cor %55 h s parald 0 (314 + 3025 o is  salar
multiple of the other. Thus lines 1 and 3 are parallel.

(b) If two lines intersect there will exist a point whose position vector
satisfies the vector equations of both lines.
If lines 1 and 2 intersect there will exist vlluts of 2 and p such that
V42— 6k + A-90+ 3+ 9K) = A — 3 + 4k + 6+ T~ )
ie. 17-9A=2+6s, 2+3A= -3+ 7y and ~6+92=4-p
Solving 15 = 92 + G and 10 = 94 + y simultaneously gives 4 = |
A=
lowever this is inconsistent with
“Thus lines 1 and 2 do not intersect.

=Tu-3

If tines 2 and 3 intersect there will exist values of 4 and 7 such that

23+ 4+ p(6i+ T~ k) = 2 12~ K+ n(— :n)uk)
le z+6ﬂ=xr:n,-s»w--|z+q and = -1+3n
= -, 9=n-7Tu and 5-u+3'l

Salvmllll“‘ﬂll‘d9 17 = 7 smltaneously gves 7 = 2 and
=1 whvchueonnmnwmhs =y 3
Ths lncs 2 and 3 im

(¢) From the working ofplm (.) and (b) it is clear that lines 1 and 2 are not
parallel and do not int
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Example 12

R
Find the perpendicular distance from the point A, position vector (—3) ©
10,

1 3
the line L., vector equation r = (2) + 1(4)
3 2

Let P be the point where the perpendicular from

the point A m the line L, and let P have
position vector p.

Suppose that P is the point on the fne L for

which 4 = A,, then

T 3 1+ 34,
p=(2)+a(-1)=(2- 1
3 2 3+ 24,

4 1433,
-3)-(2- 4
10, 3+,

- 3
But PA is perpendicular to L and L is parallel to (— |)
2

3-31, 3
Thus [ =5+ 2, ).(~-1)=0 ie 9-94, +5-24 +14-4a1, =0
7- 24, ) giving 4, =2
Thus PA = ~3 and IYA\ /[( 3)' + (=37 + 00
The perpendicular dlil.unn: from Ihe poml A 1o the line L is 3/3 units.
Cartesian equation of a line in three dimensions

7
Consider a line that is parallel to the vector (q) and which passes through
,

a
the point A, position vector (b), if the general point on this line has

. N
posion vcor s = () b the vt quaio o h i s (,) - (h) . A(,)
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‘These are the parametric equations of the line,

P =B 290 ing the parameter

Thus x = a + Ap
and z=c+dr

Isolating 4 in cach equation gives © £ (= 4). These

ar th caresan equation of the lnk

0 0
Thus the line with vector equation r = (,s) + A(q) has cartesian
e, v

equations:

Notes
1. Given the cartesian equation of a linc in the above form it is casy to
‘obtain the vector equation by remembering that the numerator gives the

a P
position vector (b) of a point on the line and the denominator gives the direction vector (q).
¢

2. Tt is acceptable to give the cartesian equation of a line in the above form
even when one or more of p, ¢ and r are zero.
For cxampe, the fne trough (0,1, ) and

rallel to y = —x, ic. paral
-
tor ( 1), s vctor eqaton
o,

o= -5,
through (0. 1. 1)
“The cartesian equations of the line can l)wll be written

PR AL or simply as X = L5712 < 1.

Example 13

Find the cartesian cquations of the line that is parallel to the vector 21 + 3j + 4k
and which passes through the point A, position vector 3i — J + 2k,

‘The vector equation of the lincis ¢ = 3i — j + 2k + A2 + 3 + 4k)
thus =3+2

iz
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solvml simultancously gives x,
values of x, and y, equlllm\s u] e equm)m 2] both give

n=
Thus. Ihe lines L, and L; do intersect and the point of intersection has
coordinates (4, 6, 1).

Exercise 17C
1. Suatethe westor equaton o he tne wich s parate o 2 + 3~
and which passes through the point A, position vector i + J +
2 State the vector equation of the line which passes through the pmm B,

-1 1
position vector 2 | and which is parallel to the vector ( 2 ).
1 3,
3. State a vector that is pmna Lo the o withvetor equation
3+ 4+ k A+ S+ 3K

4 Show that the point i position vector 4i — j + 12k lies on the line
with vector equation F = 21 + 3j + 4k + Al — 2j + 4K).

s\ (-4 8
5. Points A, B and C have position vectors (2) . ( 5) and (1)
3) \-1 7,

respectively. Find which of these points lie on the line with vector

equation

6. Points D, E and F have posi 2,4~ j + 3k an
— &k respectively. Find which of these points lie on the line with
yecor squaion 1 = (8~ 3 +10 + 30~} ~ B
7. If the point A, position vector ai + b + 3k, lies on the line L, vector
equation £ = (21 + 4] ~ k) + A1 + ] + k).ﬁud the values of a and b.
8. Points A and B have position vectors 21 — j + kand Si + 2] - 2k
repectively. Find
(@) AB in the form ai + 4] + ck,
(b) the vector equation of the line that passes through A and B.
9. Find the cartesian equations of the lines with vector equations
@r= 2+ 3~ k+ A2+ 3+ k),
(h)r-)l»]*ll+p(3l+2jfdl),

« Fitk+
16. Find the vetor cauation. el wi parametric equations x = 2 + 34
y=5-2
-a-2

11. Find the vuﬂor equations of the lines with the following cartesian
equation:
m”’ -ixl pr-3azila
12 L"IﬂL.lIIdL,‘I.VE'u.‘Or uations r = 8i -14‘ 3k + A\( “ +
andr = ~2i + 8 — k + (i + 3 — 2K) respecti w that L,
and L, intersect and find the position vector of the point of intersection.
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13, Lines L, and L, have vector equations

1 4 5 -1

v 3)ra0)amr={3) 0 ) respectively. Show
-2, 8 2

that L, md L intersect and find the position vector of the point of

intersectior

14, For cach ur the following pairs of lines state whether the two lines
intersect and, for those that do, give the coordinates of the point of

7 T

15. For each of the pairs of lines given by the follnwmg vector equations
state whelher the lines are parallel lines, non-parallel coplanar li
skew

(l)r=-1I+2]¢0k+¢\(|+2]—kllndr=zl*4|Al+;(]l+6[—3l().
@ r=2+ 3+ k+ M+ 3+ Wandr = Ti+ 3 + Sk + p(~i + 2.
@ r=2-3—k+A-i+3+2A)ande =30+ T+ 6k + ui + 4 + ).

@ r= -2+ dk + AGE+ § + %) and
16. Find the acute angle between the lines with vector equation;
=20+

giving your answer o the nearest dey
17. Find lhc acute angle bc(ween the lines whose cq\uhonx are
41

. giving your

answer 1o the nearest degree.

‘The vector equations of three lines are:

linel =3 — 2|7k*u~l#3|¢4k)

line2 r= —20 + 4 + k + p(~

line3 ro= —2i+j+ ni-3j+ Jk)

(0 Show tatnes | a2 nersct and fnd the pion vector of e

of intersecti

(6 Snow that e 2 and 3 inerset and find th posiion vector of the
point of intersection.

@ Find the distance

(wo points of intersecti
19. Two lines

between these two

. and L, lic in the x-y plane and have cartesian cquations
= myx + ¢ respetively. Show that the vector

‘equations of L, and L; can be writ

= () 0) # 2n) e v ()= (0)+#()

Use vector methods to show that if @is the angle between L, and L

—8 2 3k - 2 - k)
s
=K+ AQi+ 3+ 6k andr = |+ 2 — 3k + p(2i — 2 + k),

a2
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then tan 0 = 4;1
(i.c. obtain the result of page 380 by vector methods).

20. For each of the following parts find the perpendicular distance from the
given point to the given line,

(a) the point with positi

(6 the pint wit posiion vetor 3 + | = b and he e
(@ the point (1,1, 3) and the line 3%

=i G- 2kt AG 2+ 2

3
(@) the point (=6, ~4, —5) and the line x — 5 = %" -z
21. Find the distance between the pairs of parallel lines listed below

S0 =00

-3

T
22. Find the shortest distance between the two skew lines L, and L, given

—r I
that L, has vector equation r = ( 2) + A(z) and L; has vector
3 I

cemr-()4)

23. Find the shortest distance between the two skew lines given in each of
the following parts.

4

24. The diagram shows the line L and the point A both lying in the x—y
plane. L has cartesian equation ax + by + ¢ = 0 and A is the point
(x1. 7). A is a perpendicular distance d from L.

Show that the vector equation ¢ = (*) = (_® ) + 2( _*)atso
Y b, q

represents the line L. Liav+ b+ c =0
. bix, - aby, - ac
10 takes the value 4 atpoint B show that 4, = 5,00
Hence show that d _/(T:XM_—'T( P
(Note: this has proved the result on page 382 by vector methods). \d
\

\
AV
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A plane can sk be uniquely defned by
stating a vector that s perpendicular to the
plane and the position vector of a point on
the plane.
Suppose that n is a veetor perpendicular to the
planc and A is a point in the plane having
positon vector 2

me general point R in the plane
hwmg poston vector
Thus AR willlic in the plane and will
therefore be perpendicular to n.

n=0

or
The equation r . n i the vector equation of the plane that is
perpendicular to the vector n and that contains the point with position

With 8 and n known the scalar product
a scalar, then the equation of the plane is

B can be evaluated. Ifa . n

r

=r
“This form of the equation is referred o as the scalar product form of the vector
equation of the plane. The position vector r, of any point in the plane will satisfy
this equation.

Distance of a plane from the origin
Suppose that @ is the wnif vector perpendicular
10 the plane and d is the perpendicular distance L '
from the plane o the origin.
N V2 o

= [a] % 1 x cos 6 where Ois the angle between a and & l I/

cos 0

‘Thus if the equation of the plane s in the form r . & = d where f is a unit
i tormal Lt plase ten (e perpeniur digance of G plane
from the origi

Conider the three parallel planes I1,, 1, and
=1

pcrpenmculll‘ distance of these planes from
the origin will be 3 units, | unit and 2 units
respectively and the sig
negative sign is that Iy is on the other side of
the origin from I, and I1,. Thus I1, is 2 units
from I, and S units from Tl,.
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Example 18

A plane contains a point A. position vector 3 + 4] + 2k and is

‘perpendicular 10 the vector | + 2j — 2K. Find

(a) a vector equation of the plane,

(b the perpendicular distance of the plane from the origin.

(©) the perpendicular distance from this plane to the parallel plane
iy -2W= -3

(a) The scalar product form of the vector equation will be
P2~ M) = G 4+ 2K+ 2 - 2K

7
The scalar product vector equation of the plane is i + 2 = 2K) = 7
(b) IF we can write the vector equation in the form r . & = c where 8 is a
it vecto noal i e lane. then e e e e
Now i+
@+ - 2%

Fromr. (i + z; - W=7 weenwite r.
giving the perpendicular distance of the plane from the origin as 23 units.

The plane £ . i + 2j — 2k) = —3is on the other side of the origin
fromr. (i + 2} = 2K) = 7 and is a perpendicular distance of

T = | unit from the origin. Thus the perpendicular

distance between the planes is 33 units.

Example 19
Find the position vector of the point where the line

(O

The position vector of the point of intersection will satisfy both the equation
of the line and that of the plane.
If v, is the position vector of the point of intersection then

O =6
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Example 20
Show that e £ = 3+ 3§ = 2k 4 45+ § = 1) e in e plane
0= -

If the line and the plane (i) are parallel and (ii) contain a common
then the line must lie in the plane.

is parallel 10§ + j — k and the plane is perpendicular to

%
However 1+~ 1). (1= 25 + W) =3 -2~ 1

Hence the vectors | + | — kand 31 — 2] + k are perpendicular to cach
other.

Thus the line and plane are both perpendicular to 3i — 2} + k and must
therefore be parallel to cach other

(i) The line passes through the point with pmumn yetor 3+ 3 -
Also (3I+3‘*h} Gi-2+ )

ie. (JHJJ—zk) satisfies r.(Jl z|+n)-1
+i-

Wilh eoudiliom (i) and (i) proved the line must lic in the plane.

Alternatively example 20 can be solved by showing that the line and plane
contain two common points. Taking any two values for 4, for example
A=0andA=

=343 -2k Thos e pontith poiton voctor
~ 2k lies on the given line.
Wa=1 r=di+4-3 'nmxmepomlw-lhpon ion vector
4+ 4] - 3k s on the given ine.
But (i+3-2).0i-2+k=
@+ 4~ ). G- Zl+ky=l
. both points also lic in the plane r . (3 — 2§ + k) =
‘Therefore the line and plane contain two common points and 0 the e
must fie in the plane.

Cartesian equation of a plane

@
Consider a planc with equation 1. n = p where m = (b) Writing r, the
c

x
position vector of a general point in the plane, as (y) gives
X\ (0
v)-(8)=»
:) \e,

ax+ by + =
Thus o lane perpendiculr o a + b + ck hascaresian cquation ax + by + cz = p.
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2 4 2
2. The plane I1 has vector cquation r = ( J) + A(I) + u(l).
-1 0, 3

2
Show that the point with position vﬂ:mr( z) lies in the plane I1
-7,

. The plane I1 has vector equation r . (2 — 3j + k) = 5. Show that the

int with position vector i — 2j — 3k lies in the plane Tl.

4. Find the scalar product vector equation of the plane that is

ptrpendml!ir 10§ = 2j = k and contains the point with position vector
3+

s

5. Findtho cvar prodiuc vcto cquaion of the plane tht i perpendicl to
20 + 3j ~ k and contains the point with position vector 3i —

. Find ihe vetor equation of th o tht pos trough (¢ poit Ar
posidon vestor 21 + 3] k. and s perpedicular 0 the plane 1. vecor

7. State which of the lines given by the vector equations below are

10 the plane 1. (2 + 3j —
(@)r=20+3] - k+ A2+ 3 - k)

(b) F= 204 3 = k4 i+ + W)

(© r=2-j+k+ ni+6 - 2.

State which of the lines given by the vector equations below are parallel
tothe planer. (i ~ 2 + 3k) = §

@ r =20+ 3 = k + A6+ 3)

A A A

© 0= b+ jrk+ni—

Write down the vector equations ot e following planes in the form
fon=

() dx + 2y + 32 = 4 (b) 20—y + 4z

. Find the caresian cquation of (e plane with parametric vetor equation

G40

. Find the cartesian equation of the plane containing the point with

*

1 1
position vector { 3 ) and parallel to the vectors ( ~ 1 and( 1).
) 3 -3

Find the cartesian equation of the plane containing the points with

-2,
. Find the perpendicular distance from the phm P - 14+ Sk = 10
10 the origin.
4. Find the perpendicula distance from he plane 2¢ + 3y —
rigin.

15, The plane Il contains the point A. position vector 2 — j — 2k, and is
perpendicular to the vector 41 + 4] — 7k. Find the perpendicular
distance from the plane IT to the origin

e

== 2010
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26. A plane TN is perpendicular o the vector 2i + 3 + k and contains the
vector i + 3§ — 3k. Find the position vector of the

S 43¢ 4k 4 A 4 meets he plane 1.
oints D, E and F have position vectors | + 2§ + 2k, 21 — 3j —
=i+ 3j = 2K respectively. Find the equation of the plane conumm‘ D,
E and F giving your answer both in parametric vector form
cartesian form.

28. Find the acute angle between the line X

6

ol oit tandthe

plane 7x = y + s ~5 giving your answer (o m nearest degree.

29. The point A has. ion vector 3i — J — k and the plane T, has vector
equation r . (31 — s| + 4k) = 3,

(a) Find in scalar product form, the vector equation of a plane IT, that is
p.lrx\ld 10 T, and contains the point
(b) Find the perpendicular distance from A to the plane IT,.

30 For cachof the i fnd the perpendicla disiance from the
given point (o the given plang
@ The point with position v.sum 3+ 7j + kand the plane

Gt =6,
(b) the point (4. ~1,2) and the plane 2x — 2y +

31. The line L has vector equation r = i — j + 3k + w * 1)7 2k) and
the pane I b vecsoreqationr (= 2 4 1) = -

(2) Show that the line L is paralie to plas

{6) Obain the sealar produc vector equation ot the plane that is
parallel to T and that contains the line L.

(c) Find the D‘mﬂndlﬂlhr d-ﬂ.lmz from the line L to the plane .

32. Show that the line X =222 is parallel to the planc
ax — =4 lnd find the perpn\dmlhr distance from the line to
the l ne.

33. Find the cartesian equation of the line of intersection of the two planes
2e-3y-:=land3x+dy+ 2 =3

3 1
34. o e bavevectrequtons £ = ( .) . ;( 2) it
1 -1

4 -1
r= (c) + ,‘( 1). Find the position vector of the point of
2,

!
intersecion of the o lines and the cartssian eqatin of e plane
containing the two

35. The four points A, B, C and D have posiion vectos

GO0

‘The perpendicular from D 1o the plane containing A, B and C meets the
plane at E. Find
(a) the scalar product vector equation of the plane containing A, B and C,
(b) the vector equation of the gt o trongh D and B,
(©) the position vector of the point
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17.5 3 X 3 Matrices

In chapter 5 we saw that a linear transformation on 2 dvmcnsmm\ space has
an associated 2 x 2 matrix. Similarly any Imm mmfarm.
3 dimensional space has an associated 3 x nder h.

) 0 0"
transformation the points with position vectors (n) (1) and (0) are
0 0, U
a@ d
ransformed to the poins with psiton vectors 5 ). (¢ | and (‘) respeciely
< i

@ d g
then the associated 3 x 3 matrixis (b e h
i

Note that under a linear transformation on 3-D space the origin (0, 0, 0) s

a d g\ /[0 0
‘mapped onto itself: (b e n)(n) - (0)
e 1 i)\, 0

Example 28

Fiad the 3 3 mattx rprocningthe taeaformaton of 3-D space that
reflects all points in the x-y plane (i.c. the plane z = 0)

Under this transformation

@«M&@@yy

1
Thus the required matrixis (0 1 0
o 0 -1

Example 29
Find the 3 3 matrix representing an orthogonal projection onto the x- plane.
“This projection maps any point A(@, b, ¢) onto the point A'(a, 0, c). Note

that A" les in the x—= plane and is such that A" is perpendicular to the x-2 y
plane—hence the term “orthogonal® projection.

~O-00000 A
e )

(@.0.0)
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Example 30 IR
Show that the matrix [ 2 =2 6 | maps all points in 3-D space
-4 4o

onto a line and find the cartesian equations of this line.
Under this transformation the points A(1, 0, 0), B(0, 1, 0) and C(0, 0, 1)

=1 T E)
. position vestors (2 ),( =2 Jand ( -6
-4 4, 12,

respectively, i.c. all the images are points whose position vectors are

have images A", B',

=1
multiples of( 2), “Thus this transformation maps all points onto the
-4
=1
line passing through the origin and the point with position vector 2 ).
-4

0 -1
‘The vector cquation of this line will be r = (o) + A( 1) giving the
U -4,

cartesian equations

Example 31 o

Show that the matrix (»1 3 7) maps all points in 3-D space onto
2 -1

4 plane and find the cartesian equation of this plane.

Under this transformation the poins A (1, 0, 0), B (0, 1, 0) and C (0, 0, 1)

are mapped onto A’ ~ 1, 2), B'(~2, 3, = 1) and C'(0, 7, ). For th

points A’, B’ and C” to be coplanar there must exist values for 4 and 4 such

that

3 -2 (0
A=) +ul 3)=(7
2, -1 !

Solving 34 — 2 = 0 and

4= 3 which is consistent wit ~ p = 1. Hence C’ lies in the plane

containing A’ and B’ [lnd l!u: nngm 0 (0, 0, 0)). Thus the transformation
ips all points in 3-D space on to the plane containing the origin and the

points (3, —1,2) and (2, 3, —1).

As the vectors OA and OB lic in this plane the parametric vector equation

0 3 -2
of the plancist = (0} + af =1 )+ 4 3).
9, 2, -1

&
Withr = (,.) this gives the cartesian equation of the plane as Sx + y = 7z = 0.
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‘The determinant of a 3 x 3 matrix

Just as for lincar transformations in 2-dimensional space the determinant of
the associated matrix gives the area scale factor then similarly the
determinant of a 3 x 3 matrix gives the volume scale factor for the
3-dimensional transformation defined by that matrix.

Remembering that for the 2 X 2 matrix A = (r Z) we can write the
determinant of A as det A, 1A] or l" ”| the determinant of the 3 x 3

matrix A =

@ b e
a; b, c,| is defined as
ay by

a .
detA = |a, b| + 6 2 ')
K o, b

a,(‘

Example 32 3
If a solid of volume 8 cubic units is transformed using the matrix T (2 1 I)
0

find the volume of the new solid.
'Volume of new body = |det T| x §

31 -2
o
1 -2

Sk A

‘Thus the volume of the new body is 9 X 8 = 72 cubic units.

Now detT = |2

Note: Justasa 2 x imilarl
83 % 3 mairx with 2ro determinant has no inverse and i aid o be singular.
The inverse of a 3 x 3 matrix

nnuax:mmxmnmronm-bodynloxuumma then A~ Gic.
the inverse of A) will transform B’ back to B. By defi

1 o 0
M"-A-'A-lm,fmsxlmmm.l-(o 1 D)hnunA"
001
be determined from A?
Ommuhnd.ulleddwmww method, first requires an understanding of

terms, namely the minor of an clement of & matri, the cofactor of an
ekmenl of a matrix and the adjoint of a matrix.

a5
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Consider the matrix A

by o
by ey
by e,

If we delete the row and column that contains the element a, and find the
determinant of the 2 x 2 matrix that we are left with we obtain the minor

of ay.

Thus the minor of a, = |g' :'I.lheminor of by = |1

2 ete.
o

‘The cofactor of each element is then obtained by multiplying the minor by
-

1 according to the patiem —  +
P

+

an appropriate sign attached to it.

Thus the cofactors of y, b, and ¢, are ‘:’

respectively.

las e

Tlay e

@ by
a3 by

c. the cofactor is the minor with

If we form a new 3 x 3 matrix by replacing each element of A by its
cofactor and then transpose this new matrix, we obtain the adjoint of A,
written adj A. By forming the product (adj A or Aladj A), we can then

determine A" as the following example shows.
Example 33

1 -2 3
Find the inverse of the matrix (2 1 0
[

Let the given matrix be A and first check that det A # 0. In this case
detA = —4.

1
Then find the minors of each clement: |
-3

1

Hence obuain the adjoint of A: (—z
-3

1

and determine (adj A) % A: -2
-3

-2 3 -4
too)=( o
-1 0

(adj A)A = —41

~§(adj AA = T

4)

[
-4
0

)
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7. Show that each of the following matrices map any points in 3-D space.
onto a plane and find the cartesian equation of the plane in each case.

0 -2 -2 o2
@1 1 s) e 2 -3 -
s, -3 1 -

8. Find the determinants of the following matrices.

(I L= 0 13 2
@(2 -1 3) (-1 3 4) @3 -1 4
o 2 1 [ 2 13
2 14 32 2 -1 -2 3
@(-1 0o 3} @ft v -1} ®f 1 -2 -3
2 1 - 2 2 2 12

9. Find, where possible, the inverses of the following matrices.

-1 o 3 -1 -4 4 3
2 -1 1) o2 1 o) @2 -1 3
[ 0 12 oo
21 2 2 1 250

d,(:“) «)(. ' z) (n(ﬂan
1 -1 -2 3, -1 21

10, The transformations T, and T, are defined by the matrices

G )

9oty . volume 10 ubic v (o g S and T brnssorms 10
S” find

(@) the single matrix that will transform S to 5",

(b) the single matrix that vl transform ' back t0 S,

(©) the volume of §',

(@) the volume of S”.

(a)

B

dy. 1 T, transforms.

S RS
11. Find the inverse of the matrix ( 0 -1 1) and hence salve the
2 1 2

cquations
2+

2 -1 3
12. Find the inverse of the matrix (I [ ) and hence solve the
EI

2oyt
equations{ x +y - 2: = —1
Xy 2=s

-1
13. (a) Find the inverse of the mz\rix( 2 -1
i
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(b) A point (x, . 2) in three-dimensional space is transformed to its
image (x', ', ') according to the rule

(-6 1900

Find the coordinates of the point in three dimensional space that is

invariant under the transformation.

17.6 Sets of linear equations

Tn chapter 6 we saw that a pair of linear equations in two unknowns
could be solved simultaneously by matrix methods to find the one set of
values that satisfied both equations. In questions 11 and 12 of exercise
17 we used our ability to determine the inverse of a 3 x 3 matrix to
solve a set of 3 linear equations in 3 unknowns. Matrix methods are not
the only method of solution since the equations could be solved by
progressively eliminating the variables.

Example 34
Solve the following simultaneous equations by eliminating the variables.
by 2= -4 .

24y tz= -2

Iim-w
x [3]:

[ f+ (5]
By subsitting into (3] and then nto 1], we o bt x = 1 and y=-2
Thus the solution of the given set of equati

‘The geometrical interpretation of this solution is that the point (1, —2, 2)
is the point that is common o the three planes
4,2+ 3y +z= —2and —x + 2 = 3

‘This method of climinating the variables gives another method for
detirmiaiag i iver of & mates.

-1
Suppose we wish 10 find the inverse of {2 1 |)v
[

e (D060

ions is x = 1,y = ~2andz = 2.

a9
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Example 36
- y+ s
Solve the equations{ x — 3y + 2z = 2
2+ oy dz= -3

2 -1 1
Writing the equations in matrix form (1 -3 2
4

newr, =1, -

0oz o-1w

ro (0 -5 3

newry =5 +20: \0 0 2
Row 3 gives z = =2,

Using this value in row 2gives Sy — 6= —1 ie. y= =1

and these values in row | gives 2x + | = 2= §

Thusx = 3,y = ~landz = ~2is the req

o2 =10
newr, =2 -n: (0 =5 3
3

Ofven thrwe cquaions a4z + by + &2 = 1
thyrarmg
oz =
{he geometical interpretaton of the sotion < = @, = fand z = 7is
that the three planes defined by the three equations have a common point

a

a by o
(. B. 7). However if the matrix (ax by :,) is singular then the three
by o,

equations do not have a unique solution. In such a situation the equations
could citt

have (a) no solutions, and the equations are said to be inconsistent,

or  (b) an infinite number of solutions.

‘The geometrical interpretation of these two possibilties s as follows:
(a) No solutions (i.c. inconsistent equations).
“This sicuation will arise when
1. two or more of the planes are parallel
(but not coincident). In such cases there
is o point common 1o all thres planes.




or 2. each plane is parallel to the line of
intersection of the other two. Again
there will be no point that is common
0 all three planes.

© dn nfte s of soions.
wation will arise when
1 al thre cquations epresent the same
plane. (i.e. planes are coincident).
Any point in the plane wil provide a
0 the equation.

planes
coincident

or 2. two of the three planes are coincideat
third plane is not parallel to
these two. The planes will intersect in a
line and any point on the line will
provide a solution.

2 planes
coincident

or 3. thethres planes bave 1 common e
and any point on this line
solution to the equation.

Example 37 4 2\ /0
melmuofadnuuxequum(i -1 2)(y)-( 1) not have a unique solution?
I ao -3,

2
“The equation wil not have a unique solution if |4 is zro.
1

-1 2
a of

ieif -4a-8+8a+2=0

giving a=1j
The equation will not have a unique solution if a = 14.
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Example 38
Discuss the solution of the following equations when (2)
)

giving a full geometric interpretation for cach situation.
2 -y +
-4
6x~3y+92=a
(a) Wllh a= Gand b = 6 the equations become
-y

~2x -yt =7
x-y+3=2
ese three equations represent the same plane, 2x — y + 3z = 2 and
50 any point in the plane provides a solution to the equations. Thus
there arc an infinit number of solutons. Leting x = A and 'y = e
can write these solutions in parametric form as x = 4,
1 = 22 + 4. This gos the parametre vector uation of the

P 0 [ 0
e=(0)+af o)+ufr
3, -3, 3,
(b) With @ = 5 and b = 0 the equations become
2

=2
—dx+ 2= -4

6x -3y +9:= N
Equations (1] and [3] represent paralll planes and so there will be no.

point common to all three plancs. The cquations have no solutions ic.
they are inconsistent.

Example 39

Discssth slsion of the following equations wica () a = ®a= -2,

giving a geometrical interpretation for
-2
axtytzea

‘These equations do ot represent coincident or parallel planes whatever the
value of a and 50 we attempt a solution by the diagonal matrix method:

/=2 1 =5\ /x &
( . z)(y) - (7.)
o \-4 1 1)\ q,
noof=2 1 =S\ /¥ 4

new ry = 21y + 3r, o 1 -n)fy)=( w0

mewry=n-2n: \ 0 -1 1/\z a-8,
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(55009
0 1 =a)(y)=( 10
mewny=rtrn \ 0 0 0f\z) \a+2

® fora = Srow 3,0 = 0 + 2 gives a conradicton and s te quations
are inconsistent. The

this
corrsponds 19 th stuaion of cah piane being pmlm 0 the fine of
intersection of the other two.

(b) fora = ~2 row 3 gives no contradiction and is truc for any . Using
the parameter A we let 2 = 1.
Then from row, S y-Si=4
and from row, = 1z =10
we obtain y = 10 + 1idand x = 3(1 + A).
the solutions o the equations are all of the form x = 3 + 34,
0 + 114, 2 = A Thus the 3 given equnnm r:pml pllnS

y

having a common line, cartesian equation *

3
3 3

parametric vector form ¢ = ( 10 } + 4{ 11
o, 1

Exercise 17F

1. Find, where possible, the inverses of the following matrices by the
method of row reduction.

2 0 I =1 =T 2 -
@4 -1 2 (b) 3 2 IAECER] 2 -1
301 -5 12 13 2
-4 2 112 1 0 I
-2 1 @{-131 (-1 3 2
2 -1 21 4 2 -2
2. Sobve lhe followiog ts of euatons by eiminatiog e varabe.
- ®) 2

@ x+y
zy—x

@

fen

x-2+ e

3+ +y+ s

3. Solve the [ollwnn. ‘matrix equations by reducing each 3 X 3 matsix to 8
triangular matrix.

-0 (3 90-0

2
12
-13

[C]

©

—~
o
—_—
T3
=
]
L
rwl
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13 -
Lll‘mlrixAﬂ(D 2 |)nndme3x3m.mieul.cnndbnuh
o2 -
that
10 8 2 (S
@AB=(8 52 (h)CA-(n -4 -|> © AD+C=B
761 2 2 -
5. Find the value of a for which the cquation

-3 -1/ |
2 =3 0)(y)=( 2)doesnot have a unique solution.
a s -2)\z -4,

6. For the set of equations  ax + by + z =

v 3 gomeic interpretation for
I3 ®a=5b==2 (a=4db=-1
‘appropriate).

m
7. For the set of equations  ~3x + ay — 6 = b

faa2

give a geometric xmcrvremlon !or {a) a

(Give any solutions in parametric form).

8. For the set of equations  x + y +z = ~1
x

=7 Ma=4b-2

- =a
give a geometric intrpretaton for ) 4 = ~1 (b)a = 4.
(Give any solutions in parametric form).

9. For each of the following sets of equations find the value a must take
for the equations 1o have solutions and find these solutions in parametric

®) x+y-z=-3

-y +ar=1 R A ]
+Sytz=a 2-2ptdz=a
10. For the st of equations 2¢ 4 = 3z = S
ST
S-yra-b

(a) Find the value of a for which the equations have no unique solution,
(b) With a taking this value find the value b must take for there to be an
infinite number of solutions to the equations. Interpret this situation
metrically giving any relevant equations in cartesian form.
11. Show that the cquations  x + y — z = ~1
Sxkdy+z=3
N4yt+z=a
are inconsistent for a = 4.
Find the value & must take for the equations (o represent three planes
that have a common line and find the vector equation of this line.
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120 v

12, Find the invrse of the 4 x amavrix ( ) | 2|
102 -1
Xt ErE1=0
Hence solve the equations z’::i:ﬁj:::i:g
Ytz i+7m0

Exercise 176 Examination questions
1. The position vectors of the points A and B relative to an origin O are
A4~ kand -3 + k rspecivly. e down Lh:vxlorﬁ
Calculate the size of angle OAI B)
2. The triangle ABC s such that AB = 3i + 6] ~
G 1k Fad BAC and the ares ofthe rangle Cambrde)
3. Relative to an origin O, points A and B have position vectors
+ 3j + 6k respectively, i, j and k being orthogonal
unit vectors. s the pintsuch that OC = 204 and D he mi-point
of AB.

u) the pmllmn vectors of C and D;

or equation of the line CD;
L ) the position vector of the point of intersection of CD and OB;
(i) the angle AOB correct to the nearest degree. (5.ULB)

4. Find the angle Setwem the ace with etar cquations T = 2 + o nd
r=b+ s, w

() -()()

Show that these lines intersect, and find the position vector of P, the
point of intersection. Express in the vector form r . n = k the equation
of the plane which passes through the point P, and which s perpendicular
10 the line joining the two points with position vectors a and b. (Oxford)
The pointa P and Q have coordinates (1. 2. 3 and 4. . —2 resectively
&t plane 7 has equation x +

x
(@) Write down, in the form r = & + b where r = y), the equation
z
of the line PQ, and find the coordinates of the point where PQ
meets x.
(i) Calculate the cosine of the angle that PQ makes with the normal to

ne .
(iii) Find the equation of the plane perpendicular to & containing the line
PQ. (Oxford)

“r
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The point A has position vector § + 4] = 3k referred to the origin O.
‘The plane I1 contains the line L

h is normal to the plane 1,
(b) a vector cquation for the plane I,
(¢) the cosine of the acute angle between OA and the line L. (London)

7. The coordinates of the points A and B are (0, 2, 5) and (= 1,3, 1),

8

respectively, and the equations of the line L arc.
x z

(i) Find the equation of the planc  which contains A and is perpendicular
to L, and verify that B lies in 7.

(i) Show that the point C in which L meets  is (1, 4, 3), and find the angle
between CA and CB.

(i) Find the coordinates of the two points P and Q on L which are such
that the volume of each of the tetrahedra PABC and QABC is 9.
UMB)
The lines /, and / have the vector equations
her= (14 s+ (1= 9 - 2K
=i+ (+0j- Q- ok
where i, j and k are perpendicular unit vectors. Show that 1, and /; meet
in the point A with position vector i + | — 2k. Show also that the lines
Iy and l,

[ I A

= (14 i~ (1 + ) - ok

form the alher lwn sides of a quadrilateral ABCD and find the position

vectors of B, C and D, which are the intersections of /, and Iy, /s and L,

1y and L respectively. Find the angle between the diagonals AC and BD.
e whether or not the four points A, B, C and D lic in a plane,

cxplining your method careflly. (Oxford)

The planes  snd g sre given by the equatons 3¢ + 4 2 = 4

e respectively. The plane  containing the point A(Z, 2, 1
pcrpmmmllr to cach of the planes p and g. Find

(a) the distance from the point A 1o the plane p,

(b) the cosine of the angle between the planes p and g,

(€) & cartesian equation for the planc 7,

(d) cartesian equations for the line of intersection, 1, of the planes p and g,
(€) the point P on line /, which is nearest 10 the point (AEB)

Let A be matrix

127
130
0 -1 8

By performing elementary row operations on the matrix (AIT) find A™".
Solve the cquation AX = K, when

0 -1 1
mKk=(o) k= 1) Giyk=(2) (Cambridge)
9, 0, 3,
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11. Find values of a, b, c, d, e, f, o that the lincar transformation

()-)

with matrix M, where

2 I 2
1o h oo with posin m,,(|).(-z),(-z),
1 1 1

respectively.

Find the inverse matrix M~

Show that the transformation with matrix M™' maps points of the
+y =0,z = 0to points of the line x = 0, Sy + 2z = 0. (London)

12. Show that x + a + y is a factor of the determinant
a x|

x a ¥

x y 4

Express the determinant as a product of three factors.

Hence find all the values of 8in the range 0 < 0 < which satisfy the

equation

1 cos0 cos 20|
cos@ 1 cos20
cos & cos20 1

(UMB)

13. Find the complete set of wlulium or m: csysem of cquations.
- 11,

lx
PR Saartingy
@) when 2 = 4 (i) when 2 = 5. (Oxford)

Ve Pt the achuons of the syt of cquations
2+ 2= -1,

() by replacing the first equation by
oy 19z
&) by replcing the st o equlnam by

=16
oA

(Oxford).
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15. Show tha the nly alue of 4 for wiic the simltancous o
(A—dy+2=
lx—ﬁy-O(A*Jn-O
Sx + 129 — Bz =
havea scluon ia nich x, yand z are not all zero are & = 1 and
-a

Show ihat, when 1 = 4, the three planes represented by the above
equations mect in a line L. Show also that L intersects the line whose
equations are

x-8

—yrrmin?
Iterpret the three quations geometrially n the case when A= 1.
M)

16. Show that the simultancous equations
ytz=1,

2+ ky -2 m -,

= -2

nm a unique solution except for e vatoes o k whichar to be
found.

S that, when k = 1, the planes represented by the equations meet at

a point P which lies in the plane y = 1, and that, when k = -1, the

plancs meetina line L which alo s i th plan y = 1. Find the
perpendicular distance of P from UMB)

17. Find all the values of (x, y, z) which satisfy

72 M [P
a1 2||y|=]e
RN | 3
i (p. g. ) satisfies
2 -1 srp 5
|: 6 -9 —|][u]-[ 7]. (Oxford)
-4 s 2f|r -4
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Algebra |l

18.1 Partlal fractions
2

We know that —— +
s
3x 45 ; )
Gty but, i we were given
back 1o 42

 can be expressed as the single fraction

45
G how would e get

]
¥

. . N wrs .
‘This reverse process is called expressing m in partal fractions.

The method used i to asume that St S w4y B
where A and B are constants which have to be determined. Remember that
the si ‘means that the equality holds for all values of x.
“The right hand side (RHS) of thisidentiy s then expressed as  single
fraction
. EEEEIEY TR
ie. Ar oDy Bed
(]

“This fracton and the Ift hand side (LHS) of the ideniity now have the same

denominators 5o their numerators must be identical

ie. W4 S= A=)+ BE+I)
One, or both, of the following techniques is used to find A and B from this
identi

(i) substituting suitable values of x in both sides of the identity,
(i) equating the coeficients of particular powers of x.

&+ N =
fraction and o the partia fractions assumed, —4— + 2 arc also
proper fractions. (Remember that an improper algebr tion is one for
‘which the degree of the numerator is equal to or greater than the degree of the
denominator, sec page 7).

It should be noted that the given fraction, (if’—ﬁ s a proper
B

This, given 2 sxt »Kux +1

we would assume the partial ractions 10 be <4

LBtC
=7
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The denominators of the algebraic fractions encountered will be of three basic types:

Type Denominator of fraction Example [Expression used
1. has lir H 4 3
> L [ B e R T |
2 has a quadratic factor 4 'Bx+L‘
‘which does not factorise (x— IK;‘+ 9 ;

3. hasa repeated factor

c
Ty TEEy

Notes 1. When expressing an algebraic fraction in partial fractions, always
factorise the denomi far as possible first.

2. Given an improper algebraic fraction, we must first use the methods
of page 7 to obtain an expression which does not contain any
improper fractions (see examples $ and 6

3. For a fraction with a denominator having a repeated factor,

‘we may initially think of usin H
t form because
Br+C _ )* -38
wFP (x#}' wF
=Rt gy where = C - 3B,
Example 1 (denominator has linear factors)
Express 25— in partial fractions.
Thedenminaor futoris o s = 3 + 3
A Ty = 5 23 1S
RS, - A S + Jx(+ Bleks + 1)) + Ce)x = 3)
|lA(x—)){x+3)+lxxx+3)+c(x}(;—3)
. same denominators.
Putx =0, 1= A-3(+3) + BO) + CO) hence 4 = —}
Putx =3, 1= A@0) + BA)G + 3) + C(0) bence B =
Pux = =3, 1= AQ) + BO) + C(~3X~6) hence C = 4

The partial fractions are —gk + e
Example 2 (denominator has quadratic factor)

32—
Express %T:L—ll) in partial fractions.
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Se-2x-1 _ A Bx+C
Assume GFNE D F+T T AT
S s Ot
& F e+ 1)
Sx? -2 = 1= A4 )+ (Bx+ OYx 4 1)
Butx= =L S8 = A= - 1= A0+ D+ 0
S+2-1=24 hence 4 = 3
Pux =0, 0-0-1-Anse
=3+C hence C = ~4
Equating the coeficints of ' on m o sids o the ety
hence B = 2
; " 3 Zx l
The partal fractions are 33 + S-.

Example 3 (denominator has a repeated factor)
Express #ﬂ, in partial fractions.
B

4
GF x-S X1 x =27
(Nal:md'\lﬂy{Mlomwhn:hlhewudfnmmlml!uhmmucm)

x+4=A(x -2+ B+ x-2) + Cx + 1)
244=A0)+BO) + CQ+1)  henceC =2
—1+4=A(=1-2 + BO) + C(O) hence d = }
Equating coeficients of x* on both sides of the identity:

0=4+B

hence B = —4
‘The partial fractions are

Ly 2
EED - - D

Example 4 (denominator has a repeated factor)

Express r‘—ﬁ‘% in partial fractions.

METHOD 1 as for Example 3

Equating coeficients of x:
4="4

The pastial fractions arc

o=

Example §

Express XX+ I in partial ractions.
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x +3x? + 10 23 + 2+ 3
BT B
Mi.lulhmlu.
26 10+ 6 = 30
(—lx =T D [y
(x—l)(zx |)x (x—T)( +5)
"t_x-sxnnux-:; B ar s B
6x* — 1lx 3x - 10x - 24
Ead (I+x)’(x—1) B =g B T HE T

18.2 Partial fractions and series
Series expansions

Partial fractions can be used when finding the series expansions of some functions.

Example 7
.
Express M‘—% in partial fractions and hence obtain its series
expansion in ascending powers of x,stating the terms up to and includi
the term in x%, the term in ” and the values of x for which the cxpansion is valid.
30 4 17x 418
[ S S

‘Using the methods of the previous section, we find that

Using the binomial expansion
8 8
TR H -
=40 =397 = 41+ Cixmao + GE D g+ QUEAEH s ]

=4[+ dx + @0 4 @ + .+ @Y+ ]
PR R R R R L m
. S =S+ 297 = 5[, + (-2 + CACIQO | CA-ICHE

-5[|~z(2x)+3(7,qr—4<m N ) () e
5= 20x + 607 — 160X + ... + (=S¢ + Dy + ...

Adding (1] and 2}
T -“Jx + (l’f‘&?" = x 69 - AR+ L 2 (<20 DY

ot ht, ubtutin = O o the e gvs the tem i x,

termin 3" gives the term in 31

The cpumion o (1~ 40 i v o ) < i 1| < 3 and

the expansion of (1 + 23)* s vald for |2

Tho e 3 both of thes condions i b st

. é"‘_‘;;:"f,}f =9 = Hax + 69x — A 4 .+ I+ (“SC + DY ..
provided |x| < .
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Exercise 188

Express cach of the given functions in partial fractions and hence obtain the
series expansion of each function, stating the terms up to and including the
term in %, the term in " and the values of x for which the expansion is

valid.
b2+ TS N 8
e ] T T
‘u~x3—x) (3+z.xzx "(3+xxs+4x)
1420y
(l+x‘(l+2x) O e (L)

10. Express 1 - S *3 553 in partial fractions and hence obtan is seies
cxpansion in ascnding powers of x up to and including the term n .
St the rung of values ofx o which the xpansion s vl

1. Express I s sy in partial fractions and hence obiain the
first four terms in m Series zxpan.ion of the function in ascending
powers of x.

Summation of series by the method of differences

Partia fractions enable us o sum certain series usig the method of

differences as the following examples show.

Example 8

(a) Express Wﬁ in partial fractions.

(b) Find an expression for 3 (F]%iv-*_ﬁ and state whether or not the series is convergent.

(2) Using the methods of 18.1 we obtain i——IWS ==

® £ o= - )

1
[ ’TM =
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Then,if (1) = &) ~ glr+1)
S =F 0 -seri= ) = e
2 A . er- -

+ 6y
* -(»" T

m-f 57
% _ser 7S g+ 1 = g) - gta + .
[Clearly Example 9 above is an extension of ﬁu basic technique and uses the
relationship f(r) = g(r) + g(r+1) — 2g(r+2)]

Example 10

(a) Show that (x ~ 3)* = (x = 2)* = 5 —
(b) Use this dentity from part (a) and the method of differences to obtain

an expansion for ¥(5 — 2r), Hence sum the series 3 + 1 = 1 = 3 =

R e
= sxwy-m-uu)
9-xi+ax-4

o fe-m=Ffe-w-c-m- o

+u»1ﬁ — -5
5 -

)':(s—z,)nu(n—zv
SHl-1-3-5..-35=F6~2
)

=4-@-p
= =320

Exercise 18C
1. Using the identity 2r + 1 = (r + 12 = r* obtain an expression for 3. (2r + 1).

2. (2) Show that r(r + 1) + 2) = (r = D(Nr + 1) = 3r(r + 1)
(b) Using the identity from part (a) and the method of diferences obtain

an expression for 3 A + 1),
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3. (a) Express in partial fractions.

1
ED
E n
 showtra§ = 1
(©) Find the sum of the series
LN RS H
rtrxatreats
4@ Explmmin partial fractions.
' 3 R
® Show that 3 e —y 5 = 3 " a2
(@ Find the sum o the i

1
Tt et e

+

g

1
;a—r—,‘. E]
5. (@) Express

in partial fractions.

2

=+
- 1 3 2+ 3

® Showthat § oty = 3 - s

e B L
and determine 3, o
(©) Find the sum of the serics

3trxatIxs

hat
(¢ D@+ D@+ 3) = K2 = D+ 1) = 2+ IR
(b) Using the identity from part (a) and the method of differences show that

3@+ 19 = T+ 1204 10

() Hence find the sum of the series 3* + 5t 4+ 7% + ... + 21,
7. Flod te s of the fﬂllowlng series. [Express your answers in the form a — f{n)]

4
®7 —9 i_S ﬁ MO
i
"”l 5 53] ¥ T Y
' i
s s R s e R v s A s S +)(—Mn+
. 6 6
@Dizagxgtaxsxs  sxaxe T awsHT T n(—,n ol
8. () Use parial racions o show that
1 e M4 _Am+9)
|'-“‘5xzx zxsxu 3xlx5 F O T M TRV )]

(®) State whether the series 3. i converEes a8 n - o and,

if it does, find its sum to infinity.

459
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5. @) Use pmnl ractions t shew that
. ntl o mSntT)
IxeS )xsx7 Tt e Ty & 0@ Ty
(b) State whether the series 3

r+1
@ =i+ a3 O e
= o0 and, if it does, find its sum to infinity.

18.3 Complex numbers

Page | discussed the extension of the basic idcas of number from positive
and negative integers to rational numbers and eventually to irrational
numbers. We can therefor solv equations like:
() =17
x=+7 or -1 o d o -3 x=J17 or =17
e x=4123 .. or -1

‘We now need to extend our id:s of mlmb« still further, since the equation
has no solution in terms of ulnmul or u-nuonnl ‘numbers.
‘We introduce, therefore, the concept of an imaginary number.
Iwe write  for /(~1), then  x* = ~16 = (16X~ 1)

and  x = £ /0041
or  x= tdi ic x=diorx= —4i
Thus, by the use of the imaginary number , to stand for /(~1), we have
found two solutions of the equation x* = — 16.
‘We say that bi, where b € R, is an imaginary number and that a + ib, where
aand beR, is a complex number.

The following points bout compex mumbersshoud be notd:

If we write z = a + ib, then
l'-erulplﬂoflhewmpkxnumbvrzlxa,wnu:nkn(

and the imagioary part o the complex mumber < s b, writien Im(s) = b.

‘Two complex numbers arc cqual if, and only if, their real parts are cqual

Complex numbers are added (or subtracted) by ‘adding (or subtracting) their
real parts and also their imaginary
complex conjugate of = a + ib is a — ib and is denoted by 7*.
Tefollowsthat the product 55 therelore whony real number, since
=(a+ib)a —

B -

=a+ b
‘The manipulation of complex numbers and their use i illustrated in the
following examples.
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Example 11
() Add (4 - 2)and 3 + T)  (b) Simplify (5 + 4) — (3 = %) (¢) Findz + *ifz = 3 = Ti,
@ @-W+G+TW)  ®) (8 -0G-20 @  E=3-7

=@+ (HET) =S+4i-3+3 I

si 246 ;+x--1-7.+:+1,

Example 12
Multiply 2 = 70) by (3 + 2)

@- e + 2)

=6+ 4i~ 20— 47 i? being written for i x i

=6~ 17 — 14~1) 1 being written for i?, since i = /(1)

=20 1%
Example 13

Divide (5 + 20) by (1 = 3)

G+20)+0-3)=7

‘The denominator (2) is multiplied by 2*
50 as to make it a real number.

Example 14
Find the square roots of (3 + 4i)

Suppmmuqumm:ora»«)ua+ ib where a and b € R.
Then 3+ 4i=(a+
Cel

3=a' - b'and4 = 2ab
Solvungnmu!unm\ulypmnVZmdb— lora= ~2andb = -1
The square roots of (3 + 4i) are +(2 + i).

Equations
On page 11w s that many quadratc cquations couldbesovd wsing

the formula. With our extended idea of number, solutions can now be
obtained for all quadratic equations.
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Example 15

Solve x? + 26+ 6 = 0.

Using x = b2 = da)

k-
)

49 witha=1,b=2andc = 6,
x=
L2320

- iy

The solutions of the equation are x = —1 + iy/Sor x = ~1 ~i/5

Thus, in the cases where b* ~ 4ac < 0, as in the above example, we can
improve on our previous comment, in chapter 5, of 'no real roots,” by saying
that the equation has ‘two complex conjugate oots’, i.e. one root is the
complex conjugate of the other.

Example 16

Find the equation having roots of (1 + Si) and (1 — Si).

Sum of the roots of the equation = 1 + 5i + 1 — i
-2

Product of the roots = (1 + SiX1 — 5i)
=2

Thus, for ax? + bx + ¢ = 0, = 26 and =2 = 2, 50 the equation can be
written as x* — 2x + 26 = 0.

Example 17

Solve 200 — 126 + 25x - 21 = 0,

Consider f(x) = 2¢* = 12¢* + 25x = 21 s.m/a) = 0, then it follows
by the factor thoren that ()i divible y (x =

hence if 2 — 124 + 25x — 21 =

then (v~ 32 - 6x + 7; oo [2x* ~ 6x + 7 obtained by long division]
- x=3or2x —6x+7=0

Solving the quadratic 6~ 50
B VL)
217

“The roots of the cubic equation are x = 3,x = 3 + 53 x = 3 # ie x=332 05
Note that the complex roots of polynomial equations occur in conjugat

pairs. Thus if a + ib is a root of f(x) = 0, then so is a — b, It Tolows that

a polynomial equation cannot have an odd number of complex roots.
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Example 18
Given that (2 ~ i) and (1 + 3i) are roots of the equation ax* + bx? + exi + dx + ¢ = 0, find
) the other two roots and (i the sum, and the product, of the four roots of the cquation.
®  Comple roorscceur i onjugnepeir, b

of the equation, so also is x = 2 + i,
lndlmux - I + Jlul rmloflhecqmuon,w:lmnx =1-3i

@) Sumofroots = (2 = i) + @+ i) + (1 +3) + (1 -

Product of roots = (2 = i)2 + iX1 + 3)(1 - 3i)
= - i1 - 9i%)

The roots are (2 i), (1 + 3i); their sum is 6 and their product 50.

Exercise 18D

L Ifz=3-4ifind (a) Re(2), (®) Im(z)., (0) =*. (d) zz*, (o) (z2)*.
2. Simplify each of the following,

(@) 3+ 4D) + 2+ 3) (b) 2 - 4) - 3(5 - 3) () @) () i

©F OerNe-N @ gy ®-f
3 Slmphl‘y udl of the following,

@ @2 = i) (b) (5 — 2i)6 + i) (©) @ - 31 - i)

ae ‘ IKZ = 5i) (e) 3 + 4iX1 - 2i) ) @ +ix2-i)

® (6 + 9i)4 — 6i) (h)(1+\)(l—2|)(|+|)
pm-ash of the Tollowing in the form o +
@53 o © 575 ) —f
= R
5 4i-3
CE
5. Simplity 52
6. Solve the l‘nllawm[ equa
@ x+25= u:)z:w:z-n © 4 +9=0

@Wx+2+5=0 @©x-4x+5=0 (2 +x+1=0.
7. Find the square roots of the following complex numbers,
@ 5+12 () 15+ 8i ©7- 24
8. Find the quudraic quations baviog oot
i ®) 1+ 2,

©2+i2
2-3i  @3+43-4  (DI+SI-S
ib is a root of the quadratic equation x* + cx + d = 0 show
thata® + b = dand 2a + ¢ = 0.
18, Solve the following equations (-u have at least one real root).
@ x* - 7%+ 195~ 13
20 -2 - 3x -2 o
© X +33 4+ 5x+3=0
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(@ 4~ 200 4 316 - x+ 0 =0
() Sx* + Bx? — Bx —
1175 140 1 18+ 40+ 16 = (¢ = 4x + 8)ax® + be + 0)
find 6, 424 ¢ 4nd bence fd s Four soluons of the equation
+18x2 + 16 = 14x* - 40x.
12003 2and 115 1 are o of the rots af the equation
ax* + bl + ext + dx + ¢ = 0 find the values of g, b, ¢, d and e.
13, Gitenthat 2 — 1 = (¢ ~ ezt + bx + ) ind te vaues of a, band
 and hence find the three roots of the equation x! =
[These three roots can be referred to as ‘the cube roots ot unity’ and are
often written as 1, @, @?].

Geometrical representation

‘Complex numbers can be represented geom:u'knlly using the x and y axes as
the Real (Re) and Imaginary (Im) axes. The plane of the axes is then
referred to as the complex plane and a diagram showing complex numbers is
said to be an Argand diagram.

On the Argand diagram, each complex number is represented by a line of a
certain length in a particular direction. Thus each complex number is shown
vector on the Argand diagram.

Thus if P(a, ) is a point on the Argand diagram, the vector OF represeats
the complex number (a + ib); a and b are the real and imaginary
components of the complex number (a + ib).

“The sum and the difference of two complex numbers can be shown on an.
Argand diagram in the same way as we show vectors which are added or
subtracted.

n-n
Pla, b)

1
15
|

1

o Re

fmatib

Modulus and argument of complex numbers
‘The modulus of a complex number, z = a + ib, is a measure of the

‘magnitade of 5 and it s writien as (2],

Ths modulus z = |z] = J(a? + b2). f
The argument of a complex. number. zma b ib s e maginds n

radians of the angle betweer tive real @ line representing

he complex mumber o the Argand digram. For the enmpl:x mlmbq' :
shown in the diagram, the argument is 0 where tan 8 = bfa. Clearly w
Could o refr o 0% 2, 6.5 4%, 04 6, cc. 2 being the argumment of . P
o evid thin complcation, wo sy i the valoe of lying in the range
<6 value of the argument. We use the abbreviation 0]
arg for the prmclpal argument.
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Example 20
Provethat for the complex numbers = and 2, o) 215 = Izl
() arg (2:73) = -u:. + arg 2. (Assume x < lrl 1+ argz € m).

Ao, iz, = 3(cos ¥+ isin )anﬂ == 5(cos X+ isin )ﬁnd 22731 and arg (2.

If 2, = r(cos 6, + i sin 0,) and z; = ra(cos 0, + i sin 6;)
then = ry(cos 0, + i sin O,)r, (cos 6, + i sin 6;)

cos 6, sin 8, + i sin 6, cos 6, + i cos , sin 6))
sin (6, + 6)

= nifeos (0, + 6 +
thus  |2,255] = riry = |4 liz]
and arg (22,) = (6 +,6) =

For z, = 1(00:;4 i,in’j'), |21 = 3and arg 2, -’j'

qg 2, + argz; as required.

For z, =5 m‘o.nn,), |22 = Sandargz; = §

12zl = [zl arg (37) = arg 7, + arg
_E.x
=3xs =1+
b
=1 -5
Note: 1.

43
5
A
Ee
s
i
E
g
k]

oorev e prncipe vaius of s argument.
s or ag (29 = g B+ a1 e st have
3. Simitar et (o s obtaine for 2,25 and arg s,£) can be
obtaned for 21, mamely 21| = 12 ana --.( ) = argz - arg
Th profs of ths ae I ¢ A xcci for th e (B 1, mnber 9.

De Moivre’s theorem
From the result um z.z. = ryryfcos (6, + a.) + isin (8, + )] it follows
= Picos 20 + i sin 2
‘This result can e tented o give the e
i z=r(cos 6+ isin0) then z* = ricos n0 + i sin nf)
e 1] = Izl and arg () = narg:z.

0+ i

(c0s 0+ i sin no
known as de Moivre’s theorem,

Forr = 1, we have i

Thisthearem can be proved by the method ofinducion and i st a5 0
exercise for the reader (Exercise 18E, number 11).
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15, Use de Mofve's beorem o show that i 30 = 3.n 0~ 46 6
=4dcos® 0 - 3cos 6.

Obtain an expression for tan 3 in' terms of tan 6.
16. Use de Moivre's theorem to show that sin 50 = 16 sin® 0 = 20 sin® 0 + S'sin 6.
17. Use de Moivre’s theorem to obtain an rxprlamm for tan 60 in terms of tan 0.
18. Given that (cos 0 + i sin 0)" = cos (nf) + i sin (n0) for a positive integral

value of n show that it s also true for n a negative integer. [Hint: For n

negative let # = —m, m positive)

Further geometrical considerations Im
For the complex number 7 = x + iy, there is an associated L P
point P on the Argand diagram with coordinates (x, ). |

‘The vector GP then represents the complex number 2. — LR
., then 2* will be the reflection of ° !

‘Consider the complex numbers z, = %, + iy, and

2, = x; + iy, represented by the vectors OF and OG on
the Argand diagram. [2; — | is then the length of the
line PQ.

On page 466 we saw that if z, = ry(cos 6, + i sin ) and
2, = ry(cos 0, + i sin 6;) then
2z = rirleos (6 + 0) + isin (6, + 6]

‘Thus the effect of multiplying some complex number 2, by

smothcrcormples mumber 1, modalus 7, o a6,
2, anticlockwise through an angle 6, and

‘multiply i e Tength by r,.

In particular, multiplying a complex number by i

Gl =), -ru = #/2) has the effect of rotating the
‘complex number through 90° anticlockwise.

Example 22
The diagram shows the square OABC on an Argand diagram.
IO = 5 + 2i, express the following vectors in the form a + ib,
(@ CB, () BC, (0 OC. Im B
OR =5+
(a) CB is parallel 10, and the same length as, OA
= 0A

o

=5+ A
® BC = -CB (© 8¢ = i@A)
=5- 2 Si + 2

= -2+
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© By geomery
Ifarg z = %, then OP makes an angle of
ar with the Real axis.

the set of all points such

the locus
um the s cning then (0 the orgn s
o the x-axis.

Im

(@ By geometry
Suppose Z = 2 + 1, thenarg Z = 3F.
This is a line making an angle of 2%
he Realais rough the pin where

fewhire s + 1= 0o
Tocus i he st of " poi
Kne shrough the poink o mukmg an

angle of %7 with the Real axis.

&,

o

Exercise 18F

By algebra
Suppose

+i

As lrg:ﬂglh:n
Y tan T
Leunf=ys

giving the line y = x,/3 as the locus of P.

fact, it is that part of y = x/3
for which y > 0, as for negative y

points on the line have argument ~2,

By algebra
Suppose =xtip
As arg (= + 1) = S then

uux*l*.,)-i'
i . x__
ie. x+ 7=ang 1,
pvmglhel»e —x — | as the locus of P.
with (c)we.mm restrict the fine to that
plnfovrwhu:hy

For questions 1 10 11, find the locus of the point P corresponding to the

‘complex number = where

beys the given law.

For 110 6, give both a geometrical interpretation and the cartesian equation

for each locus
Ljz - 20 =
3gz42- Jnl
Sl il=lz- 1)

=5

4.}1I-lr~1-|
6lz—4+il=lz—




For quesons 74ad 8, givethecateia cqutionfor cach locus.
Tz= [
For questions 9, 10 and 11, show each locus on a separate Argand diagram.
9.argz=X Wage+ =5 Mage-i=3F
12. If the point P in the complex plane corresponds (o the complex number
2= x + iy show thatif |z — 1] = 2jz + 2 — 3if then the locus of Pis
lunl:uemnll =3 + 4, and find the radius of the circle.
by drawing or calculation the vector OX where X is uw poml in
the complex plane where the locus given by |z = 3 — -3l
imerects withth locus givn by [ + 31 = I« + 2 -
14, Find the cartesian equation for
(o) te ocus iven by ] = o,
(b) the locus given by |z] = |z - 2.
Hence find the coordinates of the points in the complex plane where
these two loci intersect. Show the two loci and their points of
intersection on a
18, If 2 is the general complex number on an Argand diagram make a sketch
of the Argand disgam and mm the region in which
Iz 4il >z -2l
6 42 sevcral comples number o an Argand diagram skechthe
Argand diagram and shade the region in which 2 < |
17, Show by thading on a0 Argand dagrem the region in whieh ol
Izl < 4andfz = 3 = i| >z = 3 - Sil.

B

Exercise 18G  Examination questions

L. Given that
P, 49 . r___
ZF3 I @ T Y
find the values of the constants p and g. (London)

2 Express fx) = 7= ;,‘“ 3y in partial fractions.
Hence, or otherwise, find the expansion of /(x) in ascending powers of x
up to and including the term in x*. For what range of values of x is the
expansion valid? (Oxford)

a ﬂnwlhnﬁ;uﬁkumﬂnﬂu
2

1
O
Hence or otherwise expand (1 + x ~ Zx’) " as far as the term in x*, the
values of x being such as to make the expansion valid.
(@) By pnum; x= = \H)z. use your expansion to evaluate, correct 10 seven
792)"',

(b)bynvmln i ., use your expansi N
10 seven decimal places. (AEB)

Algebra 11
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4, Express the function f(x) = % as the sum of partial
fra
Obtain |b¢ enpammn n{j(x) in ascending powers of x, in the form

S0 = a+ br+ o and find the valuss of , b and c. Show

that, when x = 0-
cvaluating f(x) is slightly greater than 01%. (Oxford)
5. Express the function
4-3x
Rl (e Y]
in partial fractions

Find the first three terms in the cxpansion of f(x) in ascending powers of
x. and show that the coeffcient of x"

‘%L aMB)
6. Express
x4 sx+2
GEFE-D
in the form

A B C
(x+l]+(x+l) +( -0

‘where A, B, C are constants to be determined.
Obtain the expansion of

wsie2

GEGED
in ascending powers of G) up to and including the term in ()1()
Prove that if n is cven the coeficient of (;) isn + 2. Find the

mis odd. (Cambridge)

coeficient of ()1()

7. Express - in partial ractions and hence cvaluate
1

(Cambridge)
8. Express
1
TENE T

in partial fractions,
By muliplying by 5,7, or otherwise, prove that
& ' 1 1
Le—nm ey n o ame ey OMB)

9. Show that

!

1 r
TEEDCEEy




Algebra 11

and find the corresponding expression for
1o

AT T
S, and T, are the sums of the first n terms of the series whose rth terms are
r g DD
TE w0
and T, and show that

respectively. Find S,

(JM.B)
10. Given that z, = 3 + 2iand z, = 4 - 3i,

(@ find 2,2 and ;—: each in the form a + ib;

Gi) verify that |2y, = |z,llzal. (Cambridge)
11. (a) Find (2 — i)%, expressing your answer in the form a + ib.

(b) Verify that 2 + 3i is one of the square roots of —5 + 12i.

Write down the other square root. (Cambridge)

12. One root of the equation

2 +az+
where a and b are real constants, is 2 ‘ 3i. Fmd the values of a and b.
(London)
13. Given that 2 + i is a root of the equation
P -1z+20=0,
find the remaining roots. (London)

14, Show that 1 + i is a root of the cquation x* + 3x* = 6x + 10 = 0.
Hence write down one quadratic factor of x* + 3x* — 6x + 10, and
find all the roots of the equation. (Oxford)

15. The complex number = satisfes - = 2 ~ i. Find the real and

imaginary parts of z, and the modulus and argument oz, (Oxford)
16. Expand 2 = (1 + 4t powers o cand fnd the v e i valcs

of ¢ for which = is (.M.B)
1. @) llz. and 2, are mmy!:x numbers, solve the simultancous equations

+ 32, = 23,2, + iz, = 6 + Bi, giving both answers in the
P

i
®) If (@ + bi)* = =5 + 12i, find 4 and b give that they are both real.

which
represents = in the Argand diagram. [llustrate each statement by a.
@lz-2=3 @lz-2=1-3I (S.ULB)
18. In the Argand diagram, the point P represents the complex number z.
jiven that

—il=2
sketch the locus of P.
Ded\»e the greatest and least values of | for points P lying on the
(Cambridge)

Iz~
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19. Prove that the non-real cube roots of unity are
—pil
nl:!mulmxptﬂﬂnlﬂilnlnwﬂummbyl}lcpomuA Blnd
the number z =

sector of the circle with centre C through A and B which is bounded by CA,
CB and the minor arc AB is }x. OMB)

20. By using de Moivre's theorem, or otherwisc, find the roots of the
equation ¢ + 4 = 0.
Hence, o atherwis, cpres 24 4 4 1 the product of two quadatc
polynomials in z with real coefficen (Oxford)
21, State de Moivre’s theorem, and hence express cos 50 as a polynomial in
cos . By considering the roots of the equation cos 58 = 0, prove that

uyssﬂ-lﬁwsﬁ(uﬁﬂ cmm)(uua uxm)(omﬂ cos )(0015 cos
(Oxford)

22. Prove ths

a positive integer,
(cos 6 + i sin )" = cos nf + i sin nf.
Given that
2= cos 0+ isin6,
and assuming that the result above is also true for negative integers,
show that
2= 27" = disinnf,
Hence, or otherwise, prove that
16 sin® 0 = sin 50 ~ 5sin 30 + 10
Find all the solutions of the equation
4sin® 0+ sin 50 = 0
‘which lie in the interval 0 < 0 < 25. (UMB)
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Exponential and logarithmic functions

An exponential function is one in which the vas

For example, f(x) = 2* or more generally, f(x) = a"

bic appears as an index.

19.1 mllerenllaﬂnq the exponential function

If we wish to find

2o = Eﬂ[/(x X )]

This @)

“The table below shows the values of LE) correct to four decimal

.
.'21".[ &
tim [g“(a“ - l)]

o)

—ar

2 (@ we must use the basic definition of chaper 10, e

places, for a = 1,2,3 and 4 as & decreases.
dx=1| 8 =01| 8 =00 & =000l | & =00001 | & = 000001 | &x = 0000001
a=1] o o o o o o o
a=2| 1 | omm | oess | oems osm o061 o631
2 | ez | viosr | ves 10987 10986 10986
a=a| 3 | a0 | 1w | 1mn 13864 13863 13862

‘This table suggests that there exists a value of a between 2 and 3 for which

lim (" )
i
number ¢, then

‘Thus the significance of the number ¢ (Iying between 2 and 3) is that the
to show that ¢ is an

= 1, o this value of a, 2(@) = a" If we call this

function ¢* differentiates to give itself. It is possible to
irrational number and, correct to S decimal places, its value is 2-71828. The

function f(x) = ¢* is known as rhe exponcntial function.




‘Exponential and logarithmic functions

‘We can then use this result when differentiating exponential functions:

Iy B u i %

Example 3
Differentiate with respect to
@y=c" ®y= Pz y= 52+ e’ (d)y = etsin2x

Using the above rule:
@ y=e —
Fop -
I
© y = 5x’ + 3/: (@ y=e'sin2x
Using the product rule,
. |0x+(-2x)3e"' @ - c@eos 20 + esin 2
—ox - & = e'2cos 2x + sin 2%)
-

Integration of exponential functions
From the last section we know thatif y = ¢, then & = /().

Noticing that ¢/ features in both the expression for y and that for ;é we
‘must expect integration of g(x)e*” to feature ¢/, Thus when integrating.
a6 we firstconsider e .

Example 4
Find the following indefin

imtcgras:
(a) Ilﬂc“'dx (b) J‘W"“"d\' © J.(!in x + 2/e")dx
@ j‘“k"-tr ® INK»..,ﬂ

Now ey = sen Now g€+ = 2xets0

J.")e"dx =2+ e - J‘,‘u...yﬁ = e 4
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© J'(smx + 27 dx

Now ey = -
J'(nnx +27dx = —eosx ~ 27 4 ¢

Example 5

Evaluate j' " (@3 + 1)d, leaving your answer in terms of .

Now %{e"; = 2xe”, I @xe® + Ddx = 267 + x

—m+l)—(w+o}

Thus I (x4 Ddx = 2¢ ~ 1.

Esercise 194

Diflrni the ollwing wihrespet o 5.

Le 4. e 5. et

py rer swm a2 Lo e 4 2

. .3 g 2

1o2et 4 e+ 2 2ode Bover w2

Y

Find the following indefinite integrals

6. je'dr 17. yk'dx 18. IZ:"'& 19. '[6:"41
2etdr 2L Iln'"“'& n J' ):tr B J" e

Evaluate the following giving your answers in terms of e.
uj s zs.J' [ P J 204
28. Find the gradient of the curve y = »e""’ at the point (3, 3)
29. Find the equation of the curve that has a gradient function given by

¢ + 2x and that passes through the point (0, —3).
the hlp of the sketch of y = ¢" on page 478 make skeich graphs of
@y=-¢ ®y=c’ ©y=e¢
31. Find the coordinates and nature of any turning points on the curve y = xc*
32. Find the coordinates and nature of any turning points on the curve y = x ~ ¢*
3. Sketch the graph of y = x%" indicating clearly the coordinates of any

Stationary points on the curve and of any points where the curve cuts

the axes.
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3416y = —e" cos 2x, show that % = Se” sin (2x + a) where @ = tan™! (3).

35,10y = ¢ tan x, show that ¥ = '@ an x + 2tant x + Junx +2)

4.('

19.2 The logarithmic function

Tn chapter S, we saw that if y = log, x, which may also be written as
y=Inx,then

Alternatively, this result could be obtained from x = e* by differentiating implicitly.

Example 6
Make a sketch of the curve given by y = In x. H
x-axis lf}-ﬂ then In x =
—_

(.\u've cnu x-axis at (I 0)
yaxs  Ifx=0,theny — .

i novn.lu:ofyfnrx-l) (1.0

curve does not cut y-axis.

X i@  x— +,yincreases slowly

X —+ = oo need not be considered

x cannot be negative.
iy i undfind or negaive x nd /
rx =0
dy 1

max/min y =nx=gt ¥

. no turning points. pmnx

Also, as x cannot be negative the

gradient is always positive and as

x = 0°, the gradient -+ + 0. — x

(x)

“Thus the sketch can be completed.
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Example 7

Differentiate y = In (x* + 1) with respect 10 x.

y=hn+
)

Let then y=lnu

Thus we have a rule for differentiating

functions of the type In [ /() ry

Example 8
Find % for cach of the ollowing: () » = In (5% = 6) (6) y = In (sin 25) (c}y-ln(:::§)
Using the above rule: .2
@ y=h(x -6 () y = In(sin2%) © y--m(i‘3
dy 10
[ & Zomk =G+ -+ 3)
dy LI
&= 2cot2¢ Fab e A
1
-(x*i}(xiil

Example 9
Find an expresson for &2, given that y = 2°.

" y=2
then oy = xIn2 Lm
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Example 15

Evaluate J.
8

MeTHop |

[l prea]

=33 -3l
296

Example 16

P

Mstiiop 1
J‘%dxf[—unu -l
8

SGam - 4
=42 -

dx giving your answer correct 10 3 decimal places.

MeTHOD 2
(x = 2) s positive for 3 < x < 5,

3 -2

=33 -3l =329

MeTop 2
- x)ixnnpliv:[nr) < xss,

dx

x—l
Naw‘(x—~ I)lspouuve{or)(x(i

0 s = [ —am(x =1

S(ame $in2)
A2~

- 27

Note: () I L8 is meaninglss i (0) and /1) are of opposie sign

because, in such cases, there will be a value ¢ between a and b for

. - L),
which fle) = 0 and so 73]
For example:

= 0, which fies between —1 and 2.

dx is meaningless because

, =3
X = 24 which lies between 2 and 4.

is undefined.

4.: is meaningles because L s undeined for

(i) Tt can also be the case that /{x) = O for a value of x between a and b,
even though f(a) and /(b) are of the same sign.

2 -
Consider I P

f10) are both positi

ve.
Butfix) = 0 for x = 1 and x = 2and both of thesc values li

range 010 5.

and

dx. IEf(x) = x* = 3x + 2, then f(5) and

the

So this integral is meaningless as the integrand is undefined at x = |
x=2
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19.4 The logarithmic series
From the binomial expansion, we know that for |x| < |
Rl U RN I R
Intgrating both sides with respect 10 x gives

A+ gre=f-T 4P -%s.
Substituting x = 0 in both sides gives ¢ = 0
Thus for 2] < 1

2o s
m+y=x-5+T - s D

Notes: 1. This expansion depends on the assumption that the sum of the
ries obi integrating each term of a series is the integral
of the um ofthat sk, Agtiathe proafof i ssumption s

yor
2. It can be shown that the :xp:n!ion is valid for x = 1 as well as
for |x| <

. RS SN S
Thes n(+x=x-F+5-%

e E o —1<xgd

Example 18

Find an expansion in x for In (1 ~ x) and state the range of values of x for
which it is valid.

Since In(l +x) = x 4%’ SE sty
for ~1<xsl

substituting (~) for  gives

P G N | 5 4 SO
(1= = - G O =
for —1<-x<1
®  _x X
e m(-9=- B R SR -

for —1<x<l
Example 19

Find an expansion, in ascending powers of x, for In (2 — Sx) stating the
terms up 10 and including the term in x4 and the range of values of x for
the expansion is valid.

Weknowthat (i +x9=x-F+5 -2 for ~1<x<l
Now In 2 - 5x) )]
2 1x)
thus |n(z—5x)-|n2+l ool S e e L)
= - gt

or -isx<i
Thus @ =50 =In2-jx - ¥x* - fx - Fxt .. for ~icx<}
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Example 20
Find an cxpansion in ascending powers of x for In (1 — x — 6x?), giving

the terms up to and including that in x*, and state the values of x l‘or which
the expansion is valid.

In(l - x - 623 = In[(1 = 3xXI + 2x)]
=In(l =39 +In(+ 20

L3 - (5307 L (530 (=3¢
e N D

_e, e ot
*(1" I e i

Thus In(l - x - 6x%) = —x — fxt —

The expansion for In (1 ~ 33) is valid for ~1 < ~3x < ie. =} < x < 1.
‘The expansion for In (1 + 2¢) s valid for ~1 < 2x < l,ie. =3 <x € §.
A;bﬂlh:xpznimmh.lvtbe:n\ud the expansion i vald for —§ < x < }
Thus In(1 - x - 6x) = —x - Bx* — R — Gt .. for ~jSx<}

Example 21

Find an expansion in ascending powers of x for In (
values of x for which the expansion is valid.

m(‘. ri)=ln(l +x)-In(l-x

Hence In(X+x)-(x——+x—J =
=, 7

) and state the

3
-
2(x+j+?

The two expansions wed s vaidfor ~1 <.x < | nd ~1 < x < | espectively.
The combined expansion s then valid for —1 < x

+ % ©, x
—x)“’(”?*?*"') for Ixl < 1.

Thus In (|

Note: This expansion can be used to evaluate logarithms and since it
converges o much more quickly than In (1 + x), it is particularly useful for
this purpose.

Using In (1 + ), and substituting x = 1,

I+ D=t2=1=}+§-4+b= .. ic thefifthtermis 02

Uiingln(
|n(:—"i)-m2-z(§+%+%+ )
2

2,2 A " o
=3t art st oo be the third tem is 00016,

)and substituting x = 3,
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6. Uurm an appropriate number of terms of the series cxpansion of
x) find the value of In [l l) and In (09) correct 10 four decimal places.

7. (a) Show that for fx| < 1, 1n

“o(xe %

(b) Using the result of part (a) m:um (i) In § correct to 4 decimal places,
@) In 3 o o 3 dnaml.l places.

8105 > Ushowthatln (1 + 9 = Inx + £~ ghoa b Ly
9. Find the coefficient of x’ in the series expansions of the following.

@ e @ ln(! + ) © (1 +xe @ (1 -x- 7)1..(1 -x
10. Expand e = 3" = ¢ in ascending powers of x up o and including
11 ot e e sparsion o (1 + 29 upt ad nlding he em

in x* and state the values of x for which the expansion is val

12. Obtain the series expansion of [In (1 + )2 + x) up to and including
the term in x* and state the values of x for which the expansion

13. Find the first four non-zero terms in the serics expansion of each of
the Fllowing in tcending povers f , and sate the valusof x for
the expansion is valid

@em+x Gernd+29 © e-x..(n + x)’

3
@ el 1~
14. Find the values of the positive constants a, b and c given that when x is
suffciently small for terms in x*, and higher powers of x, to be neglected

then ;S b S - o Gssume fbxl < 2)
15 Find the vl of b and. ¢ given has when s icindy sl
for Iums in x* and higher powers of x to be
e e ) T e e oo e 1 <br< D)

Exercise 19D Examination Questions
1. Sketch the curves y = € and y = ¢, using the same axes.
= 4iniersects the first curve at A and the second curve at B.
Caleulate the length of AB t0 two decimal places. (AEB)
2. l:h'ﬂ'eremial: with respect 10 x

@S ) In(+sinx) (London)

3. Differentiate x log, x with respect to x.
Use your result 10 find J.log, xdx.

1
Hence evaluate, 1o three significant figures, j’ I (AEB)
\




Exponenial and logarithmic functions

lllernlh-ll%=ix,‘lxe"'andlhny»ﬂwhznxf

express  in terms of x.
Show that, for mull values of [x], y = px® + gx* finding the values of
the constants p & (AEB)

13. Write down, in ascending powers of , the first four terms in the series
for ¢”. By taking ¢” = 2°, show that
2= 1+ xlog, 2 + 4x* (log, 2 + 4 (log, 2)* +
Given that 2 + 52) = 6 + Ax + Bx* + Cx® + ..., forall real x,
find the values of the constants 4, B and C in terms of log, 2. (A.E.B)

14. Find the first three non-zero terms in the expansion, in ascending powers
of x, of
e re
Given that x is so small that its fifth and higher powers may
e umcrcal el of the ot o ¢ i the
approximate formula
log (e + ) = a + bt + ext, IMB)
15, (9 Sobe the enuaio gy x = 1o, 9. gving your snswes corres 10
three significant figur
(&) Show that a1 + 5 ¥ = In(1 = ) ~ In(1 = . Hence
obtain the expansion of

in ascending powers of x up to and including the term in x'.
Show that the coeficient of " in this espansion is — or & according as

nis or is not a multiple of 3,
Write down the expansion of I (1 = x + x3) in ascending powers of x
up 0 and including the term in x*. (Cambridge)
16. Given that

S = e and g) = (1 -0
find the first three non-zero terms in the expansions in ascending powers

@ 00 = g0 (i) log. f0x) ~ log, g(x). (i) %
In each of the expansions (i) and (i) obtain the cocflicient of x* for n > 1.
UMB)
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20
Calculus IV: Further integration

20.1 Change of variable

Suppose we want to integrate ¥'(2x® + 3)° with respect to x. We could
expand the brackel (2x* + 3)%, multiply by x* and then integrate each term.
Itis. however, much better to notice that x* is a scalar multiple of

%12:! + 3)and then it follows that

3200 4 3y = L + 3
A2+ 3)dx 36(21 +3+ e
1f we fail to notice this ‘function of a function', an alternative method is to
change the variable from x to some other suitably chosen variable. This
method depends on the following theory:
Suppose  y = [fLodx where x = g ie. %= g9 wnd 0 = slge)
& _dy
il e

Now *
L Sk
inicgrating, with respet 10 , ives
= (o
y L

= [rian vy fﬂtm

Ths, 10 integrate /(<) with respec 10 %, d is replaced by ‘et and the
integrand is then expresscd in terms of the new variable, u.
Example |
Find J’mw + e
b

Let W=20 43 then G= 60

Thus J‘(‘llr‘ +3ds = Jx‘(h’ + R

- sze - Yo
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jx'(h’ + e = %(2:‘ P

As was noted at the begining of the chapter, x3(2x" + 3)* could be
integrated by inspection. However, there are many cases for which the
‘method of changing the variable enables us to integrate an expression which

‘we could not integrate by inspection.
Example 2 Example 3
Find J'zm + 2dx, Find J’ */0x - dx
Let wext2 e By pa u=3x-2 then %3
J’z:u + 2de = fz:(x + i IxJ(!x - 2dx = ij(]x - 2%
o - e (a2
J'l(u 2t - J.(T)Juilu
== e e wr
B - (5 + )
+ 2)%dx = A(x + 2°03x - 1) + =Au? + fu+
IZX(X P = i )+ = e (u + 10) + ¢

[xJ(Jx - 2dx = 350x - 9M0x + ) + ¢
Example 4

Evaluate Lmu
Let wexd then o
Notice, also, that when x = 0,u = 4 and when x = 5, =
o Epde = Xy,
(& 4)’ x + d)du'
Tu-4
- [t

07— gn

=ExX7-8x)-Gx8-8x2)

x
JEFah 4

“
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1 [—F)
In chapter 15 we saw that jmdx Jtan (;) +cand

\ (2
Iy‘ﬁ-dx sin ( ) +e
However, as was indicated in chaper 15, for more difficult functions of this
ypes incgration by change of Ve i Th e il

dx, [b] # 1 and

g it e o [ <L

_[7(4’—?'7")"“'" 1

We can then substitute

cither u = bx or x = § tan uinto Iﬁlﬁ,;,dr
or e = @ ui '
and either u = cx or x = % sin uinto Iym“

Example 5
Use a suitable substitution to find
!

—

@ fffw“ ®)

MeTion | | MemHon 2
(@) Let u=ax then %nc ‘} Let w=Funu then %o deciy
Jm"‘ _"zsiu' Y; J‘ZS+I6X‘ qu—‘x..ﬂ)‘z”"“‘”
ifm"“ | %J"‘“
B (e | %“
Jﬁ?"" ; "‘“"(%)“ : _[zs+ T = ‘(‘?‘)*‘
) Let e then % ey ‘ Lt Liinu then EwslZeosu
J‘ﬁm- Tt < e | ,[(2 ‘,X,)a=jmmx>3@mm

[t 3
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Example 6

"
Evaluate I Y= x)ds.

For integrations of the type /(a® — bx%), x = gain wis a useful
substitution.
nu:orj',/u = x)ds, we et x = sin u then % = cos .

o

Notice also that when x = 0, u = 0 and when x = 1,u = 5.

L‘J(l - ey = J’.'_'n"\/u — sin® ) cos ud
= J:m cos? udu

|
B T
]
= 4 sing+ 5D - A sin0 +0)
j:/u—x'm-’,—‘

‘This method of substituting in order to change the variable can also be used

integrate expressi ofmexypeJ'M,,(‘b“r when (ax® + bx + 0)

does not factorise.
Example 7

1
Find Im“

Now Imdx-‘[u—ﬁ,ﬁdx

Lot wu=x—2 thn %oy

ood. - Jﬁﬁs“"fﬁ'zs"
-%un"(g)*:

' Lo fx=2
[t -y (559 0«
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‘The substitution ¢ = tan 40

1w Jet £ = tan 46 then, from tan 24 = 1290 it follows that tan 0 =

Tt also follows, from the right anged triangle shown,
that sin 8 = and that cos 0 = 12

x
a-a

T+m 7
‘This substitution can be uscful in finding some integrals.

Example 8
Use the substitution, ¢ = tan 9, to evaluate L B _—

20 1+p
ull-un-lhmunb-wmdn 9m,- o

Notice also that when 0 = 0,1 = 0 and when 6 = 7, 1

s [yt = [ e X et
|, sTswe® T | mE e T
s
'J‘_ e
(3 1
- )
WG+ ) - tme+ 3|
o
~(n4-tn9-(nl-13)
in3

o 4 B
_[ bR Ty L

Exercise 204

o the fllowing ndcfle fuepas, i terms of , wing he sggesed
substit

L J’hsin (-d)dxu = xT=d 2 Jsxmts—x')dx,u

5-x
J.IBXJ(]*X’?dX‘u-I+x‘ ‘.J’Bx(x‘+6)’dx.u-x'+§
s,fx(x+2)'dx,u=x+2 ast'(x—sw'dx,u=x—3

7.J943x+z)=dx,u-ax+z R.I7x(1x+1)’dx.u-1x¢3
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3x - 1 -
9 J‘?m"“ 243 10 Imdx,x sinu
1 1
Al,f‘+9a,dx‘x-4unu u._[m.ﬁ,x-;.mu
1 - 1 -2
uj’ sy ¥ = dsinu M.J‘Wnﬁ.x—:ﬁunu
5. J‘Azs = x¥)dx,x = Ssinf 16, IJ(! — 4x?)dx, x = }sin 0
17. Given that ’[7@‘7,)41 - xin"(g) +e and
j;,:—x,ax = tan~! (g) + c find the following indefinite integrals
using the suggested substitution
1 1
(I)J.‘+mx‘dx.u=h (b)'.'mdx‘u-lx

© Iﬁ‘;,,zx,u = x/5 @ J‘ﬁd—\wu =x2
18. Use the mﬂhnd of example 7 to find II\C following integrals

Find the following i grals by using some

. f(x + 2)(2x - Yode 2. J.x./(lx + e
!

21 ITM e n JTT——( e

2. | /O - xdx 2.

4
Evaluate the following definite integrals by using some suitable substitution.

mrx./(xumx M.J‘x(x‘l)()(fl)’dx
7. j" A - 1)de . rx(zx -

] )
zs.'f‘um— Iydx m.j”l s

.
3. JO - 4x*)dx

n
Find the following definitu integrals using the substitution ¢ = tan 6
By S A

R e S— FU —S—
PRy -], Tno+ dcor 0

sot
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20.2 Integration by parts

In section 13.5 we obtained a rule for differentiating the product of u and v,
two functions of x.

From this rule we can obtain a result which cnables us 1o integrate certain

products.
If w and v are functions of x, then
d dv. du
L = o4
integrating both sides of this equation, with respect to x
d dv du
J’Z;“”"‘ - J'uza + J'vz.zx

m=Ju%dx+J’v%dx

ju"‘ w J‘v%dx

‘This is known as the formula for integration by parts.

Example 9

Find Ix{ix ~ 2)*dx, using the method of integration by parts.

[Note that this integral could be found by expanding the integrand, or by
‘means of a substitution.]

Let wmxad Boge- e
then B v ox -
Using J'usgux —ar— J' Vhax,
le!x - ordc = Eor - 20 - [fox - e
= EOx =D - - D e

!
J‘mx = Yfdx = ax ~ D(ASx + D + ¢

Note: The choice to substitute  for x is made, since when difirentiated this
function becomes 1; thus the expression, Iv%ﬁ. will no Tonger be a

product of two functions of x.
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Example 10
Find Jx In xdx.

We know that we shall have (o diflerentiate one, and integrate the other,
function (x or In x) with b repect 0 Although we would like to put u = x,

because the differential 4 ¢ = 1. we cannot o this since it would then mean
integrating In x.

dv
Let u=lnx and G=x
du 1 1,
then F=x and v=gx

Using J“E“ - J‘v-—-d&

[rimses = s(5) - [$ 0 e

5 S =3
o J‘xlnxdx e 4

Example 11
Find J‘I!de:.
This is not seemingly a product, but we write it as one so that we can then
choose to differentiate In x.
Wﬁuujlnxaufl * Inxdx
Let w=lnx and &1

then Lol aa y=x

Using J'uAax - - J‘v%:ﬁ,
J’ln xdx = (In x)x — J’x;dx

=i fa

Jlnm-xlnrﬂc.
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}-g‘ﬁnxdx

Let —e and # oy

“ dx
then Hoeand v= —cosx
Using J‘u%dx = - j’v%dx.

'fe‘sin xdx = e(—cos ) - j(*ws xjedx
- ctconx + Ie‘w:xﬁ
Using this result in [1] above:

Je'mxdx =e'sinx + e'cosx — Ie':osxa

ZJ.E'DOIX&- e'sinx + ¢ cos x
J‘:'msxd.r = Jetsinx + cos ) + ¢

Exercise 208

Use the method of integration by parts to find the following indefinite integrals
L qu S vdx 2 IxJ(x EE VY J‘7(X-X'—3)-dx

4 Ix sin xdx s. J’x‘ sin xdx . J‘h sin Gx -~ 1de
1.If|nxdx s.J'(xHy\nxn 9.j’%,lnxﬁ

10. J'a sin xdx 1 ’[n'h 2 J’x’t":tv

. J’(‘mhdx " Iln x+ Dde 15 Iun"xdx

16. [sin xdx 1. [2xvin(x + Dax 18 len (x - 2dx

Evaiuate the following definie integrals using the method of integration by parts.
" . s
19, [ xtx - rax nf X sdx z|,I Xx - 2tdx
,L , 7& -2 *

= 3 nx
?. | xcos2xdr B | (x=Dn@udr 4 | Tidx
Jo 3 \

uj Xetdx

505
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3. Ts the integrand a quotient? If so,
(a) those of the type J’%’-?a can be integrated to give In |f(x)] + ¢,

(b) those of the type [/W%;;dx can be integrated by inspection or by
change of variablé:
g ﬁ,m is (< + 47 + ¢ by inspection or by the
ution u = + 4,

(€ remember tha cxpresing the itegrand in partal acions can
enable some integrations to be cai

©-3x-5
% |GFhr-% " I(

Y

(d) writing the integrand as two (or more) fractions by “splitting’ the
‘numerator makes some integrations Wh

8 J.?T:"‘ = J‘(;u—ﬁ s |)“
=4ln(x+ 1) +tan'x+ ¢

4. Remember the standard techniques for integrating 0dd and even powers
of sin x and cos x, and that there are seven functions for which
integration is straightforward, provided that you remember the initial
rearrangement.

Note, particularly, parts (vi) and (vii) below, which have not been
encountered carler in this book:

o Junxdx wit as [ S0 g

integrates 1o give a log function.

@) J' cot xdx: write as J S dx, which integrates to give a log function

[O) J‘ln xds: wrilen‘[l X In xdx and integrate by parts.
(iv) J’Kin" xdx: by a similar method to that used fMJ’In xdx.
j’ms" xdx: by a similar method to that used I‘or'[lnxdx.
) J‘uxdx' wﬁw.-IMawpw|n Jsec x + tan x] + c.

(ec x + tan x)

‘Cosec x(cosee X — €Ot 4 (4 give In [cosec x — cot x| + .

(i) wad:wﬁku Toosee x = corn)
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5. If consideration of points 1 t0 4 above do not yield a solution, try
rearranging the integrand or making a suitable substitution:

e Iz sin 8 cos 4xd rearranges to j(tin 126 + sin 4x)dx

ive -1 !
0 give =75 cos 12x ~g cos dx + c.

Esercise 20C
Find the following indefinite integrals
L '[(3.'7 - 6)dx 2 Iun xdx
4 [ 5. [3erax

o -

1 !
2. J;.u s j;n
10. I—’, 2

[ 1LJ'1_”3¢x

" 1

uj'xu-na u.j’Hx,.k
6. Iinn Sxcos dxdr 17 J(x et Tl
1. J.xcoxxdx 2. J.Ax(h - 9
2 J’?:m)xdx n Iﬁ In xdx

2, ‘fo(z: + e J‘;%.zx

2. jln xdx 2. J'lowi‘xcosx:k

' -
an J.7“—+5—)dx 32 J;m xdx

sinx. x
J‘Das xd" 3. J‘x + Iﬁa
-, 2 + Ix* + 2x
m e [EEmace
sin 2x sin 2x
“ _[cmxd" "‘wau"‘

. J'mﬂx sinSxdx 44, Jsi

(@)=

10

dx

9 J-em’ 2xdx

2 J’ﬁa

5. J(—xr‘j‘wdx

18 Iﬁa

n jﬁnx,dx

. j’l’dx

- fﬁflﬁ—n"‘
». Iuwuax

3. th‘bﬁ

% j'(z- +3)x - D
3. J’Wﬂx

o fwti
45, J”‘ud‘
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Example 13

IF the general cquation of a family of curves is given by y = Ax, find the
corresponding differential equation for the family, giving your answer
independent of the constant 4.

y=Ax
= 24x

-
x

£ RS

but A4 is the required differential equation.

Solving first order differential equations

Any firs order diffeential equation that can be expressed in the form
TOL = g,

can be solved by separating the variables:

Suppose SOL = 50

Integrating both sides with respect to x J./(y)%dx - Jﬂx)dx

Ean
by ... dy.

this chapter we saw tha the operation ... % d can be replaced

j Ty = Imdx
Thus, it A% = g(x), it follows that [ 7y = [ g,
@

‘This result is casily remembered if we

o

of 9 a5 a ‘fraction’ and view
the rearrangement from /1) 5% = 5(x) o f(dy = g(x) as ‘putting the
' with the d and the y's with the dy". It is important to realise, though,

that this is simply a useful way of remembering what to do;

& e being cquivalent 10

fact, & s not

a fraction and the method really depends on ..
- dy.

“The simplest case of ()25 = g(x)is for /1) = 1, in which case we have

() which we can integrate
nd 15).

Remember nha lh.ll integration gives rise (0 a constant ¢, and so we nhum
the general solution of the differential equation. Only if we are give
additional mfavmlhnn. can we find a particular solution.

irectly to obtain  (see examples 14
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Example 14
Find the general solution of the diferenial cquation, &2 = 3 —
Bose-a
By direct integration: or separating the variables and
integrating:
y=x-dx+ec J’W“J‘(h'-‘)dx

y=¥-ax+ec
Thus y = x* = 4x + c s the required general solution of the difirential
equation.

Example 15

Solve the difleential cquation, &2 + 5 = 6x, given that when x = 1,y = 2

i&s-sx

[ Ay .

Lebx-s
yrimosee
butwhenx = I,y =2 .. =3t = 5(1) + ¢ givinge = 4
Ths yxaxX»sxumnuqmmdmmm

Example 16 Example 17
Solve the diferential equation, 4 = 2, Solve the equation, 22 =
siving  in terms of x. whenx = 1,

o [rare [
s .
s +
=2
Note As cis the arbitrary constant which can : $- -1+ gvinge=3

take either positive or negative values, we lose
no generality by writing this solution as
= cos (e - 2x).

s the required solution.
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Exercise 200

1. From each of the following cquations obtain a first order differential
equation that does not contain the arbitrary constant A. (For (g), (h)
and (i) usc implicit differentiation).

@y=2tax @y=2 ©y=d -4
(@) y = Ae” @©y=Ahnx (f) y= Acosx

@F =4 WP eAEED 0 exed

Find the general solutions to the following differential equations, giving y in
terms of x, in each case.

2%-x42 3% -3 T

& s &y cosx

sZ-ey=0 2=

89+ 2comcy =0 9.9 2y 10.% =300+ 5
1 = ey 2.2 =2+ .Y = axer
Wy B DE a0+ 1625 =300t - 1)

Solve the following differential equations, giving y in terms of x, in each
case.

d
|7.Z{+ 4= 12x whenx = —2,y = 30.

182 = yivhenx =3,y = -

19399 < 2t iwhen = 2,y = 2
20. (005 N, = ¥ cosec? y; when x = b,y = 5

1].x%=2:x>nandwhenx= Ly=

2P =24 Pix> tandwhenx =2,y = 1.
B.Y - axwhenx = 0.y = 4.
PR

F3 6x(y + 1); when x = 0, y
158 - G~ e B = <1y = 36,

ue'%onnx-n.wmx-f,y- 1.

”_X%‘yx=o;x>0mdwhmx= Ly=

B oyt swhenx=3y=1.

%+ 3=y aiwhenx =1y =13

s1s
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30. 2%+ 1= pwhenx = 4y = 2
XY henx =0,y =
b X,,,‘mn oy-2

32+ DD =20+ e + x4 Dwhenx = 0,y =3,

33, Use the substitution = vx, where v i a function of x, to solve
xﬁ"' = 2x - y, stating
(2) the general solution and
(b) the particular solution for which y = 5 when x = 1.

34, Use the substitution 4x + » = = (0 solve 4% = 4x +  given that

y = 2whenx = 0.
35, Use the substitution 2 = 2x — 3y o solve
Qv -3+ 9% =20 - 2+ I gventhaty = | when x

36. Use the substitution y = 1, where v s a function of x, to solve
= 2 + 2% = 0, sating (3) the general solution and

(5) the paricular soution for which y = 4 when

3. s e i y = o, vhere vt 2 unchonof .10 fnd the
general solution of (x = ). = 2x +

38. Use the subslitution » = v, where v s a function of x, to find the

ion of &2 = 2% 2

p—— )

39. By substtuting x = X — 1and y = ¥ + 3 reduce the differenial
cquation & = ;’:—;H to a homogeneous equation and hence find
the general solution in terms of x and y.

0. Find he generl cquation of the ol of curves for whic the gradient
at any point on the curve is the same as the y-coordinate at that point,

4. The rate ot whih  body oes sped . ny given intan 5 travels
through a resistive medium is gy mjs? where vis the speed of
th body at that nsant and K s a posive constant 1 s il speed i
umjs show that the time taken for the body to decrease s speed to

$umjs s } 2 seconds.

42. The rate at which a body loses temperature at any nstant is
proportionl o the amount by which the temperature of the body, at
that instant, exoceds the temperature of its surroundings. A container of
ot liquid is placed in a room of temperature I8°C and in 6 minutes the
tiquid cools from 82°C to S0°C. How long does it take for the liquid to
cool from 26°C to 2°C?
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Example 25

8
Find the gencral solution to the differentil equation 523 — 422 + 3y = 0

We try y = ¢, from which & = per and ¥ = pier”.
Substitution in the differential cquation gives
per — dper X
P-dp+i=0
)p = 1) =0 giving p =3
T genral oo o the diflscaia sqenon s . = Ae¥ + e,

Example 26
Find the gencral solution to the differntia equation 247 — % = 3y = e
We firs. find the complementary function by solving the cquation
Ly _dy g
[
Try y = ¢ then substtution in the diflrental equation gives
ek = e ek

ie @p— p+ ) =0 giving p=4 or -1
Thus the complementary function i » = A€ + e
lar solution we try a solution of the form of the RH.S. of

uation ic. y = Cett
Submiruion i the dif et cquation gres

= 2Ce™ - 3Cet = ot
si C=

Fhus  partclar sluion is L e and the e soltion to the

differential equation is y = Ae¥? + Be™ + e

Example 27
Find the general solution (o the diffeentil equation 493 + 422 + y = 3x + 4,

o find the complementary function we solve 493 + c% +y = 0byuyingy = c®
Apter 4 dper 4 er = u
a1
ie. P pe—— -3 repeated oot
Thus the complementary function is y = (4 + Bx)
To find a particular wluuon wetry a wlulmn of the (ol'lll of the RH.S. of

x
il cquation g g‘vsl(ﬂ) MR R
Eavatin cocfcens gvs. € =3
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8. Use the sindard et quoted n pag 51 o write down he general
sl ot ollowin dilescial et

(.)F+ssy=| (D)E;—WE]S
(cygzx—{+9y=ls (ausg-yy-;s

9. Use the standard results quoted on page 519 to solve the following
differential equations.

@ 354 + y = 2given thatwhenx = %,y = Landwhenx = %,y = —1.
(b)g{—y-vaenma‘whenx-(?.y-?nnd%-6.
© G+ 4y = 4given that when x = £,y = 19a0d @ =
9y w4 g Y P |
(@ 4%% ~ y = 4 given that when x = 0, % = 2and 5% = 3.
Exercise 20F Examination Questions
1. Evaluate

@ L' n 3, @ [ etan wherea < log.2 © j L1
(AEB)

2. Evaluste the integrals

@ r *J0 + xydx, ® J"' tan® xds,

© 'xsin xdx, “”I P

Exvrm ‘your answer to (d) as a natural logarithm. (London)
3. Find

@ j xln xdx ® J Nl (London)

. Using the substitution ¢ = sin x, evaluate to two decimal places the
integral
4 cosx
j T dx (AEB)

5. Evaluate the integrals
2 -1

dx (by substitution or otherwise),

i) j' “ sint 3. (Oxford)
3
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6. (a) Find the indefinte integrals of
O (= 20" G cote (i) gy (¥) xlog, 2

o
® Evatuate J cov xdx.
o

(@) Using the substitution ¢ = log, x evaluate .[ o GUIB)
7. Write down, or obtain, the derivative of tan~' 2x.
N
Find (i) ‘[de (i) J’de
(OMB)

8. Find the volume generated when the region bounded by the curve

and the x-axis is rotated through four right-angles about the x-axis.

(Oxford)
9. Find y in terms of x given that
ey
andy =4 when x=2. (London)
10. Given that
& -29-0
and that y = 1 when x = 1, show that y > 1 for all values of x.
(Cambridge)
1. Solve the differential cquation 4% = 7=, given that y = 3 when
x=3
Hence express y in terms of x. (EB)

12. For all positive values of x the gradient of a curve at the point (z, 3) is
7%+ The point AG, 6) lies on this curve.
() Calculate the equation of the normal to the curve at A,

(i) Find the equation of the curve in the form y = /(x). (AEB)
13. Find the gencral soluion of th difierential cquation

dy

&

w=x-2
inth region x > 2. Find lo the paricular soluion which saisies
y=lwhenx= (Oxford)



Calculus IV: Further integration

18. (&) Find the solution of the differential equation
W@ a3- 2 for x>0
siven that y = 3 when x = 1
(b) For the differential eq\nlmn% + 3’% 2= e -1
find () the general solution
(i) the limit to which » tends as x tends to infiity.

19. Prove that
* feordx = J"/(a + b= 0
Hence prove that, if 0 < f < b,
4 048
849 _ tncor 35). (Osford)
3

o

E)
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I f)ds = ;n[,, R R R A T

this is known as the approximation from Simpson’s rule.

Noto that in order 0 pply this e, the intrval s dvidod cto an evem

number of strips i.. there are an odd number of ordinates.

Numerical metnods of integration can b partcalary uscfl when the

Tuncton o be intrgraed i one hat doce ot gt redly, o o fop

which we know the coordinates of various on the graph of the

Tunction: bt we do not Know the cquaton of the unction (o in Example 2 blow).

Example 2

Given that y = f(x) and that for the given values of x, the corresponding
values of - are as shown in the table, use Simpson's rule with nine ordinates

7
to find an approximate value for j S0
-

pEnnnnnnnG
|.l:7\mls 2 ||z|s|m[n|
Applying
J’ f[.v)d.r:][I7+‘{I01+N5}+MZ)*2“)+4{2)+1{5\*l(|0)+ |7]

X 1% = 507 1o one decimal place.

pson's rule. with h = 1, and y, = 17, y, = 10, etc.

Exercise 214
In this exercise give your answers correct 10 4 significant figures unless told otherwise.
1. Given that y = f(x) and for the given values of x the corresponding

values of y are as shown in the table below, use the trapezium rule to find

an approximate value for J’ Suds.

2 Find an approsimae v or [ s win he speiam e it s

3. Find approximate values for [ Lt using the trapezium rule with
@ S srips (b) 10 strips.
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4. Given that y = fix) and for the given values of x the corresponding
values of  are as shown in the table below, use Simpson’s rule with

1o
eleven ordinates 1o find an approximate value for J' Sdx

BunERnaOaonn
PEonoounooL

5. Use Simpson's rule with 10 strips to find an approximation for J

1
THE

6. Use Simpson's rule with (a) § ordinates, (b) 10 ordinates to find
approximations :arJ' s

(Give your answers to 4 decimal places in each case).

Find an approximate value for f dby 0 e wpesum e and
Simpson's rule, using 8 strips in cach case.

8. Find an approximate value for j sin xdx by (a) the trapezium rule ar
o (b) Simpson’s rule, using i incachcase

9.1f4 =

(a) find A by integration,

) ctimals A ing the tapecium role and m strips

(¢) estimate A using Simpson’s rule and six

(d) estimate A by integrating the first four e ofthe seres expansion
of (1 = )72,

21.3 Taylor’s theorem

I6fGx + ) = (x + A, we can use the binomial expansion to obtain a
series expansion of /(x + h) in powers of x. However, can we obtain a
power series expansion when f{x + h) is not of the form (x + )"? Let us
suppose that such a series expansion does exist
" ax+ o+ e + ot L

o +2ox 4+ doxi+ dex? 4
2 +3x20x & 4x3ext .
3x2, + 4%X3X2x .

4% 3% 2+

Now if x = 0, then the above equations give:
< = fib)

o =T®

2= ) e o= RSB
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Example 4

Use Maclaurin's theorem 1o find the fest three non-zero terms in the expansion
of sin x. Hence find sin (0-1)™ correct to seven decimal places.
Inthiscasse  f() =sinx,  f0)=sin0 =0
S'(x) = cos x S0) =cos0 =1
@) = —sinx f'0) = —sin0 = 0
S7(x) = —cos x
s "(x) =sinx

7
By Maclaurin’s lheorvm
S = f0) + 50 +

10+ 50+
0+ )+ FO +

=) + 570+

[0 RO+ R+
L
Thus sin (01 rad) = &1 - @12 @I

00001667 + 0-00000008
3341

which is the required expansion.

ie.  sin (01 rad) = 00998334 correct to seven decimal places.

following Siving all trms p to and incloding that in »
@ cosx, () e\ @+, (@) In(+x, (©a, (s
Use your answer 10 (8 to deermine c0s (01 rade) orree to s decimal
places. Use your answer 0 (F) to determine sin~" (0:2) correet to four
decimal places.

2. Use Maclaurin's theorem to find the series expansion of tan x giving all
terms up 10 and including that in x*. Hence show that if x is sufficiently
small for terms in x® and higher powers o be neglected then

tan x
T+n

3 Uing Taylrs theonm lain  seies xpansion fo i (0.+ ) here &
n acute ange s measured inradiansand s such that i © = § (give

firs

:
1e2)

mxmwrie - de s Ba

t five
Hence find s (6 + 0 rad) corrct to four decimal places
4 Using Tayors theorem abtain a xnu  cxpansion for tan
stating the terms up to and inc
Hence find tan 46" correct to [eur decm\ll pacs.

21.5 Solution of equations

In some instances it may be almost impossible to use an exact method to
solte an equaton. Insuch cases we may be able 10 use otber technigues
which give good approximations to the o

Two such approaches, graphical and Cermive, are e explained overlea.
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Iterative methods

A darts player wil frequently use the fistof his three darts a5 a ‘marker’

He will then adjust the throwing of the second and third dart dependent

upon where the first dartlanded on the board. In a similar way a bowls

player will use the frst wood to gauge the distance of the jack and the speed

of the green. Thus we can fearn from o trial, or guess, o that our sccond

attempt s an improvement upon the first, We can use similar methods to

help us 0 obiain increasingly accurate approximations (o the solutions of

cquations from an iniial educa

e wih o sl an cauation () Obyan e method. we e o

find a relationship x/+1 = Alx) such a better approximation to

ih soluionof he cquton ha s
Suppose ) = 0'into the

form s = Flah e v = x4 1

witten as x(x — 3) + 1 = 010 give

x = 3L oraltermatively x = 3 = 1. both

of which are rearrangements into the form

x = F).

Suppose that the graphs of y = x and

= ) are as shown, x = X is the solution

1o F(x) = x. and that our inital gues is ¥,.

From the graph we sce that x, = Rlxy) ives

« betes approximation than <.

2= Rl ghes o beer approsimaion

than x

T ti-way we ca obiai a value x, whic s

a5 cose to X as i require,

Example 6
‘Show that the equation x* — 3x + 1 = 0 has a oot between x = 2 and

x = 3. Using the rearrangement x = 3 ~ 1. and an inital value of x =

use an iterative method to find this root correct to two decimal places.

If f) =% =3+ 1 then f2) = =1
and f3) = 1.
‘The change in sign of /(x) between x = 2 and x = 3 shows that there is.

some value of x between 2 and 3 for which f{x) = 0, i.c. a solution to the
equation x? = 3x + | = 0 lies between x = 2 and x
'

From the rearranged form x = 3 —

Ko =3 = Lowithxg = 3.

n=3-1 =267 (.n x‘ﬂy-)
3 B

3= 3 gk = 26250 (..= n=3-L

we use the iterative formula

26667
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55 = 2619%

55 = 26182

Thus the required root is x = 262, correct to two decimal places.

Noe: o thoukinot be asumed tat this method will shvays work. n some
. diverge. For example x* +

ing the rumnpd form x,., = ![4 -
e do act obsiscomerping s For o 2 but us

Toes = Y04~ 25y we obain x ~ 118, st 0 iwo decimal place, a5 i

Koo = 44 - ()

Ll =
»n = 1259 : o=@ - D) =1
Y - 21:2599)) = 11397 i x = 44— (1)) = 0312
Y4 - 21-1397)] = 11983 i X =14 - 031250 = 19847
111708 | o= i[d - (19847P] = —19089
111839 ! 5 = 4~ (-190890) = 54770
11774 | i€ XoX %% .. do not converge.

‘The Newton-Raphson method

Suppase that « & 3, it 2 good approximation for thesolution of () = 0
and that the exact solution is x =
= x + ¢ for some small &
By Taylor's theorem
A%, 6y = f) + o) +
thus A = flx) + of ()

but fiX) =0, 50 ¢x

, is 4 good approximation for a root of f(x) = 0, then x, — %
approximation. The Newton-Raphson ierative method is based

is a better
on Ihu sy

Thus,

ie. | Ifx,isa good approximation for a root of f(x) = 0, then
_fx)

= fyis a better approximation.

Note that this is sometimes simply referred to as Newton's method.
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Example 7

Use the Newton-Raphson methdd to determing the root of the cquation

x ~ x = 2 lying in the range ~2 < x < 2, giving your answer correct 1o

hree docimal laes.

W =x-x-2 thn /( =-8+2-
A-p=-141-2=-2

o= —2=4
“The change of sign of f(x) between /(1) and /(2) indicates that x* —
has a root between x =

Wfx) =2 = x = 2,f'(x) = 3x* — |, thus using x,,, = x, — L)

X - x -2
X = % - (B

P 1-1- _
it ox= 1. x,=|_(_u_”,T 1 -2
P -2-2 4
x,-z»(m) —1) 2o = 163636

- - (|.s3mv—|msa—z 163636 — 010597 = 1-
X3 = 163636 [ CsseTeT = 1T | = V63636 — 010597 = 1153039

(- smw = |sw:9 2]
21

x, = 153039 — [ 153039 — 000895 = 152144,

(1530397

xy = 152144 — [“ 52';:; (LS4~ LN = 3] < 152144 - 000006 = 152138

Thus the required root, correct to three decimal plnus, is 1521,

Note When using the Newton-Raphson method, it can be assumed that the
). u5ed 1o obiain x,.. from x,
)

in Example 7, the error in x; = 1-52138 is less than 0-00006. Therefore
an answer of 1521 is indeed correct to three decimal places.

error obtained when finding ., is less than the correction

In order to picture the Newton-Raphson method for solving /(x) = 0, consider the graph of » = (x).

‘Suppose that the exact solution is x = X and that our
initial, close estimate is xo.
Drawing the tangent at [xuv/(x )], we can see that a better

solution will be x, = ¥, —

e
However, tan 0is the gradient of the curve at [, f(xo)).
. tan 8 = f'(x,). Thus if xo is our initial estimate, a bet

approximation is x | = x, ~

o)
S(xe)

Contnuing tis, x; = x, = 5 3, = x, = 1) e,

T
.0 (x)
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Thus we obtain the general rule x,,, = x, — fl‘—“l as before.

Apin it s mportant o el it this mesiod will sk always ok s the
values xo, Xy, %1, %, ... will not always converge to X. The following.
iagrams ilusrae sitution for which the method would ful

%,0)
Figure | Figure 2 Figure 3
In Fig. 1, the values ¥, x,, x; ... diverge.
In Fig. 2, the first value x, was not chosen close enough to (¥, 0).
In Fig. 3, y = fix) has a discontinuity at x = a and xo needs to be on the
same side of x = a as (X, 0).
jote the use of a calculator and particularly a programmablc
s o longer so tedious to determine the root of an equation by
substituting successive values of x into the equation. Again, we use the fact
that if f(a) = 0 then, as x varics, f(x) will change sign as x passes through
the value x
us to determine the root of x* — x = 2, lying in the range ~2 < x < 2,
(see Example 7) we could proceed as follows:
Letfx) ~x-2
x| a0 x| A x| x| o x| fn
-y o e b5t | v 1521 [ —ve 19201 | —ve
12| v b2 | v 152 | v 1525 | +ve
-1 | e 15| e 1S3 | v 1523 15219
R 154 1524
0| v rs | —ve 155 1525
16 | v 156 1526
[ 17 157 1527
18 158 1528
2| e 19 159 1529

Thus the solution correct to three decimal places s 1-521.
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Exercise 21C
1. Copy and complete the following table for y = ¢.

T[] e e [0 [ ] 2]

[emmzaws Jow oo [ow | | | | | 1 ||

On the same pair of axes draw the lines y = ¢*and y = x + 2 for
3.5 = < 2 d e Bod ppeomsnle e o 1 hesoltions to
the cquation ¢* — x = 2 lying in the range ~3 < x

2. The equation x* + 4x = 2 has two roots, one near x = % and the cter

near x = —
@ Using x,0, = i 3 With %o = 0/find the root near x = 0, correct
to 2 decimal places.
() Why could we not use the formula x,., = 3 with x, = 47
(© Using 5,2y = 2 = 4with xo = ~4 find the root near x = ~4 corret
10 2 decimal places.
(@) Check your lmwers o8 30 () usinthe quadraic formla
3. Show that the equat 3 = x + 3 = 0 has a root in the range

-3gx<3. U.\tl.hcrurunpd form x = Y(x ~ 3) to obtain this
Foot correct to two decimal places.
For questions 4 to 11, use the Newton-Raphson iterative method to obtain a
root for each equation using the given initial value, x,, and giving your
anawer coret o he equired degrs of accuracy.
5xt- 22— 5=0% =4,t04dp
T -3+ 3=0% = -2 t03dp.
9. xInx = Iix =2 toddp,
1L sinx = x - }, (vis in rads); xo = 1, to 4 d.p.

21.6 o, cos z and sin z for complex z.

Having btaine thesrcacapasuionsfo o x nd cuax i sction 214,

iesinx=x -

Landcosx = 1= 5+ 5 .., we will now

f 4

¥
conclude by mentioning how these ideas can be used to assign a meaning to
the exponential, sine and cosine functions of a complex number .

If we are to assign some meaning to the idca of a complex index, it would be
useful if our definition is compatible with the existing xaws of indices
e e x et =¢ =4, and (€9 =
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Now we know from earier work that ¢* = 1+ %+ 5 + 5 + S+ 5.
If we define -, where 2 is a complex numbr, by a similar serics

. R A

ie e-|¢v§~f*i‘r§‘~4‘?..v

it will follow that ¢ =

Thus
Similarly

-
@

= cos 0~ isin 0
However, as was mentioned earlier, we require that this definition of ¢ s
compatible with the existing laws of indices. The ronw.ng example and
question 1 of Exercisc 21D show this 10 be the case.

Example 8
Using the definition

cos @+ isin@ prove that ce¥ =

in @)(cos B + i sin B)
asin B) + isin a cos B + cos asin f)

Let us consider equations (1] and [2): ¢ = cos 0 + isin 0
¥ = cos 6~ isin 0

Adding these two equations gives ¢ + ¢ = 2cos @ ie. cos 8=

and subtracting gives € - ¢ =2ising ic sin0=

o e can oow stk » meaning 0 the fucionssin £ aad 0e 3 for
complex values of

x

Example 9 below and Exercise 21D question 2 show that, with these
definitions, the existing trigonometric identities for sin x and cos x also hold
for sin z and cos =

Example 9

Using the definitions cos z = &€
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2@V B2 @V @V @25 0% @ ﬁ ) 12
(0] %
Lwses OB ©1-26
P ® 33 ©Y
Mar s @ -T-as @ LA

© 825

Ppagel2 ExerciseD

L@ -34 ®-83 (49 (@ -1L2 () -4, 4 ® =314 @® -61
® 414 6

=64 (K13 o -

() —619, -081
(f) -043,1-18
3 (9 46 £ Jél
4@ =-3£/10 B =27 ©N-1£J9 @I E /1)
@IBEy® OIBE/N ®iCt Jm) ® 30 Y9
[0} 5(3 + 2J3)
5. ® -7 © -2 6@ MIN (b) -8 ©3
®4 (-1 8. (a) MIN (b) -5} () 2%
®6 (©1 10. (a) MAX (b) 22 (o) 4

ll (@ MIN  (b) -} () -3 12, MIN ® 13 (© -4
13. (@) MAX (®) 4 () -1}

page 16 Exercise £
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6.49 7. 318 8@t ® 3

41
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14, @) -3+ 4 (b) — )9 -3 (@3S N7 1L B3 18131
1.4 20 4§ /13 n g/s “n () kJ7. 2k 21

pagea Exercise 2D

() a+ec b i@+  (© -2 (@ia+e
l (@ $a+b) (b)) im+b) () §a+b)
page 67 [Exercise 2E
eeseieies vy aes( )i

¢.:(‘2)‘A(') 55+ 10 6 +@+3) B BandC

and F L@ i+ 3 (b) v = 3= 2+ 2+ 3)
12 ot parall, 4 + 5 (b parale (e) parstel (@ nos arae 1 — §

13 (_f 1477 157 - 1% 16 60 + 6, 6/2 units
17. () /5 units (b) 2 units (c) /10 units
pageos Exercise 2

@a+b i) -a Gi)b
(by @) 4+ 5j. /41 (|i) 2758
12,69~ 4p.5p —

8 @) ia-b) () —ia+b)

PRI
4 @) 40 -
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Answers 549

175%, 1625 4. 1344°,2256° 5. 1431°,3231° 6. 60°, 120°, 240", 300°
7. 634, uu' 8. 563", 236 . 120°, 0%, 330° 10, 307, 150°, 2107, 330°
255 I! 482, 318 14, n. m‘, 150", mot sm'

6. 0. 180°, 40' 60"

11. 220", 12. 75",
15, 90", 1514‘ 27n' 3334
18. 90",
21.90°, 210", J]H‘
u. £30°% £150°

£90°
30 (@) (2sin 0+ 1)(3cos 0+ 2) (b) -3 tlll!
31.(a) (cos 0 — N3sin O+ 2) (b) 0, 2218,

page 117 Exercise 4D

L@ o @2 @2@v2 02020201
G2 (-2
2.@) cos A (b) sec§ 1c>| @ cos
S@aityal )ged (c)lDOx‘iy 4 ety -6xt8=0
(@) ¥+ - dx b2y
3! +mr (h) 1mr (©) 0. £482° (d) 19:5°, 165" (€) +45", £135°

1h] $597 159 259", 3259°

2407 (€) 266, 1357, 2066, 315"
m ms uss

i) 7

page120 Exercise 4E
RLSNLE L(n) sn3a ® sin0 (9 cosSO (@ 1 (92
3@ HJ: +0 ® 7(J3 =N ©-2-y3

4@ @) 1,70 (i) - ®) G) 1. 110° =1,290° () () 1,320 (i) — 1, 140°
5@ 3 ©4 & (n) 3 (h) 3 1 (-) ERUR
8. (a) 200°, 320" (b) 264", 2536" (c) 45", 225"

Ppage122 ExercisedF

L@ 2snA B Sn2A @1 2-b L@1 M3 ©# @~
4(!]!}!() -1
5@ x+ 20 =0 (x=2bdy+1 O —Bxty+a=0

"
cwi i O 1w oL

8.(@) 3sin 0~ 4sin* 0 (b) u 5. (@) 4cos 0~ 3cos 8 () -3
13, (a) 0, £120°, +180° (b) - L 900 (©) 705 £120° (d) u‘ 45205 180
14, (@) 2257, 112:5°, 2025, hoas (b) 96, 90", 1704, 270° () 30", 90",
(d) 145", 1655
@201 (&) -12-2 @ -3.12
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page 125 Exercise 4G

L@ 180 ® 3 © 20 @ 1200 © 30
2. 2n ®] @ ©3
L@t ®0 @ -1 © -1

4 ®1 ® -1 0 -5
4.@) 122 (b) 436 (b) 143"
6. (a) 084 (b) -014
7@ @) Sem (b)) 20m

(i) 12:5 cm? (ii) 4 cm?

L@l ®F @ sxem
9. 1rad 10. 8 cm* 12. 12 cm
ENOES OLELY ok irlx

@ox N0 F ® 05 F 2w

14, 6 cm? |s -)9=m' (b) 042cm*  16. @) 1170 rad (b) 136
18.(a) 2} m 047m? 19, (a) 155 (6) 119 (c) 766 cm* m (c) @ v7 @125
2.9 25 (d) 2475

page 128 Exercise dH

2@ ~1463, 337 (b) 30, 150" 3 486", 1314, 20, 3300
24 3 3 1 7

@O -F @ -g g s@ -y -5z ©-3 @ J,
6.G) 457, 135°, 210°, 225°, 3157, 330° (i) 1009", 2809°

e, 135, 2363, 315" (i) 266°, 63:4°, 2066", 243.4"

=lap( =2 (b) 266, 135"
5. M fs(s +3/5), AQVS - 3), acute (b) £353°, £1447°
W43 G 20 @) R0, 1479 @) FEUE s g
44 15 @) imic () intx © inin
16.() 214 cm i) 136cm* 17 @) +dm £23rads (b) 197 rads
page 132 Exercise SA
L2 218 32 449 5.1 6.1 7.2 8.4
9.2 103 12 12. 64 BoA 4} IS4 161
17. 4 184 19.9 20. 45 2 2 % 2.4 Ui
8% %4 7.1 0% M6 Wi AW R
;S MA By 36.2¢ 72 382 WM 2
ar  ar e “ 450 46 1Bx 47 24xy 48,32
52 Ax SNy iy S @' sha® ssal s6a
547 S84 .07 6La" 6.a" 6.6 6.0
9 eh e &n ©3 g T4 T3
B.-2 6 6 6.9
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page 135 Exercise 5B

L@k By ke Oy=kix @yt @r=%

Wy =B sk ke Dy=ke ke 0y = kgt d

Oy = ket

1@ry=S ®0 a@y= -3 ©) 4r=Poosm

5 T=2/L025m 6 F= 3 1N R A=t
8= [E so0ms
0

page139 Exercise SC
L@mi=c @®b=p @©I10=5s @e=z
23 ®) 4 © 6 @ 256 © rho () 2048

® 1% [ORE (0N
@S5 ®M2 @4 @-1 ©@-2 ®0 @1 (i

@ -3 O ) 3 o -
4.a) loga+logh+loge (5 2loga+logh +loge () Jloga+ 2logh + logc

() loga + log b — log c

() 2loga — logb - 3logc

(8) ~loga — (h)loga + logh — 3loge (i) | +loga + 2logh
() 4+ 4loga—2logh
5. (a) log, 10 ) log, 3 ) log, 2 (d) log, 20
6. (@) log, ® g lx+ 3 © mg.(‘ ; ') (@ tog, (x = 1)
@be()  Obees @ be(Es) 0l D)
7.() 6 ®) 3 () 256
8.(a) 136 (b) 314 (c) 209 (d) 2512 (e) 022 (f) 2220 (g) V14  (h) 064
9.(a) 04 ()06 ()14 (IS () -03 ()24 ® 1
10. (a) 64 ®) 4 ) 08 @ 56 € -16 () =32 (») 15
1. H (b) m-mn -
i WEEEEE ) I--maﬂmg
12. (@) 6 (®) 12 © 9
u,(-) 16 (b) 0

|&<->112 (b)ZSl (c)lds m)ln (:)531 (f) —z1| (8) 0326 (b) —1-95 () 0287

D@2 1 xl (@216 () 10r058S (r) dor8
W.@15 B)6 ©3 (@1 (©) Sor2s
2 16y = ®) x=y3y=

©x=12y=4 @x=dy=hx=8y=2

© x=3y=2 M x=8y=4

®x=9y=6 ) x=12,y=10



52 Understanding Pure Mathematics: Answers

Ppagel144 Exercise 5D

L@ 0.9 2 (@) (0,4) 3@ 0 -5
(®) (1.0X4, 0) ®) (= 1. 0)4, 0) ® (-1.0)
(© (24, =23 min (©) (13, 64) max

(=240
(© (=1, 4) max

4da=2b=2c=1 Sa=lyb=3c=-2 6a=db=2c=2
T@y€-3x>5 O3I<x<S @x<-Lx>5 @x<-Lx3>3
(e);<r<s m~zl<‘<x

8.() ~6<x 741;7; @S<x<? @x<Rx>5
© r<—u r>|§ (r)

<4
9. (@) x o 35~ /1) S x <45+ V13) (@ R
(dll(l—./lﬂ(r(ll!* /m @R (O xs—4J/T+Dx24JT- 1
1<k

page 148 Exercise SE

L g =0 01/ 20 (M) =0 (dr S, 8() (€) hix)

2.3 0 tinct  (b) —3, no real roots (<) 57, real distinet  (d) 0, repeated root

(© Egsnhme () ~7.no real roots  (g) 0. repeated root () ~ 19, no real root

@ 261, real distinct

3@ iyeRy> -6 O (yeRy>2 © reRy<8 @ OeRy> -5
Ey € 24

() {yeR y <2
5.£20 61b1>12 Tk -3k>1 B k<-lk>I
9% -4kl () -g<k<49mxp;k-o (© tkeR k #0)
@k>3 k<) () k< 2exen O k<0k>1
0.0<f<sdy 1.0.0 12 (Ii. -37 11 (@) (). () i), () @) (@) Gy
page 151 Exercise SF
1 (a) =9.4 (hn —s 4:)72 (dn —J (e)l“ M -4 -4 @ =34 - ) -2, ¢
2@ ¥+ 3 ©x-Tx-5=0
m)w+z~ ) e he —m b 0 26 +3x =10 =0
@ 126 +3x-4=0 6+ lax+ 30
3 &) =11 © 121 @ 7 © 14 0 -2
(b) 2 © 6 @ 33 © 24 s

(b) 43 ©3 @ -2% © -# © 4%
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page 161 Exercise 64
L@ (; g) (n)(j ‘g) © ('; “;) (@ Tmpossible  (©) ('; f)

S - _ 26

(r)( - j) ® (,i _'2) <n)( 2 _‘;) O Impossitle () (_:: _5)

2

(k) Tmpossible (U] ( 5

-4

@ (3 :) ® G H

4

4 -
z.All-(s AD =

5
-f) (m) ;(7: 7;‘) (n) No inverse, B is singular

2 g) =061

A, C.EBDCAEBD.

4@ =41 0 -2-3 ©24 @43 ©2-1 D519 @ -L4 02 -1
G =32 () -3

ax:(; ":) Y= _') z-(i ’:) 7411 8 -3 or 3

100
g@x=3y=-2 ®x=Ly=-§ @x=14y=1 10.{0 1 0} -121
001

Ppage 168 Exercise 68
LO=3(=3 2136 -13,3,4 2@@&N ®E10) ©6 - @ (=52
3 <§ "l)A .9, 2. -2

4@ (5 3,05 <9, (3, =7, (. 1) () 8sq. units (©) )G ;)
NPT

6@ G0 (L f) @LIY mo (; :‘) @Y.,

18 14
2 (3 4) 1 0



[ (]', ,'[') ® (", g) © (“’ "',) @ (", ‘;) (=)( :)
o(1) of) =) o

9. (@) reflection in y = (b) enlargement (x 5) centre (0, 0)
(@) steich (3 parale to x-axs, y-axis fxed (@) mapung onto (0, 0)
(€) mapping onto x-axis (f) mapping onto y = x

(8) enlargement (x 3) centre (0, 0) and reflection in y = x
(h) shear with y-axis fixed and (1, 0) - (1, 2) (i) mapping onto y = 4x
(i) shear with y = x fixed and (1, 0) — (~2, = 3)

waty=0 2w(y)- (’; ‘,’)(;‘) + (§) ®

B.@CL-) 032 @CLY)

—x+2
y+3

page 176 Exercise 6C
L@ (=4 -2 ®) (=32 © @)

2 96)* (D96 CIE 6+

(s 2\(x\ , (-2

-3 -1
@G- Q- ©@C0 @ -1

LTy =Sx+6x=3y+2 Ayp=dx-4 s.r=(_§)+l(l:)‘r=(;)+l(';)
s.(‘i f).x”y-o,uw-zv.y-: Ly=x+1 n.--(i:)+1(’§)

s@y=tox+gy=sc+n 1 (_7) w-a+y s

6.@y=xy=2c ®I=xy+tx=0()y= 2/
17.(; ::).y-x‘ly- :

@ y=x+63y=2x+12 (B)y+dr=ly=x+1 (©y=2p=2x-6
@y=x-1 ©y=3x-9

=x 18.8y=2

page182 Exercise 6D
(A, L -
1.:.)(’| )m (J,‘ f,‘) (c?(
WZNE)
1
L(n)( J_§
2

ErTe
R
L2

ME ol

oS
S—"
-
oo s
S——
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3. (a) rotation of 53-1° anticlockwise about origin (b) reflection in 2y = x
(<) rotation of 531" anticlockwise about origin and enlargement ( $), centre the origin

w0 e 0 ()
© ()6 56 (3 @()-(o)6)+ (73)
,::’,E??i,“ W) s v

7. @ 0" rotaion antcockise about 4, ~1) (8 reflcton n the iy = x — 3
(€) glide reflection in y = 1 with (0, 1) ~ (=6, 1) (d) enlargement (x 5) centre (1, 4)
(¢) 180" rotation about (1, ~ 13) () 90° rotation clockwise about (1, ~
) 90" roation andcockwiseabout } 24)and an nlargement (x3)ceire (. 24)
8.0 (3.~ B y=x=-5y
© calargement (x2)sentre (3. 22 a efction in the lne yrx=1

Ppage183 Exercise 65
L3 -5

20 3 & ER ) o 10 sy
e (u 02 zx) ® 5(—4 1) o (x 2) ‘"’(-m —s)
E) m(:f f) @ (:: 2) Gi) (g 2)
10 2 )
®BA=|-24) Ac={4 - EA=(G 1)
22 0 6,
100
4. (a) -# ®|o 10 x=2y=-lz=3
0 01

-2 -3 8
s@x=diy=6 o 1 5 -4
3 1 -5,
6© (; ,?) [0 (‘,' ;) i) (":‘ ,“) (=52 ® (-4,
N YA
raaen (36 (0 0)( )
1 0\ (-1 0 =1 o
6 DGO )
D6 h M=) @6 o b @) Cah 0 b

(i) no values (i) any poinis for which b = 2 (i) @ = 3,
(iv) any points for which a = 0 (v) all values of a and b
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1=

@H-14 G-} @x=1L2y=x+3

10. (2 ;) =2
w690 D Y o

2.6 znlnpantm. scale factor }, centre (0, 0); reflection in the line y = x; rotation of 120",
ticlockwise about (0, 0) (i) 2.3 (i) cnlargement, scale factor 2, centre (0, 0); eflection
i he tne ¥ = x: rotation of 120" clockwise about the origin.

3. G ) ( LA )Aamulinn of 60" anticlockwise about (0, 0), reflection in x = /3

I
x
5

W3
4. G) 13154 16, x = 4, glide reflection in x = } with (1, 0) (3. 3)

17. (1. = 1), 90° rotat lnuclo-:kwue about (13, — 1) and an enlargement, scale factor 2,
centre (13, -} ; ooy ‘ Yo * 9, centre (4, 0), scale factor 2.
8.2 = x

Ppage 193 Exercise 74

1. (a) 56 (b) 1008 (c) 600 (d) 4

RN RCE @ @sxn Ooxs @2xs M0
s

318 l 10! 5.8 6.24 7.120 8. 24.25 9.(a) 81 (b) 256 10. 8!

11,720,120 12.24 13.48 14. 72 15. 12 16. 10080 17. 80640

18. (a) 14! (b) 11! (c) 11! x 4! 19. 1440, 240 20. 2520 21. 30240 22. 42

23.(a) 12 (b) 12 24. 120 (a) 48 (b) 72 (c) 12 25. 96 126

Ppage197 Exercise 78

130 2. 151200 3. 6720 4120
5. (a) 24 (b) 64 6. (a) 6 (b) 16 7. 36 8. 2730
9. 2522520 10. 3360 11. 453600, 10080
12 (a) 20160 (b) 5040 (c) 15120 1318
60. 40 15. 1 16, 528 17. 42
18. 151 (a) 73 () 78 (c) 13 ld) 138 . 19958400 (a) 3628800 (b) 302400
20. 2494800 (a) 453600 (b) 60480 21. 5472 22, 15%. 198
Ppage 201 Exercise 7€
1120 2. 126 310 4. 330 5. 10 6. 4845

7. 22100 8,210,210 9. 1960 10. 286 1. 150 12. 60
132016 1. (@) 126 (0) 105 15 @ 1S ()1 16 @20 ()4 17 @13 (0) 3
B@24 ®7 ©13 1937 20,6300 20 @) S (b)8S_(©) 65 22175
B@ls 02 @Bl w0 28 ) | (b) 56 () 1231 (d) 1230 26. 120
2733601200 28. 30240, 12600 29. 7560. 3
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page 205 Exercise 7D

L &6 zm 3. 6 4,330 57920 660060 7.6
0. 47 131 12,255 13,39
" (p + Mg + l)z' A @) 126 (b) 280 165775 17, 126126

8.25740 19,23

Ppage206  Exercise 75

L8l6 2286 3.6 4.360 (a) 180 (5240 5100 6 (a) 495 (b) 225 () IS
LB sao0s s wa 10154 11 10080,30 12 (n ~2)i(n ~3)

480, 172800, 46:

15, () 38760 (.) 12320 (i) Py (h) 86400, 172800

page210  Exercise 84

|. (@ lo. 13 (b) 49, 64 (c) 0-00001, 0-000001,  (d) 54,6
2.() 8. (b) 23.2 @© 19, -3 @ 134, 14
(elfIISZS (N 64,4 ® -81 (h) 6, =3

3.() 20 (0) 102 ()45 ()32 4.5 524 6 -9 71315

B2 min ©F o 200 (108 5 7. »

! (ﬂ) 200th (b) 4lith 10. (a) 122nd

L w1002 e " ores, 15302 @15, -2,0

(ey 74620 (O -6k 4142 @ —

12. (a) 5402 (b} 1000 (CJ 9‘64 (d) IJQ

uz usu 64, 4, 66 18. 21, 2,0 16. - 10,3, 18
|s. 1BLo-3, - 14 19.0,4,9 20. 2160

Wams ma n'n 3.3

26. (a) 23n — 20 = 3n* (b) 20 — 6n 14,

27.7.12,17 2825 29. log3, log 3", ln{n + 1) log3

30. log (ab"). in log (a*b"*")

Ppage216  Exercise 88

L@ S 200, 12500 04014 (© 3153, 2 90830218 4
4. () 2047 (b) 12287 5. 3 23w
@M B -3 @4 (d)vs a @8 (b) 12 (cns @35
14, (3) divergent (b) convergent, 32 (c) convergent, 56 (d) wnmmn 1564
(€) divergent (f) convergent, 51}
B@ <) B<3 @1 @ -d<x<y 16
na 18.2,3 9.6 20. £1 millon 21 §
4,5 . 8 2.7

2. 2.4
. (-)! ®) 8 () H# @A

Ppage220 Exercise 8C
L@i+2+3+4+5 )1+ 4+9+ 16425 (@ 13415+ 17
(d)”‘1420+3m¢3]5*2¥0
@ -1+2-3+4-5 (1-2+3-4+5



Answers 559,
2 s . s
2 (a) )-:I' () }_:,r' © zlir @ );(2: +1)
@ 05y
» e s
Lmzlr-saso () ¥ r* = 3795 © ¥ r = 14400

P » o
@ T (2~ 1) = 2601 (© ¥ rir +2) = 3290 © % r2r~ 1) = 1547

5. (a) 90000 (b) 14400 () 75600 6. (@) dn(n + 1)n + 2) (b) mn
7.(a) dnfn + 1Xn + 2n + 3) (b) 53130 8. (a) nént + 15n + 17) (b) 6
10. m n(2n + |) (6) Hn + Din + 22+ 3) (©) w20 + 1) (d) dnln + 3) (() ni(n + 1Y
Bui(2n + 17 (g) dnln + 1)n + 5) (h) ,l,»tn + 1) + D0+ 5
(v) dn(n + 1)dn = 1) G) bl + DGR+ n

Ppage226  Exercise 8D

1) 27+ 27x + 98 4 (b) 125 + 150x + 60x* + 8x*
(©) 16 + 32x + 24x% + B3 + xt () 16 - 32 + 24xt ~ 8 + x*
(©) 325° + 80y4x + 80yx* + 400 + 10px* + x*
(1) 326 = 240xty + 720y = 10805 + B10xy* — 243y

@r-tre-f+k 0w ~ 100 4 a0e - 0 82
2 1+ 12x + S4xt + 10822 + 81t (©) 1664 + 3200y + 2xiy? + Bxp? 4 4
(c) 64 — ST6x + 2160x? — 4320x* + 4860x* — 2916x* + 729x¢

@ 320 + 2400 + 70x + 180, 80, 28

304120+ 666 + 2080 a4 20 + 660 + 2200

5.0t - 30a°x + 405ax* — 240a7x* 614100+ P o B S,
7324 80x + 808% 4 0% + 10 4 (@) OBAI0I (b) 2476099

8. (a) 1 - Bx + 25x% = 30x* (b) | + 3x — 3x7 - 25¢* (©) 1= 16x + 113x* — 464x°

@1 +3x 438 420 () 1+ 16 + 111 + 43455 (f) | ~ I4x + T6xt — 195¢
9.(a) |+ 6x+ 20x7 + S0x* (b) | + 10x + 35x* + 406 (c) 1 ~ 16x + 144x* — §96x*
10,1 - Thx + 5523 = 165x + 330x%, 0801 1L 1+ ISx + 105x* + 455x%, 1161
121+ 24x + 264¢%, 13 13. 128 + 448x + 672x7 + S60x, 132:548
14. (2) 10937 (b) O'9B60837 (c) 0:9044 (d) 9739
154,513 16164 17.1-x- 1z

Ppage228  Exercise 85
1.1 ZacxPxzxxt 3 <oy
4) 'C,xSTXI (B) —Cyx74x 7Cyx ¥

R T e o st @ ke, + ey




Anseers
Ppage 268 Exercise 10D

L Minat (=5, -15) 2 Maxat(1},7) 3. Max at (=2, 28) Min at (4. -80)

4. Minat (-3, —156), Max at (5,100) 5. Max at (~2,32), Min (2, -32) 6. Minat (0, 3)

7. Min at (=2, =32), Max at (0, 0), Min at 2, ~32)
8 Min at (-3, ~162), Infl at (0, 0), Max at (3, 162)
9. 10

0. 4)

o

»

(.0 2.0 6.0

©.0

@ -2 0. -4) -

15. (a) Min (2,2), Max (-1, 15}) (b) 15¢ (c) =10}
i (b) —145, 44

173,14 18.373,24 19,250,29.10 mlo,nz 21. 90000 m*, 300 m square
2.2m4m*  23.30cm, 0cm 24, 1Scm 25, 20 km/h

Ppage271  Exercise 105

3 2. 003 3002 4. 8% 5. 40xem’ 6. 6%
7.00lem 8 (800 £ I6)em?  9.2% 10. 18xcm? 1L 1265 12. 402

Ppage273  Exercise 10F

1.0,0 honunn-l LoD 20,0 348 4G
s.( ~3) hor 6. (1,0) horizontal 7. (4,2) 8. (0, —5) horizontal
@49

563
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Ppage273  Exercise 10G

Ly=Boi0 A rxri-0Ch00
L(l)l!x‘?\/x+|(\ﬂi 5615 6

max
9. (‘)(l)Scmx SunXScm u:) |25un=
Ve

@ 8x- 2. 1, min

10
10. 3007 ~ 772, 300 = 3ar%, —6mr, 75 2: 1

1265 = lax () y + 4x = n (i) 012 decrease
B3 16244 G

page281  Exercise 114
L (). () (¢)

2. A(0. 6). B, 0y C(— !‘0)‘ D(! 0), E(Q, ~3), F(~ 1, —4); G(~4, 0), H(2, 0), 10, 8), J(~1,9)
3 A(=2.0).a = 2 B0, b = 1 C( 2.0)D(2.0)‘ 3

4 @ (h}

©.3)

[0

w5

.1,




o)
o
page284  Exercise 118
1. A(=2,0), B2, 0).a = 2.C, 0. b = 2 D(~1.0), ¢ = |
20y 3. y y
D P
VY \e
. A
o) |,
=D EOWIN
N
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2@

©.0)

3m< -0,

X0\ =

® 7 © 7
y= a0

yexte- 1
» o -

o
a-p
m>2

yEx -+

@9/ e

50

(i) ¥

FE-a 42
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Ppage296  Exercise 124

1(a) x*+c (b) x* + ¢ (© ix* + ¢ () #x* + ¢

© Sx b e 1+ e ® i+ e ™ -+

W Zte O 2x e W 4 40+ e W rxre

myese Moo Ouowee o
Coiebe Miv-dvte P rr-xte O R -4+ 2xre

L(I)Zr‘+r (b) 6x* + ¢ © 3 + ¢ @ 7x + ¢ (€ Tx—x* + ¢

O-3+c @i+e M2at+e @ wire G-

M+ 0+ bxte () 20 -2 +¢ mEe gL

S@ e e 4 s 42t e © B i te

(d)]\"‘f\‘fﬂr*r © g te © 2o bac

@F-tee ) 2% - 2+ e

l.vﬂ]x‘ 1 Sy=x -2+ 10

Ts=20 460 411 BV =h —ah+ 1 9 Sp —

0.y =+ 8~ 1 Ily-x’*}x*lﬂlzoy Zoy=x-dx+7

Boy=7+2u - & 14y = x* = 2 + 15, y = 5x* — 6x + 4

page303  Exercise 128
L@ O @15 @2 ©4 017 @ M2 @2 (13
2. (2) A(~1.0), B0, 4). C(4. 0), 20 sq. units.

(b) A(=1.0). B(O, -5), C(5, 0), 36 sq. units

(©) A(0. 4). B(1. 0), C, 0), 64 sq. units

3. L ot defined for x = 0, () 35 not defincd for x = 0,

§ ot defined for x = 1, @ iy ot defined for x = —1

ot defined for x < 0

wnits 5. 34 sq. nits 6 123 s, units 7. 314 sq. units
8. 10§ 5. units 9. 3. units 10. 3 5q 11,13 sq. units
sq. units 13, 8 sq. units 4 s

15, (@) 51 sq. units OB 20 i 16, 103 sq. units
17, 23 sq. units 19. A= 2,6), B, 10), 10§ sq. units
2ACL0. 81,0000 0. D0, ~8), E(- 5. 28 F3, 28). 6 5. uits
20214 sq. units 2. 414 sq. units
page307 Exercise 12C
1. % cu. units 2. %rcu units 3 lroms 4 Bronwis
S, ftxcu. units & tercu units 7 gdmewunits B ghereu units
9. 4 cu. units 10, % cu. units oy ==

12. 8x cu. units 13. 47 cu. units 14, 57 cu. units
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page319  Exercise 134

11205 + 29 2. 100 - 3)* 3 -28(1 - 4xP 4 452+ 9
51050+ 6 -20( - ©) 74800+ 1P 8 20k +
9 0. s 1 2

W LTy N (G
3 [T g £.4 4 16 =

T I - T D wom

'

L v e 18. 40x(1 + (1 + X)PP(1 + x)* L vy o]
m’m'l:TW W@y=12x-23 (b)12y=14-x
Z@y=t-d Oy tat2n0 B@sy=x+3 B ay++3=0
U@y=x+5 B y+
25. (a) Max at (0, 1) (b) Min ll(’% 0) 1" Inflat (24,0) (d) Maxat(-2, ~1)
2. () Sm () 02mjs () —
page321  Exercise 138
L@+ e 2@+ te G- e AP ic
SR@+ 300+ e 6 (L + 200+ T —h(l - 60 ¢ B (34X +c

9. —3(1- 200 +c W0 H1 4P re ILAR - e 1A+ e
BAE +x+) +e WA -x+4+c IS FA+x+ P +c

16 fs(x? — 26 + 4% + ¢ 17. 1342 18. ~7776 19. 2101

20. 1302 2. 1213 220 5. 214

page 324 Exercise 13C

L7 LS+ dmemdls 4 dsemts S Lo
6. 3 cm/s 7. 01 cmjs 8. (3) barcmis (b) fxrt cm¥s 9. 025 cfs
10. (2) 001 /s (b) 015 cm/s 1L 255 - 2)

page 327 Exercise 13D

Lyeead ayms-mrs  ayegl;  axeyen
S.y=x - 6x 6.9 =(+Tx-8 1.y-2";| 8 x+3y=Txy
X FHT=4 W= - LSS+ 5 - By =9

1 1 1
e B} "y 15 o

3 -1 "

16 -5 5 u( H) 19, =2( + 17
2.(2) y=6x-2 (b) 6y +x=99 W@y+8=5 () 16y=2x+15

R @y=x+3 Gy+x+s l‘v(l)¥=§¥ 5 (b)) 6y+x=44
.69, -9 B@2 O Oy




Answers T3

2. t| -4 | -3 )-2]-1]0|1|2]3}4
x[ 32| 1882 0]2|8[18[32
y|-16]-12] -8 {-a{o[4]s]12]16
. x x x| 22 Sx i3 4 | 3x| Sz |llx|
ol s 3|2 " 7 T
x|o 2 346 (4] 346 2 0 =2 [-346|-4|-346(-2]0
| 087 05 0| -05|-087(~1|-087| -05)| 0 | 05 |087(1
oir| -2 -1 -1-4lo] ¢ {1|np|2
x| =12| =330 [ 3 [0f-3f0|33|12
y[6 o e o] 1 [a]o e
page330 Exercise 13F
L (16x + S)2x + 5)° 2. 2x{9x + 5)2x + 5)° 3.38%03x + 4)(x + I
4. 237 + 6)(x* + 3P 5. x3(9 - 2343 - ¥
6. 2x(x* + 1)(5x* - 28¢* + 1) 7. 32 + 1P(3x = 1)%(26x* — 4x + 7).
8.3030x + 11)}2x = 1)*(x + 5)* 9. (19 = 16x)2x + 1’4 - x)*
10. Ix +2) n x(5x + 12) 7 30x + Ix + 3P
2x F 3 W 2x
12(:+3}(Jx’+3x+l] 1®. 6
n v 13 (XZ* 2
+ 2 — ¥
16 vy " -ma 18 20
(x = B)x + 2 #0x+5) 30x+2)
2.5 e A TE T
>6(2rvll)(6x45) o Ax=
3 @x - 1"

H.ma.x+ Vet B @i OO iy @ -2
s .

n.(f’tf) 2HLE B@r-u-4 Ourx=n
30.(a) y=5x-8 (b)Sy+x=12 (@ 2y=3x-7 D)y +2x+4=0
Ry =8x-4 B)Ey+ix=38 3. Max at (1, 256), Min at (5, 0).
34Minat 0,0, Mas i 110, Minat 0,00 35 Maxat 2.4 Minat 4, =)
3. Infl " l + | 10/t + 3\

at (0, 0), Min at (5, 1153§) 3.4 — =2
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’y<lyz4
x=-1 % x=1
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r=1 an
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N et
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a3, -9
y==
V-2
By<t
5y oxet
y=1
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©.-3

kx4

1B.yeR

“-25y<2

17.yeR
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page348  Exercise 148

L@ xeRx<2 or x>5 () {xeR-1<x<2 or x>3 2x<lx>2
- <0x>3 Sx<O0Ol<x<5 6i<x<

7.x<-22<x<4 Bx<-3-l<x<lLx>3 9 -2<x<-hi<x<2

10.x<-2x>2 W2<x<4 I2-6<x<2 1L -2<x<lx>2

Mx<-1,0<x<3 ISx>lbu#3 16x>-1 ILx<-20<x<3
1B -2<x<0x>3 Br<-21<x<$ Nx<*2.0<x<l.x>8
W-0<x<-Lx>2 x<-5-2< Box<—-4-1<x<2,x>6

<x<hx>2 2B 4<x<25<x<l %.0<x<2

. x<-lx>4 N -2<x<2 Ix<-2,x>4 R -3<x<-l
Box<-4x>-2 u7|§<x<§ :sx>| % -2<x<2
Mx<-6x>-4 BO<x<li Mx<2x>6 40 -2<x<-}
Ax<2x>6 420<x<2x>4 4x<-4x>0

page 349 Exercise 14C

-
®y+x=1 x<dx> L *+2
@y+x+3=0

ax=2y

PELE]
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5.(8) V2,45 () 5,531 (©) 1,281 (@) 5,3231° () /13,137 () y, 218"
ﬁ(l)llsl,ml ®) ~464, ‘immﬁ.ml
L@

o7

(© 36
(=) 157' m 0 ms‘ |725' 3225°, 352:5°
- 176", 1302" (©) 246, 1717
(:) ~1539", 781" () +180°, —296, 0, 103:3"

page360  Exercise 1SC
1@ 0 ®) 60 (030" @ -:0' © 1200 () ~60" (g) 60" (W) —60"

1@} ©i o¥Feiof e oe¥

o [F[o[owos [sm [ [ssi]vs [vws [ = [m [ 35 [on ] > []

[ Jo ou]on [osifoseor o[ v o] m| .m\w,,|..|

LON OH O Q-8 @ S ®F
84 9.0425 104 1LY 12 J6-4/2)

page 365 Exercise 15D

x x T e nx_ @
Laetl 2m-f Aty 4B s Fog
€Iy Tmxtfart ] Eant (-yfam+ ]
nx nx nx x n

2T 0 mwmea+n] w2l

1 x\ 1 k3 1 ) x xnx_x
1. 3(m - -), 7(2.:» - i) 1. 7(2,.. + i), medl as -5 X
l‘q T L E 17. 180° + (= 1yST 18. 180°n + 266"

1. JWn + 1207, 360 + 482" 20. 180%, 360°n & 755"
20 360° + 1153, 360 — 416" 22. 360 + 464, 360 - 90"

page366 Exercise 155

1[sin6|cos6|ane nd | cos|tand
o1 [o099s | o1 002 09998 | 002
00998 | 0995 | 01003 002 {09998 | 002

2@2 M1 @4 @2
LW - B @0 @ferw-m ©f

4.(2) 0035 (b) 0:0035 (c) 0999847

o- Lo @ 1-20+ 40




2 Understanding Pure Mathematics: Answers
Ppage 381  Exercise 164

L@t i (c) S§ 2. 266°,45%, 1084° 3. 4,3 4. 36" s. 27
6y =x+2y+2=16

page383 Exercise 168

L@ B O (c)st @ys @5 BACKN 3 -2-n
L3y =dlo units (©) 2 units (@) 54 sq.
tay+1 -m,. +|
S.(I)y-lelx+1y¢2-0 ®x+3y=1ly=3x+2
(©) Tx + 4y = 18,7y = dx —

Ppage390  Exercise 16C

L®E O 2. ®) (3,05 a2
@ (-1, 1,2 © 6 -0,4 ® (-2,0), /10 (;)( o5
323 8.4,
-2 @)y+ix=0 ®) @) y+5x=17 (.nsy-x+1
o Bymo2
S ri=0 B xi+)y+9x+y=2
Vo oy 4

u(.) cemal () oxernl @) inernal (@) exemal 135+ y =15 18,y = 7x = 37
6. (y ~ 3)sin 0+ (x ~ Dcos 0= 4, 5/3 + x = 10 + 33

mas Podx-2y+s=0

Box+y-u+=8 1.x+P-Bx-dp+15=0

Ppage395  Exercise 16D

L@ 0.0 ® (=20 © 60 @ @0
2@x=-3 Mx=3 @Ox=-5 @x=1
3@ ®

40,9 S(CLoD 6 @BALW 10 D00t 1e0d =t
Ly =xthy 9.2y = x+ 12,2y + dx+ 4=
10 yi = 1y + tx = 21 + af’; 0, £2
12 (@) mz«pﬂ,o] (b) 0, ap(2 + p) n ly‘+l=4(x+y)

W p+ 19, % = 20x + 4o
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Ppaged00  Exercise 165

L@ (£2/2,008 () (£3,0, % © (223, n).i

2. (a) (£5,0), 1 (®) (£,10,0), 10 © (£2/17.0).17

J@W+Px=4 O =2+2 (@I +9=0 @y+22x=2
@y+x+6=0 ([y+dx=16

4. bx cos 0+ ay sin 6 = ab, (0, b cosec 0)

5. (a) y1? + x = 21, (®) yty = xt> = cty* + ¢

6.) yuts + x = clty + 1) (b) y + x = 20t

Ppage 404 Exercise 16F
l~ AQ, im), B(’ Ql)- C(1y, 3m), D(lsllr)fg ), F23, i!). G(l }K). HQ, %)

PR3, 2), QO, 5). RO, ~2), S( L =3,3),

R ®r=dsin0 0 1t = conee20
[t ied T ©r=2c080 O r=dcos0
® r* =8sec20 O -t

“@y=1 Bx+y=9  (©r=Six @ +yi=y

@X+y=xty Ox-y=1 (r+ry=9p (h)x’-9+sy
s 6.

Ppage 405 Exercise 16G

L(L1D.G.O, QD TBT 2 3y + 2x=£Q+30), 4
3.() (14, 0) (i) 24 units (i) (02) (0, ), (~1, OL (l 07‘ 3.2.63,0

4. (=1, 43), 3,/65 0 units, 26 uni
6. }6 + J6). H 7( l)’+‘— (x — 5P + (y + 49 =25, (1, 1)
8. x1 + 5% = 3ax, y* = 3ax D(Mo),za.mm,mo).ar Sy = tx1a/3
10. (*a, —9a) 11. [apg, a(;
12. (b) 20y = x* + a* 13.(|)u<u),-;,,, a2
M4 +4p —8x+3=0 15 2m+
16525 174t - b = 2ax - 2y (i) O, =

18 x 4y = 61, (=14, =6), (3, 20, B89
20 r = 4co0s 6, (4,0), (22, }n), 0 = —0-142 rads, 6 = {mn
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page 412 Exercise 174
L@ 7 @3 @12 @16 ()81 (@ 40

-,
Si+j- 2k isonccmmple 633 +j+ 1) is one cxample
7.candd 8 14:-2:544 (,g 9.1:2: -2
2

10, 3+ e orany mlllnpl: thereof  (6) 3. =39 () 32 - 3 + 6k)
15. 36°, 68°, 76" 17. 4a -2 18.3a - b+ 2

4
Z@) JIl () /6 (76 3 A+A)FHK 4 i)

page 414 Exercise 178

1.(a) 3i + 84 (b) 3i + 2§ — 10k (c) 2f (d) 6 + 9 — 6k

2 (a) cos i — sin 0] (b) ~2sin 6§ + 2} (c) cos 6 + sin 6] + 20k
@) 3e0n 30) + 3 cort sin

316 - 4 + S22 4100+ 28+ 6k S 2rimfs 2xmfs

&xﬂmum 420+ @0+ Dj + (3 -4k

Ppage 420 Exercise 17C

-1
Le=i+j+k+a2+3-k Lv-( z)
1

+ 5) + 3k ormulnpl:slh:rwl 5. Band C
@Yk B r=A—)+k+AGH+Y
smizorgiotl (.,,*_5‘_3 i
loredlss) s ks do -3

M@r=2+2-k+ (3|+21+u) ) r=3i -2+ 3K+ A0+ 4 - k)

)
2o-di+ 2+ k1B 3)
9,

14. (@) (5,0, 1) (b) lines do not intersect (c) (4 5,9) (d) (12, -3,3)
|s (a) p.n]kl (b) non parallel coplanar (c) sl (d) non parallel coplanar
18.(2) 1 + 4+ Tk fepaihug (©) 55 units
n (.) J5 nmu ) Janu (n) /11 units (d) 4./6 units
zl (a) 421 units (b) 4,/14 uni
2§ 2 o) e 4 321 wnits

page429  Exercise 17D
==K =7 SrQ@+3i-W=5 6r=20+3-k+ Q-+
7. (a)and (c) 8. (a) and (b)

9. () r.(@di+2+K) =4 ®B)r. (2|~J|+«q-s 10.x+2-3=0
MWy +z=10 123x+2y+z=6 13 funi 14, 3 units

12
15. 2 units 16. ( s) 17. 5 = Sk 2.(, -5 1)
7,



88 Understanding Pure Mathematics: Answers

2 s '
By x'z(z.v =Ty Btz
-5, 2
W2+ TTIT TS ;I‘X—J_x+7+
L d-x w2 S 3,
2R T WY T G
u s 8- 4 L

X 12

2 .3 s
EEAUCEA e
3 4 2

Ppage 456 Exercise 188

+

1 . 1
e R R R LR

T T IS IS S - I - X <

LB = 168 #1520 = L+ [ = (-] F nlxl < §

+'TK+§‘:,.+£,:+_,_+( »Sul)x"f”-.\)(l(l
3 416, 12, (1Y N
S rmtamoy ¥ T T --*7(( l)r+--VIXI<i
oo i et (Y- re el

1204 20 = 08 L (I A A = 2T L

ora(=3)
[erre (@
T 2, reseBesBoe(Harener e

x - N N i
Iu.—r,+|_5x.3+25x+|z7x + 6200 4 L lxl < g
8

2 1]
TTE TR

RETPUR G U S

+

]
GOt g+

Ppage 458 Exercise 18C

Lo+ 2®et Nt d@i-

! ] 51 1
Sz 0% S®

6.0 170 7)1 -

'
1 O%

4@ g ®F 0x

)

(b)

1 ___a+1
Wl 3T @mE T
+

7

1 1
© 3 mrETs @
8. (b) Yes. 2} 9. (b) Yes, &

@+ Din ¥ 20+ 3)



page 463 Exercise 160
1@ 3 ®) -4
l(a)s¢7x ®) =13 + 5i
® } i
3.(-)7+. )32 -7
® 7 ®7+i
u-)a—z. (®) 2 -2
® -t+d -3
6@) x= £S5 () x= tdi
©x=2%i

7. @) t(uz. m 1@+ )
s@
)x'~4x+|3 0
lll.(l)XXIJt
@x=121xk
1L5,6,2%x =2+ 2 ~3+ 4
Ba=s

e=lx=1,

paged67 Exercise 185

Answers 589

344 @28 u) -7+ 2
(cy -4 @1 © -1 ®n
@1-7 @u-1B ©Uu-2 OS
©=1+i (di+3 ©2+i 1+
Oa+8 O s+H s
(t))rxth @x= 142
© 5= £ Yl
(cl £ - 3)

)X - 25 ©x-dx+5=0

(e\xx—anzs 0
©x=2 -4z
(€ x=1,-1

) x-6x+34=0
© x= -1 =1% /2

Ila-lbxfB.trz'Vd— ~3Be=26

IV
7

Imaginary
L3420 =1+ 3 -3 -4id4—i 2 24
1s(eosg+mng).t(m37+isin3‘—') 2
X
s[m(—g)a.nn(—’s’)].:[m( Z;')m.n( 2;‘):[
@i o2
© 2 @3-5 @2 JJ - /
5@ ® 7.0 ©2-5 @3n / -3 -
@25 ®10.-F ©5-09% ®D " .
197
6z =Sz =4-dizn= 4202 —6+ 6/ =2-2/lz= —6+6
@ -f a» -3 s @ s

L®O6 @3

% ® O G -TF
12.64 13 -64i

6 tan 0 = 20 tan® 6 + 6 u

)3 @
151 u/s)

T 9 w4 m, (84

101+ 3, —4/2 + 4%
tan 60 - tan? 0)
15. T3t e

e
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pagz 473 Exercise 18G

“x#7x‘+33r‘.lxl< 3

2 3L,
*Zx ettt
6
;*Fdlfn)
S uzwj
1—(?”“‘?“"” ummA,Eo,ﬁ
i 12 -41
, -4 O P T
18, Re(@) = -3, In) = =1, ‘/m 28
161 + 6 — 15 - 1L/3tJ3

+
17.() 2 + 3,5 - 4 (b;a-z.bxs
(©) () circle centre (2, 0) radius 3 (i) line mmu;h 40 pwpmdlcullr to real axis

B

22,0, 2. (4D, (0~ i), 02 < 2+ e+ 20+ D)

21 16 cos® @ — 20 cos* @ + 5 cos
x3x St ix
‘m = n‘_ o 7'TIZK

Ppage 480  Exercise 194

Le 2.3 32" 42" 52"tV 6 -t 78N 8 30x
9. 67 10 5eM*) — 4x7 1L dxe® + 3¢ —deTT 12 xe'Q2 + x)
BIRG+2) Maxe-n B8BTS e posese
BeHe 19.2M+c Wet+e M2AEDie Mot
Bex-derde Ue@-) B/1-% wmeE-1) me-l
B4 Wy-ctx-4

Im,
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3. @) ®

” ” ymart
)
‘“"y-:' ° .

© -1

y = e

32 maxat 0, -1)

31. min at (A

Ppage487 Exercise 198

JEX —-(x i

0T
18 S+ 1)

14

| B
EaalETy
1. Laxx Inx+1) 20

W@ +n) 622 @ SEHLD @ 2

2.3In3 -1 n.4 4. (a) 3'In3 (b) 4 In4

Boatnafo+a3909 2 nlx+c 2.3k +c

2. 4n|x| + ¢ 2. In(x*+1)+¢ 30.3In(x* +3) + ¢

3L 30Inx? - 3 + ¢ 32njx +3x — 1] + ¢ B il -ax+ DA
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page 492 Exercise 19C

L@ 1= 3x 4§ = 30 et Glraeamemegn ...
© 14+ de @ 1% dx+ b + o + bt .
«\lquw-i.xu,hr @1+ 65+ 3 dgeo s e
(@) 1+ 2x - X - [ORER .
R e )

@ B’ @1 de-2 @e =1 (Me
3@ 26 - 20 + 40 - ~t<xs<i

(b) ~6x ~ 189~ 7200 - Vst . -h<x<d
) by = e+ A - b
@i (R e.r
© I3+ dx - gxi + A0 —
m —x - e - e - A;«..
e e
u\u.\:q‘—wqw P
() 5% = Bt + 0 = e
() 4102 = Jx + foxd — K + Hixe
() x — g + 30 - et -l < x
() 6x + 24¢ + 660 + 2406t |
L@ ) © -in2 (0 32 @ in2
09048 6. 00953, ~0-104 7. () 05108 (i) 1-099

10,23+ 2+ gt

12 bx - g A - e,
3. () x + 0+ he 4 A -l <x sl (b) 2x — 4x* + ¥x - 8xt,

424

ne

»°

I<x<|
X<}
P AN

page493  Exercise 19D

+ 2:08 units

2@ Fat+ D o) 304 Inxxing - x+c0386

4. (4 1n 4.8), minimum 5y =e2x— Doy 1= 0,80

2 126 - 1)
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